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Preface

Over the past ten years, the asymptotic theory of one-parameter semi-
groups of operators has witnessed an explosive development. A number of
long-standing open problems has recently been solved and the theory seems to
have obtained a certain degree of maturity. These notes, based on a course
delivered at the University of Tiibingen in the academic year 1994-1995, rep-
resent a first attempt to organize the available material, most of which exists
only in the form of research papers.

If A is a bounded linear operator on a complex Banach space X, then it
is an easy consequence of the spectral mapping theorem

exp(to(A)) = o(exp(t4)), teR,

and Gelfand’s formula for the spectral radius that the uniform growth bound of
the family {exp(tA)}:>0, i.e. the infimum of all w € IR such that ||exp(tA4)| <
Me*t for some constant M and all ¢ > 0, is equal to the spectral bound
s(A) =sup{ReX: A € 0(A)} of A. This fact is known as Lyapunov’s theorem.
Its importance resides in the fact that the solutions of the initial value problem

du(t) _
o = Au(t), 120,
u(0) =z,

are given by u(t) = exp(tA)x. Thus, Lyapunov’s theorem implies that the
exponential growth of the solutions of the initial value problem associated to a
bounded operator A is determined by the location of the spectrum of A.

Already long ago it was realized that the corresponding statement is no
longer true for unbounded operators A. The analogue for the one-parameter
family {exp(tA4)};>0 and the operator A in the unbounded case is a strongly
continuous one-parameter family of bounded operators T = {T'(t)};>0 on a
Banach space X and its infinitesimal generator A. Even in Hilbert spaces,
examples are known of semigroups whose uniform growth bound, denoted by
wo(T), is strictly larger than the spectral bound s(A).

Since usually one is only given the operator A via some initial value prob-
lem, it is desirable to be able to deduce asymptotic properties of the solutions
u(t) = T(t)x of the initial value problem from information about A. The failure
of Lyapunov’s theorem means that the location of the spectrum of A no longer
provides sufficient information.

This is the starting point of the asymptotic theory of semigroups. As in
the bounded case, the presence of a spectral mapping theorem leads to equality
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wo(T) = s(A), and many authors have tried to find additional conditions on
the semigroup or on its generator under which a spectral mapping theorem
holds. A well-known condition of this type is eventual continuity with respect
to the uniform operator topology; this covers, e.g., compact semigroups and
holomorphic semigroups. Recently, some important new spectral mapping the-
orems have been found, among which we mention the weak spectral mapping
theorem for non-quasianalytic groups and the spectral mapping theorem of
Latuskhin and Montgomery-Smith.

In some situations, sufficient conditions for equality wo(T) = s(A4) can be
given in the absence of a spectral mapping theorem. For example, it has been
known for some time that equality holds for positive semigroups on the spaces
LY (u), L*(p), and Cp(€2). Recently, the problem whether the same is true for
positive semigroups on LP(u) was solved affirmatively by Weis.

Another approach to the failure of Lyapunov’s theorem is the introduction
of more subtle concepts to describe the asymptotic behaviour of the semigroup
and the spectrum of its generator. Besides the uniform growth bound and
the spectral bound, two quantities appeared to play a crucial role: the growth
bound wq (T) of the orbits of the semigroup originating from the domain D(A)
of A, and the abscissa sy(A) of uniform boundedness of the resolvent of A. Two
classical results in this direction are Gearhart’s theorem that wo(T) = s¢(A)
for semigroups in Hilbert space and Neubrander’s theorem that w;(T) = s(A)
for positive semigroups. Very recently, Weis and Wrobel proved that w;(T) <
50(A) holds for arbitrary semigroups; an elementary orbitwise proof was found
shortly after by the author.

It is also interesting to ask for sufficient conditions for uniform exponential
stability (wo(T) < 0) and exponential stability (wy(T) < 0) in terms of a priori
weaker conditions on the semigroup. Many results of this type have been
obtained in recent years, among them Datko, Pazy, Rolewicz, Weiss, Falun
Huang, and the author.

Finally, one can ask for conditions guaranteeing uniform stability of the
semigroup, i.e. strong convergence to zero of the semigroup or certain of its
orbits. Among the most important results in this field are the stability theorem
Arendt, Batty, Lyubich and Vu stating that a bounded semigroup is uniformly
stable if the peripheral spectrum of its generator is countable and contains no
residual spectrum, and the semigroup version of the Katznelson-Tzafriri theo-
rem. In this book we present generalizations of these theorems to individual
orbits; indeed, we have tried to develop a theory of individual strong conver-
gence to zero in a systematical way. We present both the harmonic analysis
approach and the Laplace transform approach to this subject.

We have organized these notes in decreasing order of satisfactory asymp-
totic behaviour of the semigroup: after proving the basic elementary results of
the subject in Chapter 1, in Chapter 2 we discuss the various spectral mapping
theorems, and in Chapters 3, 4, and 5 we discuss uniform exponential stability,
exponential stabilty, uniform stability, and the relationship between stability
of the semigroup and the behaviour near the imaginary axis of the resolvent.
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In some sense, these notes can be seen as a follow-up to parts of the
book [Na], where most of what was known around 1985 about asymptotics of
semigroups is presented. We have taken some effort to keep the overlap to a
minimum. Whereas [Na] presents a detailed theory for positive semigroups, the
asymptotic theory for general semigroups on Banach spaces was at that time
relatively undeveloped. In the past decade, it was the Banach space theory
in which most progress occurred. Thus, we decided to include only those re-
sults about positive semigroups that were proved after the appearance of [Nal.
Accordingly we do not discuss Perron-Frobenius theory and the asymptotic be-
haviour of special classes of positive semigroups, such as irreducible semigroups
and lattice semigroups.

Also, we decided not to include ergodic theory of semigroups. This is
mainly to keep this volume at moderate size; a fairly recent account is given
in the book [Kr]. For the same reason, we do not discuss the various gener-
alizations of semigroups and related concepts, such as integrated semigroups,
regularized semigroups, C-semigroups, and cosine families, nor do we attempt
to present all results in the greatest possible generality. For instance, many of
the results of Chapter 5 can be proved in the setting of strongly continuous
representations on L£(X) of subsemigroups of locally compact abelian groups;
in particular, there are analogues for the powers {T"},cw of a single bounded
operator T'. Similarly, various results in Chapter 3 have analogues for the pow-
ers of a single operator; whenever this is the case the proof is usually slightly
simpler than in the semigroup case and we have restricted ourselves to some
comments in the notes at the end of each chapter.

At this point, I would like to thank a number of people. First of all, Rainer
Nagel for his encouragement to write these notes and his valuable comments
and advise. Some material in these notes has not been published yet; I thank
Wolfgang Arendt, Charles Batty, Zdzislaw BrzezZniak, David Greenfield, Sen-
Zhong Huang, Josep Martinez, José Mazon, Frank Réabiger, Vi Quéc Phéng,
Lutz Weis, and Volker Wrobel for their kind permission to present their results
here. Charles Batty read parts of the manuscript and provided helpful com-
ments. My own research on the subject started during a fourteen months stay
at California Institute of Technology. I am greatly indebted to Wim Luxem-
burg for his warm hospitality and constant interest; it was a most enjoyable
time. This work was written while I was supported by an Individual Fellowship
in the Human Capital and Mobility Programme of the European Communities.
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Chapter 1.

Spectral bound and growth bound

In this chapter we introduce the main concepts of the asymptotic theory
of Cy-semigroups. The most basic results of the theory are presented, along
with several examples which motivate the developments in the later chapters.

In Section 1.1 we start with a general discussion of the abstract Cauchy
problem for unbounded linear operators on a Banach space and its relation to
Cy-semigroups.

In Section 1.2 we define the four main quantities relating to the asymptotic
behaviour of a Cp-semigroup T and its generator A: the spectral bound s(A),
the abscissa sg(A) of uniform boundedness of the resolvent of A, the uniform
growth bound wy(T), and the growth bound wy (T). We also present Zabczyk’s
example of a Cy-semigroup on a Hilbert space for which the spectral bound is
strictly smaller than the growth bound and the uniform growth bound.

In Section 1.3 we derive a complex inversion formula for the Laplace trans-
form of a Cy-semigroup and we prove the Pringsheim-Landau theorem for the
Laplace transform of positive functions.

In Section 1.4 we prove some elementary results about the asymptotic be-
haviour of positive Cy-semigroups on Banach lattices and present the example
of Arendt of a positive Cy-semigroup on LP N LY, 1 < p < g < oo, for which
the spectral bound is strictly smaller than the uniform growth bound.

At this point we fix some notations and make some conventions. Since
one of our main tools is spectral theory, all Banach spaces and Banach lattices
are compler. Some results can be stated for real Banach spaces as well, in
which case they can usually be derived from the complex case by means of
complexification; we leave this to the reader to verify at the particular instances.

For a bounded or unbounded operator A on a Banach space X with domain
D(A), we define the resolvent set p(A) as the set of all A € € for which A — A
is invertible, i.e. there exists a bounded operator B with Bx € D(A) for all
x € X such that (A — A)Bz = z for all x € X and B(A — A)z = z for all
x € D(A). The set 9(A) is an open subset of the complex plane and the family
{(A—A)"1 : X € o(A)} is usually referred to as the resolvent of A. Tt is
common to write R(\, A) instead of (A — A)~!. The map A — R(\,A) is a
holomorphic £(X)-valued mapping on o(A). For an z € X, the holomorphic
X-valued mapping A — R(\, A)x is called the local resolvent of A at .

The complement o(A) := C\p(A) is called the spectrum of A. The spectral
bound s(A) of an unbounded operator A is the quantity sup{Re X : A € o(A4)}.
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If s(A) < o0, then the peripheral spectrum of A is the set {\ € o(A4): Re X =
s(A)} and the unitary spectrum is the set {\ € o(A) : ReA =0} = o(A) NiIR.
If T is a bounded operator, then the spectral radius r(T) of T is the quantity
sup{|\| : A € o(T)}, the peripheral spectrum is the set {A € o(T) : |A| =r(T)},
and the unitary spectrum is the set {\ € o(T) : |\ =1} = o(T)NT, where I’
is the unit circle in the complex plane.

The dual space of a Banach space X will be denoted by X* and the duality
pairing between X* and X by (-, -). The space of all bounded linear operators
on a Banach space X is denoted by L£(X).

Unless otherwise stated, all vector-valued integrals in this book are in
the sense of Bochner; we refer to the book [DU] for the properties of this
integral. At several occasions we shall use vector-valued analogues of results
from classical analysis; usually their proofs are straightforward generalizations
of their classical counterparts and we refer to the book [HP] for the details.

Finallyy, N = {0,1,2,...}, Z = {...,—1,0,1,...}, IR is the field of real
numbers, IR, = [0,00), and C is the field of complex numbers. The unit circle
{z € C: |z| = 1} is denoted by I'. The characteristic function of a set E is
denoted by xg.

1.1. C(Cy-semigroups and the abstract Cauchy problem

Many equations of mathematical physics can be cast in the abstract form

du
E(t) = Au(t), t>0, (ACP)
u(0) =z,

where A is a linear, usually unbounded, operator with domain D(A) on a
Banach space X. Usually, X is a Banach space of functions suited for the
particular problem and A is a partial differential operator.

This abstract initial value problem (ACP) is usually referred to as the ab-
stract Cauchy problem associated to A. If we want to stress that x is the initial
value we will write (ACP,). A classical solution of (ACP) is a continuously
differentiable function u : [0,00) — X taking its values in D(A) which satisfies
(ACP). A continuous function u : [0,00) — X is a mild solution of (ACP) if
there exists a sequence (x,) C D(A) such that for each n the problem (ACP, )
has a classical solution u(-, z,) with lim,, . u(t, z,) = u(t) locally uniformly
for t > 0. Clearly, a classical solution is a mild solution, but a mild solution
need not be classical.

In this book we undertake a detailed study of the asymptotic behaviour
of the classical and mild solutions of the abstract Cauchy problem (ACP).
The natural framework to carry out this investigation is the theory of Cjy-
semigroups.
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Definition 1.1.1. A family T = {T(t)}+>0 of bounded linear operators
acting on a Banach space X is called a Cy-semigroup if the following three
properties are satisfied:

(S1) T(0) = I, the identity operator on X;
(82) T(t)T'(s) =T (t+s) for all t,s > 0;
(S3) limy o ||T'(t)x — x| =0 for all z € X.

It is easy to see that the maps ¢ — T'(t)x are continuous for ¢ > 0. The
infinitesimal generator of T, or briefly the generator, is the linear operator A
with domain D(A) defined by

D(A)={ze X: ltil%l %(T(t)m — 1) exists},

.1
Ax = ltllHOl ;(T(t)x —z), x€D(A).

The generator is always a closed, densely defined operator. The domain
is T-invariant, i.e. T(t)z € D(A) for all x € D(A) and t > 0, and we have
AT (t)x = T(t)Ax. Moreover,

d
%T(t)aj = AT(t)x, z € D(A),

which shows that for x € D(A) the problem (ACP) has a classical solution
given by u(t) = T(¢t)z. The following theorem shows that this essentially
characterizes generators of Cy-semigroups and thereby justifies the introduction
of this notion. We say that the abstract Cauchy problem associated with a
linear operator A is well-posed if for each initial value x € D(A) there exists a
unique classical solution u(-) = u(-,z) of (ACP).

Theorem 1.1.2. Let A be a linear operator with domain D(A) on a Banach
space X. Then the following assertions are equivalent:

(i) A is the generator of a Cy-semigroup T;
(ii) The abstract Cauchy problem associated with A is well-posed and o(A) #

(iii) The abstract Cauchy problem associated with A is well-posed, A is densely
defined, and whenever (x,,) is a sequence in D(A) converging with respect
to the norm of X to anx € D(A), then the corresponding classical solutions
u(+, x,) converge to u(-,x), locally uniformly on [0, c0).

In this situation the classical solutions are given by u(-,x) = T(-)z, and for all
x € X there is a unique mild solution given by the same relation u(-,x) = T(-)x.

The condition in (iii) expresses continuous dependence on the initial value.
We shall not prove this theorem but rather consider it as the starting point of
our investigations. A detailed proof can be found in the book [Na).
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It is easy to see that fot T(s)xds € D(A) for all ¢ > 0. In fact, a direct
application of the definition of the generator shows that

A(/OtT(s)xds> =T{t)x—=z, VrelX. (1.1.1)

If x € D(A) we further have

A </0tT(s)acds> - /OtT(s)Aa;ds. (1.1.2)

The conditions (S1), (S2), and (S3) have an obvious interpretation in terms
of the abstract Cauchy problem. First, one observes that the operators T'(t)
are the ‘solution operators’, T'(t)z being the solution of (ACP) at time ¢ corre-
sponding to the initial value . Thus, (S1) expresses that nothing has happened
after zero time, (S2) expresses that the solution at time t+ s with initial value x
is the same as the solution at time ¢ with initial value T'(s)z, and (S3) expresses
the continuity of the solutions as a function of ¢.

Thus, our object of study will be the asymptotic behaviour of the orbits
t — T(t)x of a Cp-semigroup T. More precisely, we restrict ourselves to study
conditions under which the orbits are stable, i.e. converge to zero for ¢t — oco.
We distinguish the following three types of stability.

Definition 1.1.3. Let T be a Cy-semigroup on a Banach space X, with
generator A. Then T is said to be:

uniformly exponentially stable, if there exist constants M > 0 and w > 0
such that ||T(¢)|| < Me=“* for all ¢ > 0;

exponentially stable, if there exist constants M > 0 and w > 0 such that
|T(t)z| < Me“"||z| pcay for all t > 0 and 2 € D(A);
uniformly stable, if lim;_, o ||T(t)z| = 0 for all x € X.

Here, ||z]|p(ay := ||lz| + ||Az|| denotes the graph norm of x with regard to A.

A Cy-semigroup T is uniformly exponentially stable if and only if for each
2 € X and 2" € X there exist constants M = M, ;« > 0 and w = wy g > 0
such that |(z*,T(t)z)] < Me~“', t > 0. Similarly, T is exponentially stable
if and only if for each z € D(A) and z* € X* there exists constants M =
My .+ > 0 and w = wy 4z« > 0 such that [(z*, T(t)z)| < Me™“", ¢t > 0. Let us
prove the first of these assertions. Denoting by H,, the set

H, :={(z,z") e X x X" : (2", T(t)z)] < ne™™ 't for all t > 0}

we see that U,ewH, = X X X*. Therefore, by Baire’s theorem, at least one of
the H,, has non-empty interior, say H,,. This means that there are ¢y € X and

x5 € X*, and € > 0 such that [(y*, T(t)y)| < noe~"0 t for all ¢ > 0 whenever
lzo —y|| < € and ||z —y*|| < e. Hence for all z € X and 2* € X* of norm <e,

(2%, T(t)z)| = [(zg — (x5 — "), T(t) (20 — (0 — 2)))]

< dnge 0t < de2nge " t|z|| [|2*|.
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The first assertion follows from this. The second is proved similarly, using the
Banach space (D(A), || - ||p(a)) instead of X.

Uniform exponential stability implies exponential stability and uniform
stability, but none of the other implications generally holds. In Section 1.4
we shall give an example of an exponentially stable Cy-semigroup which is not
uniformly stable (and hence not uniformly exponentially stable). The following
example shows that a uniformly stable semigroup need not be exponentially
stable (and hence not uniformly exponentially stable), even if the underlying
space is a Hilbert space and the generator is bounded. Let X = I2, the space

of all complex sequences © = (zy),>1 such that ||z]| :== (307 \an)% < 0.
Define the operator A on X by A(z,) = (—n~'z,). Clearly, A is bounded
and the Cp-semigroup T = {e!4},5¢ generated by A is given by T(t)(z,,) =
(e"wxy). Thus, |T(t)|| <1 for all ¢ > 0. For each n, let P, be the projection
in X onto the first n coordinates. Fix x € X and € > 0 arbitrary. Choosing ng
so large that ||(I — Py, )| <€, we have

1T @)l < [T ) Prozll + I TOINT = Pag )2l < NT(E) Pogzl| + €.

Since T'(t)z — 0 coordinatewise, it follows that limsup,_, . ||T(¢t)z|| < e. This
proves that T is uniformly stable. On the other hand, T is not (uniformly)
exponentially stable (which is the same in this case since D(A) = X). Indeed,
for any w > 0 we can choose ng so large that 0 < nal < w. Put z,, =
(0,0,...,0,1,0,...) with the 1 at the ng-th coordinate. Then, for all M > 0

there exists a to > 0 such that for all ¢ > to, [|T(t)zn, || = e 70 > Me vt

We continue with some useful fact about semigroups that will be used
throughout this book. The first of these is the Hille-Yosida theorem, which
characterizes the generators of Cy-semigroups among the class of all linear op-
erators. Before stating it, we make the simple observation that Cy-semigroups
are always exponentially bounded. In fact, the uniform boundedness theorem
and (S3) imply that the norms ||7°(-)| are uniformly bounded in some neigh-
bourhood of 0, and then (S2) easily implies the existence of constants w € IR
and M > 0 such that ||T(t)|| < Me“! for all t > 0. Note that we automatically
have M > 1.

Theorem 1.1.4. Let A be a linear operator on a Banach space X, and let
w € IR and M > 1 be constants. Then the following assertions are equivalent:

(i) A is the generator of a Cy-semigroup T satisfying | T(t)|| < Me*" for all
t>0;

(ii) A is closed, densely defined, the halfline (w, 00) is contained in the resolvent
set o(A) of A, and we have the estimates

IR\, A < VA>w, n=12,.. (1.1.3)

M
(A —w)’

Here, R(\, A) := (A — A)~! denotes the resolvent of A at \. If one of the
equivalent assertions of the theorem holds, then actually {Re X > w} C o(A)
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and
[|R(A A)”H<L VReA >w, n=1,2 (1.1.4)
, S Rer—w)’ , =1,2,.. 1.
Moreover, for Re A > w the resolvent is given explicitly by
R\, A)x = / e NMT(t)xdt, VxeX. (1.1.5)
0

We shall mostly need the implication (i)=-(ii), which is the easy part of
the theorem. In fact, one checks directly from the definitions that

Ryx ::/ e NT(t)z dt
0

defines a two-sided inverse for A — A. The estimate (1.1.4) and the identity
(1.1.5) follow trivially from this.
A useful consequence of (1.1.3) is that

/\lim IAR(A, A)x — z|| =0, Vze X. (1.1.6)

This is proved as follows. Fix x € D(A) and p € o(A), and let y € X be
such that # = R(u, A)y. By (1.1.3) we have |[R()\, A)|| = O(A7!) as A — oo.
Therefore, the resolvent identity

R\, A) = R(u, A) = (1 — NR(\, A)R(s1, A) (1.1.7)
implies that
Jim AR\ A)e — o] = lim[[RO\ A)(aR(s, Ay = )| = 0.

This proves (1.1.6) for elements x € D(A). Since D(A) is dense in X and the
operators AR(\, A) are uniformly bounded as A — oo by (1.1.3), (1.1.6) holds
for all x € X.

We close this section with some elementary facts concerning resolvents and
an application to restrictions and quotients of semigroups.

Proposition 1.1.5. Let A be a closed linear operator on a Banach space X.
Then for all A € p(A) we have
B

~ dist (A, 0(A))”

Proof: This will be an immediate consequence of the fact that |R(\, A)| >
r(R(\, A)) once we prove that

[1R(A, A)

1
A—o(A)’
But it is trivial to check that (A — u)(A — A)R(u, A) is a two-sided inverse
for (A — p)~' — R(A\, A) whenever pu € p(A), which proves the inclusion C.
Similarly, (A — p) "*R(\, A) (A — p) = — R(A\, A)) 71 is a two-sided inverse for
p — A whenever (A — pu)~! € o(R(A, A)), which proves the inclusion D.  ////

o(R(X, A)) =
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Proposition 1.1.6. Let A be a closed operator on a Banach space X. Let
Qo C 0(A) be an open set and let Q1 be an open connected set containing .
If, for all x € X and z* € X*, the map F, ;- : Qo — X defined by F ;- (z) =
(z*, R(z, A)x) can be holomorphically extended to Q, then 1 C o(A) and for
allz € X and z* € X* we have Fy ;+(z) = (z*, R(2, A)x) on (4.

Proof: Fix zy € g arbitrary. Put Qo = 97 N o(A) and let £ be the connected
component of €25 containing the point zy. Assume, for a contradiction, that
Q is properly contained in Q;. Then there is a point ( € 92 N Q. Since
Q is open, ¢ ¢ Q and hence z & p(A). By Proposition 1.1.5 it follows that
lim,, ¢ ||R(zn, A)|| = oo whenever (z,) is a sequence in Q such that z, — ¢. By
the uniform boundedness theorem, there exist zyp € X and 2§ € X* such that
lim., ¢ [(z§, R(2n, A)zo)| = co. But by uniqueness of analytic continuation
we have (z§, R(z, A)wo) = Fiy 2z (2) on Q, and it follows that Fy, .=(2) cannot
be extended at the point (. Since { € 2; we have arrived at a contradiction.

1

If T is a Cy-semigroup on a Banach space X and Y is a T-invariant
closed subspace of X, then the restrictions of the operators T'(t) to Y define
a Cy-semigroup Ty on Y. Its generator Ay is precisely the part of A in Y,
ie. D(Ay) ={y € D(A)NY : Ay € Y} and Ayy = Ay, y € D(Ay).
The semigroup T also induces a semigroup Tx/y on the quotient space X/Y
by the formula T,y (t)(z +Y) := (T(t)r) + Y. The strong continuity of T
implies the strong continuity of Tx/y and we have || T,y (t)| < || T(t)]| for all
t > 0. The generator Ay,y of Tx/y is given by D(Ax/y) = D(A) +Y and
Ax;y(@+Y)=Az+Y, xz € D(A).

We denote by 0o(A) the connected component of o(A) containing the
right half plane {Re A > s(A)}.

Proposition 1.1.7. In the above situation, 0.(A) C o(Ay) No(Ax/y)-

Proof: First let A € p(A), ReA > wo(T). Then also ReA > wo(Ty) and
Re A > wo(Tx,y), and therefore A € o(Ay) N o(Ax/y). By the representation
of the resolvent as the Laplace transform of the semigroup, it is evident that Y
is invariant under R(A, A) and that R(\, Ay ) is the restriction of R(A, A) to Y.
Also, the quotient of R(A, A) modulo Y is well-defined as a bounded operator
on X/Y and it is clear from the description of Ax/y that this quotient is a
two-sided inverse for A — Ax/y. It follows that R(), Ax/y) is the quotient
modulo Y of R(A, A).

Let £(X,Y) denote the closed subspace of £(X) consisting of all operators
leaving Y invariant. Consider the natual maps r : £(X,Y) — L(Y) and 7 :
L(X,Y) — L(X/Y) defined by restricion and taking quotients: (rT)y := Ty,
yeY,and (nT)(z+Y):=Tz+Y,z e X.

By what we proved above, we have rR(\, A) = R(\, Ay) and 7R(\, A) =
R(\, Ax/y) for all ReA > wo(T). But the left hand sides in these identities
admit holomorphic extensions to 9o, (A). Therefore we can apply Proposition
1.1.6 to conclude that oo (A) C o(Ay) N o(Ax/y) and that the resolvents are
given by the extensions of rR(\, A) and wR(\, A), respectively.  ////
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1.2. The spectral bound and growth bound of a semigroup

In this section we introduce the growth bounds wo(T) and w;(T) and the
spectral bounds s(A) and so(A) and discuss some of their elementary proper-
ties.

In Section 1.1 we observed that every Cpy-semigroup T is exponentially
bounded. Therefore, it makes sense to define the uniform growth bound wy(T)
of T by

wo(T) := inf{w € R : IM > 0 such that ||T(¢)|| < Me**, Vt > 0}.

The identity (1.1.4) shows that the spectrum of the generator of a Cyp-semigroup
is always contained in some left halfplane. Therefore, it makes sense to define
the spectral bound s(A) of A by

s(A) :=sup{ReX: A€ o(4)}.

Since (1.1.5) holds for all w > wy(T), we have:

Proposition 1.2.1. If T is a Cy-semigroup on a Banach space X, with
generator A, then s(A) < wo(T).

It is often useful to have an expression for wo(T) directly in terms of the
norms ||T(¢)|| or the spectral radii r(T'(t)):

Proposition 1.2.2. Let T be a Cy-semigroup on a Banach space X. Then
for all ty > 0 we have

1 T(t log ||T'(t
0 t—o00 t
Proof: By Gelfand’s theorem for the spectral radius,
.1
lim — log||T (nto)|| = logr(T(to)). (1.2.2)
n—oo n

Thus, the limit lim,, . (ntg) ! log || T(nto)| exists, and the first identity will
be proved if we can show that the limit equals wq(T).
If M >0 and w € IR are such that | T(¢)|| < Me“* for all ¢ > 0, then

lim sup(nto) ~* log | T'(nto)]|| < w.

n—oo

By taking the infimum over all w € IR for which such M can be found, it follows
that lim,, .o (ntg) ~tlog [|T(nto)|| = limsup,,_, .. (nte) ~Llog ||T(nto)| < wo(T).

On the other hand, if w < wo(T) there is a sequence 7, — oo such that
e~ Wkt || T (1ito)|| > 1 for all k. Indeed, if such a sequence does not exist, then
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limsup, e 7| T(7to)|| < 1 and hence sup, e “7"||T(7to)|| < co. But
then wp(T) < w, a contradiction.

Let M = My, := supg<,<; ||T(sto)| and put ny, := [7%], the integer part of
7. The semigroup property (S2) implies that ||T(ngto)|| > M ~Y||T(7xto)]|| for
all k. Therefore,

e || T (gt || > M_le_l“"toe_w’“to||T(Tkt0)H > M~ temIwlto,

It follows that
og IT(uto)l  , | Tog(M "e7l")

nktg nkto

Since w < wo(T) was arbitrary, this proves that lim,, . (ntg) ! log | T(nto)|| =
limsup,,_, ., (nto) " log || T(nto)|| > wo(T). This concludes the proof of the first
identity in (1.2.1).

Next, we fix ¢ > 1 and choose the integer n > 1 such that n <t <n + 1.
Noting that

log(M~HT(n+ D) _ log(IT(A)I) _ log(M|T(n)])
n+1 - t - n

)

where M = M is as above, we see that the second identity in (1.2.1) is a
consequence of (1.2.2).  ////

If A is bounded, then A generates the Cy-semigroup T = {etA}tZO and the
spectral mapping theorem of the Dunford calculus implies that o(e!4) = eto(A)

Therefore by Proposition 1.2.2,
etwo(T) — T(etA) = s, vt > 0.

This implies that s(A) = wo(T). If A is unbounded, then strict inequality
s(A) < wo(T) may occur, even if the underlying Banach space is a Hilbert
space; cf. Example 1.2.4 below. The important consequence of this is that
the growth of the mild solutions T'(-)x of the abstract Cauchy problem is not
controlled by the location of the spectrum of A.

This pathology invites us to look for more subtle quantities to describe
growth of solutions and spectrum of the generator. The first of these is moti-
vated by the following observation. Instead of considering all mild solutions,
one can consider the classical solutions only, i.e. those originating from an ini-
tial value in the domain D(A). With this in mind we define the growth bound
w1(T) as the infimum of all w € IR for which there exists a constant M > 0
such that

IT(t)z| < Me“||z||pay, Vxe D(A),t>0.

Thus, T is exponentially stable if and only if wi(T) < 0. It is obvious from
the definition that wi(T) < wo(T). The following result gives more precise
information.
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Theorem 1.2.3. Let T be a Cy-semigroup on a Banach space X, with
generator A.
(1) s(A) <wi(T) < wo(T);
(ii)) w1(T) is the infimum of all w € R with the following property: {Re\ >
w} C o(A) and

T

R\ A)x = lim e MT(t)xdt, YRel>w and z € X;

T—00 0

(iii) w1 (T) is the infimum of allw € IR with the following property: there exists
a A € C with Re A = w such that

sup
7>0

/ e MT () dtH < oo, VrelX;
0
(iv) wi(T) is the infimum of all w € R such that
/ e M| T(t)z|| dt < 0o, YReA >w and z € D(A).
0

Proof: The second inequality in (i) is trivial and the first is an immediate
consequence of (ii), which we prove now.
We start with the following observation: if, for some A € C,

T

Byz := lim e MT(t)x dt

T—00 0

exists for all z € X, then A € 9(4) and Byz = R(\, A)z for all x € X. This is
proved as follows. For x € X and ¢t > 0 we have

%(T(t) —I)Byx = % /000 e M (T(t+5) — T(s))xds

= % ((ekt -1) /OOO e T (s)xds — e /te_’\sT(s)x ds) :

0

Taking the limit ¢ | 0 we obtain Byz € D(A) and AB)xz = AB)x — z, i.e.
(A — A)Byx = z. Further, for © € D(A) we have

Byx(A—A)z = lim [ e MT({t)(\— A)zdt

T—=0 Jq

= lim (A — A) /T e MT(t)z dt.

T—00 0

Hence, putting F,, = fOT e MT(t)xdt, we have lim, o F,, = Bz and
lim; ,oo(A — A)Fr , = Ba(A— A)z. (From the closedness of A it follows that
Byz € D(A) and (A — A)Byz = By(A — A)z.
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We have proved that B) defines a two-sided inverse of A — A. Therefore,
B, is a closed operator and hence bounded by the closed graph theorem. It
follows that A € g(A) and By = R(\, A).

Now we can start the proof of (ii). Let w; denote the infimum as meant
in (ii). Fix w > w1(T) and Re A > w arbitrary. We shall prove that

T

Byz:= lim [ e MT(t)xdt (1.2.3)

T—00 0

exists for all x € X. Then, by what we just proved, we can conclude that
w1 < w and hence w; < w(T).

To prove (1.2.3), choose M > 0 such that | T(t)y|| < Me“!||ly||p(ay holds
for all y € D(A) and t > 0. We distinguish three cases. Case 1: If x € D(A),
then for all 0 < 79 < 71 we have

T1 T1
/ e/\tT(t):vdtHS/ e ReA T (1) || dt

70 0

T1
<M @RV 12| 4y dt
To

M

— "  (ow-ReMNTo _ (wch)\)q-l)
Reld—w (e ¢

H33||D(A)-

As 1; — 00,1 = 0,1, the right hand converges to 0, and it follows that the limit
in (1.2.3) exists. Case 2: If x = (A — A)y for some y € D(A), then for all 7 > 0
we have

/T e MT(Dadt = (A — A) /T e MT(t)ydt =y — e T(1)y
0 0

and therefore

lim e MT(t)adt = lim y— e T (1)y =y. (1.2.4)

T—00 0 T—00

Here we used that Re A > wi(T) and y € D(A). Case 3: For arbitrary z € X
by the resolvent identity we have x = (u—A)R(u, A)z+ (A— A)R(u, A)z, where
u € o(A) is arbitrary but fixed. Therefore, by the two cases just considered,
the limit (1.2.3) exists for all z € X.

To complete the proof of (ii) we need to show that wi(T) < w;. If w € R
is such that {Re A > w} C 9(A) and R(\, A)z = lim, .o [, e MT(t)z dt for all
r € X and Re A > w, the identity (1.2.4) shows that lim, ., e > T(7)R(\, A)x
=0 for all z € X and Re\ > w. This implies that w1 (T) < w.

Next we prove (iii). Denote the infimum as meant in (iii) by w;. For all
w > wi(T) and € X we have sup / e “'T(t)x dtH < oo by (ii). Hence,
0

7>0
w1 S w1 (T)
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Conversely, let w > wq, let p € € with Re u = w be such that

sup
7>0

/ e MT(t)x dtH < oo, VzelX,
0

and let Re A > w be arbitrary. Then, with F,, := [ e **T(t)z dt, by partial
integration we have

/ e MT(Wxdt = e AR L 4+ (A — u)/ e AR, L dt.
0 0

By letting 7 — oo, it follows that

T oo
lim [ e MT(t)zdt=(\— u)/ e”WTWIE,  dt,
0

T—00 0

so in particular the limit on the left hand side exists. By the observation preced-
ing the proof of (ii), this implies that A € o(A) and lim . [, e MT(t)zdt =
R(\, A)x for all x € X. Therefore, by (ii) w1 (T) < w and hence wy(T) < w;y.

Finally we prove (iv). For this we use the following fact. Let F': Ry — R4
be an integrable function, and assume there is an integer m and an interval [0, n]
such that F(t+s) < mF(s) for all s > 0 and ¢ € [0,n]. Then, lim;_, . F(t) = 0.
Indeed, for all € > 0 there exists an a > 0 such that I, := [ F(s)ds < m™'ne.
For all t > a+n there exists an r € [t—n, t] such that F(r) < n~1'I,. Therefore,
Ft)=Ft—r+r)<mF(r) <mn ', <e

Let wy be the infimum in (iv). From the definition of w;(T) it is ob-
vious that wy < wy(T). For the converse inequality, fix © € D(A) and let
ReA > w;. Then by the above fact applied to F(t) = e || T(t)z]|, it fol-
lows that ||T(t)z| < MzeRe* for some constant M, > 0 and all ¢ > 0.
By the uniform boundedness theorem, there is a constant M > 0 such that
|T(t)z| < MeReM||z||peay for all ¢ > 0. It follows that wi(T) < Re\ and
hence w1 (T) <wi. /)

It need not be true that s(A) = wi(T), even for Cyp-groups on a Hilbert
space. This is shown by the following example.

Example 1.2.4. For n = 1,2,3, ..., let A, be the n x n matrix acting on

C" defined by
0 O

0 1
A,=[0 0 1 0
Each matrix A, is nilpotent and therefore o(A4,,) = {0}. Let X be the Hilbert
space consisting of all sequences x = (z,,)n>1 with z,, € C" such that

1

2

]| := (Z IIfIJnIIfm) < o0
n=1
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Let T be the semigroup on X defined coordinatewise by
T(t) = (et )11,

It is easily checked that T is a Cy-semigroup on X and that T extends to a Cy-
group. Since ||A,| = 1 for n > 2, we have ||e!4| < e* and hence || T(¢)|| < €,
so wo(T) < 1.

First, we show that s(A) = 0, where A is the generator of T. To see this,
we note that A is defined coordinatewise by

A= (m + An)nZL
An easy calculation shows that for all Re A > 0,
lim [|R(X, A, +in)|@r = 0.

It follows that the operator (R(A, A, + in)),>1 defines a bounded operator
on X, and clearly this operator is a two-sided inverse of A — A. Therefore
{ReX >0} C o(A) and s(A) < 0. On the other hand, in € o(in + A,) C o(A)
for all n > 1, so s(A) = 0.

Next, we show that wi(T) = 1. In view of wo(T) < 1 it suffices to show
that w1 (T) > 1. For each n we put

2n i=n"7(1,1,..,1) € C".

Then, [|z,||gr» =1 and

2
—1 m
1% t7
tA, 2
le“4n 2 | Gon = = >
n A=\
m= 7=0
1 n—1 m tj+k
=0 B
" =0 3,k=0 g
—1 2m
1% , 1
== tt Z —
n Jlk!
m=01i=0 j4+k=1i
B 1 n—1 2m tz i ’L'
T il (i — i
n =i ]:Oj.(l L
n—1 2m ;
21t1
T n Z il
m=0 i=0
> 1 2n—2 22t,b
~n il
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For 0 < q < 1, we define z, € X by z, := (n%q"xn)nzl. It is easy to check
that z, € D(A) and

I, = an%ue“x I?

00 . 12n 22%2'
SWIEHEY

n=1 =0
2t 2n
=25 2 ¢
=0 n={i/2}+1

o 2i/21+2 E

— g2 |
= 1—¢q 1!

> 4 et

Here {a} denotes the least integer greater than or equal to a; we used that
2{i/2} + 2 < i+ 3 foralli=0,1,... Thus, w1(T) > g forall 0 < ¢ < 1, so
wi(T) =1 J/J/

Another way of looking at the failure of the identity s(A) = wo(T) is that
the location of the spectrum of A alone does not contain enough information to
deduce the asymptotic behaviour of T from it. As will become apparent later,
not the numerical value of s(A), but rather the growth of the resolvent along
vertical lines {Re A = w} with w > s(A) plays an important role.

By (1.1.4), the supremum of ||R()\, A)| along each vertical line Re A = w
with w > we(T) is finite, uniformly for w > wy > wo(T). The resolvent need
not be bounded on vertical lines between s(A) and wo(T), however. This
motivates us to define the abscissa of uniform boundedness of the resolvent,
notation so(A), as the infimum of all w € IR such that {Re A > w} C p(A4) and
SUPRe A>w HR()‘7A)|| < oo. ThUS,

s(A) < 50(A) < wp(T).

In Section 2.2 we shall show that so(A) = wp(T) holds for Cy-semigroups on
Hilbert spaces and in Sections 4.2 and 4.5 we show that w;(T) < s¢(A) holds
for arbitrary Cp-semigroups.

In Section 1.4 we shall give an example of a Cy-semigroup for which s(A) =
50(A) = wi(T) < wo(T). In view of the identity so(A) = wo(T) in Hilbert
spaces, Example 1.2.4 shows that also strict inequality s(A4) < so(A) can occur.
Thus, neither so(A) = wo(T) nor s(4) = sg(A) generally holds. Similarly,
neither s(A) = w1(T) nor wi(T) = wo(T) generally holds and strict inequality
w1(T) < sg(A) can occur; cf. the notes at the end of the chapter. By direct a
sum construction we see that all four quantities may be different.

We conclude this section with two useful rescaling techniques that will be
used throughout this book.
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If A is the generator of a Cp-semigroup T, then for all A € C the operator
Ay = A — ) is the generator of the Cyp-semigroup Ty := {e MT(t)};>0. It
is obvious that wo(Ty) = wo(T) — ReA, wi1(Ty) = wi(T) — Re A, s(Ay) =
s(A) — Re A, and so(Ax) = so(A) — Re A. Similarly, for all & > 0 the operator
aA is the generator of the Cy-semigroup T(® := {T(at)};>0, and we have
wo(T@) = awy(T), wi(T®) = aw(T), s(ad) = as(A), and so(ad) =
aso(A).

1.3. The Laplace transform and its complex inversion

The identity (1.1.5) identifies the resolvent of the generator A of a Cp-
semigroup T as the Laplace transform of T in the halfplane {Re A > wo(T)}.
Theorem 1.2.3 shows that the same is true in the halfplane {Re A > w1 (T)}.
This motivates us to take a closer look at the Laplace transform of Banach
space-valued functions.

Let X be a Banach space. The Laplace transform Lf of a function f €
Li, (R4, X) is defined by

LEA) = /Oo e MF(t) dt

0
whenever this integral exists as a convergent improper integral. It is easy to
prove that the integral converges for all Re A\ > w once it converges for some

A € € with Re A = w. In fact, we claim that £f()) converges for all Re A > w
if there exists a p € C, Re 4 = w, such that

sup
7>0

/ e M E(t) dtH < 00.
0
To see this, define F(7) := [ e™* f(t) dt. By partial integration,

/ e Mft)dt =e" AR (1) + (A — p) / e”AWER(L) dt.
0 0
By letting 7 — oo it follows that

lim [ M ft)dt = (\—p) / b e~ AR (1) dt.

Since by assumption F' is bounded, the integral on the right hand side converges
absolutely and the claim is proved.

Thus, the domain of convergence is either empty or contains a right half
plane, and it makes sense to define the abscissa of improper convergence w1 (f)
as the infimum of all w € IR such that £f(\) converges in the improper sense
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for all ReA > w. If such an w does not exist we put wi(f) := co. With
this terminology, Theorem 1.2.3 can be reformulated as saying that wi(T)
coincides with the abscissa of improper convergence of the Laplace transform
of T, in the sense that it is the infimum of the abscissae wi (f,) of the functions
fo(t) =Tz, v € X.

The Laplace transform Lf is easily seen to be an X-valued holomorphic
function in {Re A > wy(f)}. It can happen that this function can be holomor-
phically extended to some larger open subset of €. Whenever this is the case,
this extension will be denoted by Lf as well.

Similar to the definition of wi(f), one defines the abscissa of absolute
convergence wo(f) of the Laplace transform of a function f € L} (R4, X)
as the infimum of all w € IR such that L£f(\) converges absolutely for all
Re A > w. We will see in Section 2.1 that the abscissa of absolute convergence
of the Laplace transform of a Cp-semigroup T is precisely wo(T).

Often we will find ourselves in situations where we would like to derive
information about T from information about the resolvent. For this reason,
it is desirable to have inversion techniques for the Laplace transform at our
disposal. We shall prove a simple complex inversion formula which is based
on the inversion theorem of the Fourier transform. The Fourier transform of a
function f € L'(IR, X) is defined by

oo
f(s) = / e T f(r)dt, s€R.
— 00

By the Riemann-Lebesgue lemma, f € Cp(IR, X). The bounded linear operator
f— f from L'(IR, X) into Cp(IR, X) is denoted by F and the notations f and
F f will be used interchangably.

The following result is known as Fejér’s theorem: Let X be a Banach space,
let f € L*(IR, X) and assume that f is locally of bounded variation. Then for
all 7 € IR we have

2 (C1) [ fs) s = S(7(r) + 7))

Here, (C,1) denotes convergence of the integral in the Cesaro mean, i.e.

(C,l)/ g(s)d thm t/ / s)dsdr.

It is useful to have sufficient conditions that enable us to replace Cesaro inte-
grability by integrability in the principle value sense. We have the following
result in this direction.

Lemma 1.3.1. Let X be a Banach space and let f € L'(IR, X) and 7 € R
be arbitrary. If f(&) = O(|¢|71) for € — +oo, then

ey | T e de

— 00
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exists if and only if
[e.e]
PV [ e de
—00
exists, in which case the two integrals are equal.

Proof: Let 7 € IR be fixed and define, for all ¢ > 0,

S, = (Su(f))(7) = [ T fde

and
1 t
o0 = (0u(f)(r) = - / (S(f))(r) ds.

t

Noting that f is continuous, we can choose a constant C' > 0 such that | f(€)| <
C|¢|71 for all £ € R. Fix € > 0 arbitrary and choose A > 1 such that
A

€
[ < —.
o1 ), ssdssga

By writing out the definitions of S; and o, one finds the relation

1 L
Aore —or = (A~ 1)S, + / / €7 f(€) de ds.
t t s,—t)U(t,s

Therefore,
At
/] ¢ () de ds
(—s,—t)U(t,s)
At

< v de ds
>\t —t / 5, —t)U(t,s) |§|

200 (M 20 [
== log2ds = —"— | logodo <e.
)\t—t/t ogt S )\_1/1 ogoao <€

This implies that lim;_, o, S; exists whenever lim;_, ., 0 exists, and that the two
limits are equal. Conversely, it is trivial from the definitions that lim;_. ., oy
exists whenever lim;_, o, S; exists, and that the two limits are equal.  ////

AO’)\t — Ot

A—1 — S

At —1

In the following lemma, we use the obvious fact that for w > wo(T) and
s € IR, the resolvent R(w + is, A)x agrees with the Fourier transform at the
point s of the function ¢ — F(t) := e “'T(t)z - xr, (¢t) € L'(R,X). This
follows immediately from (1.1.5), for

R(w +is, A)x = / e~ WD) dt = / eTSUR(t) dt = F(s).
0 —0o0
Lemma 1.3.2. Let T be a Cy-semigroup on a Banach space X, with gener-
ator A, and assume that there exist w; € IR and r € IR such that the resolvent
exists and is uniformly bounded in the set {\ € C: Re A > wy, Im\ > r}. Let
wo > wy be arbitrary. Then for all x € X we have
>lim |R(w +is, A)z|| =0

uniformly for w € [w1,wp].
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Proof: Upon replacing wg by some larger number, we may assume that wg >
wo(T). By the Riemann-Lebesgue lemma and the observation preceding the
lemma,

lim [|[R(wo +1is,A)z|| =0, Ve X. (1.3.1)

Let M := SUPRex>w, . tma>r [N, A)||. By the resolvent identity (1.1.7), for all
w € [wy,wp] and s > r we have

R(w+is, A) = (I + (wg — w)R(w +is, A))R(wp + is, A)
and hence, for all x € X,
|R(w +is, A)z|| < (1 4+ M(wo — w1))||R(wo + is, A)z||.

(From this and (1.3.1), the lemma follows. ////

Of course, an analogous result holds for s — —oo if the resolvent is uni-
formly bounded in {A € € : ReA > wy, ImA < —r}. In particular, for all
wo > w1 > so(A) and all x € X we have

lirin |R(w + is, A)x|]| =0

uniformly for w € [w1,wp]. This fact will be used in the following theorem.

Theorem 1.3.3. Let T be a Cy-semigroup on a Banach space X, with
generator A. Then, for all w > so(A) and t > 0 we have

1
T(t)e = ——(C.1) / MR Az d\, Vi€ X, (1.3.2)
2mi Rel=w
and
1
T(t)z = —PV MR, A)zd), Yz € D(A). (1.3.3)
2mi Rel=w

Proof: For w > wo(T), (1.3.2) follows from Fejér’s theorem applied to the
function t — e “'T(t)x - xr, (t). For general w > so(A), we note that by
Lemma 1.3.2 we can apply Cauchy’s theorem to shift the path of integration
to a vertical line to the right of wy(T).

For z € D(A) we have the identity

R\, A)x = X" (z + R(\, A)Ax).

Since the resolvent is uniformly bounded on the line Re A = w, this shows that
R\, A)z|| = O(|]A|7!) there. Hence, for w > wo(T) we can apply Lemma
1.3.1 to the function t — e~“"T'(t)z - xR, (t). By doing so, we see that (1.3.3)
follows from (1.3.2). For general w > so(A), we apply Cauchy’s theorem as in
the first part of the proof. ////
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We close this section with a result about the Laplace transform of positive
Banach lattice-valued functions which will be useful in the next section. It is
usually referred to as the Pringsheim-Landau theorem.

Theorem 1.3.4. Let X be a Banach lattice and let 0 < f € L}, (R4, X).

If —00 < wi(f) < oo, then Lf cannot be holomorphically extended to a neigh-
bourhood of w1 (f).

Proof: Upon replacing f(t) by e=<*(f(t), we may assume that wi(f) = 0.
Suppose, for a contradiction, that £f can be holomorphically extended to a
neighbourhood of 0. Then there is an € > 0 such that the Taylor series of f at
the point A =1,

> (k)
i =3 ED Wy

!
— k!

has radius of convergence 1 + 2¢. In particular, the series converges absolutely
in the point A\ = —e. Hence, for all z* € X* we obtain

= (_6_1)k > o ke—t z*
S [t sy

k=0

(%, Lf(=e€))

o0

—t = (1 + E)ktk *
e ———(a", f())dt
/0 ;;) k (1.3.4)
I

oo

e (x*, f()) dt

= lim <x*,/T eetf(t)dt>.
T—00 0

The interchange of integration and summation is justified by Fubini’s theorem,
noting that all terms are positive if £* > 0; in general we split * into real and
imaginary part and each of them into positive and negative part.

It follows from (1.3.4) and the uniform boundedness theorem that

sup
7>0

/T e £(t) dtH < 00.

0

Therefore, by the discussion at the beginning of this section, w;(f) < —e. This
contradicts the assumption that w1 (f) =0. ////

1.4. Positive semigroups

In this section we collect some elementary results about stability of positive
Cy-semigroups that will be useful in later chapters. The main result is that
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s(A) = s9(A) = w1 (T) always holds. At the end of the section, we present an
example of a positive Cy-semigroup such for which we have strict inequality
$(A) < wo(T). This example is important not only for the theory of positive
Cy-semigroups, but also for the theory of general Cy-semigroups: whenever we
associate a quantity w(T) to arbitrary Cp-semigroups T that can be shown to
be intermediate between s(A) and so(A) or between s(A) and w1 (T), it follows
from this example that strict inequality w(T) < wo(T) can occur. Several
such quantities will be studied later, e.g. abscissae of scalar p-integrability and
abscissae of polynomial boundedness of the resolvent.

A Cy-semigroup T on a Banach lattice X is called positive if each operator
T(t) is positive, i.e. T'(¢) > 0 for all ¢t > 0.

Theorem 1.4.1. Let T be a positive Cy-semigroup on a Banach lattice X,
with generator A. Then,

Moreover, s(A) is the infimum of all w € IR such that {Re A > w} C o(A) and

T

R(A\, A)x = lim e MT(H)xdt, VRel>w, x € X. (1.4.1)

T—0oo Jj

Furthermore, the following assertions hold.

(i) Either s(A) = —oc0 or s(A) € o(A);

(ii) For a given X\ € g(A), we have R(\, A) > 0 if and only if A > s(A);
(iii) For all Re A > s(A) and x € X, we have |R(\, A)z| < R(Re )\, A)|z|.

Proof: We start by proving (i) and the identity s(A) = w1(T). The character-
ization of s(A) follows from this and Theorem 1.2.3 (ii).

If w1 (T) = —o0, then also s(A) < wy(T) = —oco by Theorem 1.2.3 (i) and
hence s(A) = wi(T) = —co. We may therefore assume that wq(T) > —oo.
We shall prove that wy(T) € o(A). Assume the contrary. Then the resolvent,
which is defined in {Re A > wy(T)}, admits a holomorphic extension to some
neighbourhood V; := {A € € : |A — wi(T)| < €} of wi(T). Hence, for all
x € X, A\ = R(\ A)x extends holomorphically to V.. By Theorem 1.2.3
(ii), in {ReX > wi(T)} the map A — R(A, A)z is the Laplace transform of
the function f,(t) := T(¢)x. Therefore, for x > 0 the Pringsheim-Landau
theorem implies that wy(f;) < wi(T) —e. By decomposing an arbitrary x € X
into real and imaginary part and each of these into positive and negative part
we see that wq(fz) < wi(T) — € holds for all z € X. But then Theorem
1.2.3 (iii) implies that w1 (T) < wi(T) — €, a contradiction. This proves that
w1(T) € o(A). In particular, s(A) > wy(T). Since also s(A4) < wi(T), it
follows that s(A) = wi(T) and s(A) € o(A).

Next we prove (ii). If A > s(A4), then R(\, A) > 0 by (1.4.1). Conversely,
suppose A € C is such that R(A, A) > 0. First we observe that A € IR. Indeed,
for 0 <z € X we let y := R(\, A)x > 0 and note that

ol 1
Ay:ltllng;(T(t)y—y)—lglrg]l;(T(t)y—y)—Ay
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and hence the identities
Ny —Ay=x=7=X\y— Ay =y — Ay

show that A = X\. The bars denote the complex conjugates; cf. Appendix A.3.
Since R(u, A) > 0 for all p > s(A), for all p > max{\, s(4)} the resolvent
identity yields

RO\ A) = R(u, A) + (11— NR(A, AR(u, A) > R(p, A) > 0.

Using Proposition 1.1.5 and the fact that s(A) € o(A) whenever it is finite it
follows that for all ;1 > max{\, s(A)} we have

(1 — s(A)™" = (dist (1, 0(4)) ™" < [R(p. A)|| < [RON A
This can only be true if A > s(A).

For the proof of (iii), we note that by (1.4.1) for all z € X and Re A > s(A)
we have

[R(A, A)z| =

/ e—MT(t)xdﬁ’g / e~RENT (1) 3] dt = R(Re A, A)]a],
0 0

the integrals being in the improper sense. This proves (iii).

It remains to prove that s(A) = so(A4). Let w > s(A) be arbitrary. Assume,
for a contradiction, that there is a sequence (A,) C {ReX > w} such that
lim, o [|R(An, A)|| = oco. By the uniform boundedness theorem, there is an
x € X such that lim, o |[R(An, A)z|| = co. Let A > w be an accumulation
point of the sequence (ReA,,). Then, there is a subsequence (A, ) such that
Re A, — A and hence by (iii),

IR Al | = lim [[R(ReAn,, A)lz] || = fim sup [B(An; A)z|| = o0

This contradiction concludes the proof.  ////

The following corollary is concerned with Cy-groups. These are defined
analogously to Cy-semigroups, the only difference being that the role of the
index family ¢ > 0 is replaced by ¢t € IR. The generator of a Cy-group T =
{T'(t) }+emr is defined as the generator of the associated Cy-semigroup {T'(¢)}+>0.

Corollary 1.4.2. If T is a positive Cy-group on a non-zero Banach lattice
X, with generator A, then o(A) # 0.

Proof: Assume for a contradiction that o(A4) = (). Then by Theorem 1.4.1 we
have R(A,A) > 0 for all A € IR. Since —A generates the positive Cy-group
{T(—t)}tem, the same argument shows that R(A, —A) > 0 for all A € IR. But
R\, —A) = (A + A)7t = —R(—\, A), and therefore —R(—\, A) > 0 for all
A € R. Since also R(—X\, A) > 0 it follows that R(—\, A) = 0 for all A € R.
This contradicts the injectivity of R(—X, A) unless X = {0}. ////
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We close this section with an example of a positive Cy-semigroup for which
strict inequality s(A) < wo(T) holds. We need the following simple fact.

Lemma 1.4.3. Let X and Y be Banach spaces, Y C X with continuous
inclusion. Let A be a linear operator on X with D(A) C Y and let Ay denote
the part of A inY. If p(A) # 0, then o(A) = o(Ay).

Proof: Let u € o(A). Then R(u, A)Y C D(A) C Y. It is clear that R(u, A)|y
defines a two-sided inverse for y — Ay, so that u € po(Ay).

Conversely, let u € o(Ay). Define the bounded operator @ on X by
Qr = R\, A)x + (A — p)R(u, Ay )R(\, A)xz, where A € p(A) is fixed but
arbitrary. Then Qz € D(A) and (p — A)Qz = = for all z € X. Similarly,
QN — A)z =z for all z € D(A) and hence Q = (u— A)~1.  ////

Example 1.4.4. Let 1 < p < g < ooandlet X = LP(1,00) N L%(1,00).
This space is a Banach space under the norm

[FIF:= max{[[ fllp, [1./1lq}

and a Banach lattice with respect to the pointwise a.e. ordering. On X, we
define the semigroup T by

(T(t)f)(s) = f(se'), s>1,t>0. (1.4.2)

It is easy to check that this defines a Cy-semigroup on X whose generator A is
given by
DA)={feX:s—sf(s)e X},
(Af)(s) =sf'(s), s>1, fe D(A).
In a similar way, for r = p and r = ¢ (1.4.2) defines a Cy-semigroup T, on
L"(1,00); its generator will be denoted by A,. Note that T,.(¢t)|x = T(t) and

A is the part of A, in X, r =p,q.
For f € LP(1,00) and t > 0 we have

|uuwﬂu:(ﬁfWﬂwwwm)p=e—i(lfuw»mm)é<eﬁnfp

(1.4.3)
with equality if the support of f is contained in (ef,00). Thus, s(4,) <
wo(Tp) < —%. Also, using Theorem 1.4.1 and the fact that s(A4,) < 0, for
f € LP(1,00) one easily checks that

(R(O,Ap)f)(s):/ooo f(set)dt:/oo f(t)% aa s> 1,

and therefore, if p = 1, then |(R(0,A,)f)(s)| < s7!|f|1 for almost all s > 1.
Similarly, for 1 < p < oo and almost all s > 1 it follows that

=

P

r0ANE < ([ ) 1ol = 6 =17l
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1 1 _
where 5 + o= 1.

In both cases it follows that R(0, A4,)f € L>(1,00), and hence D(A,) C
L>(1,00)NLP(1,00) C L9(1,00). Since also D(A,) C LP(1, c0), it follows that
D(A,) C X. By Lemma 1.4.3, this implies that s(A) = s(4,) < —%.

On the other hand, for all § > % the function fsz(s) := s~ belongs to
D(A) and (Afg)(s) = sfy = —Bs™F = —Bfs(s) for almost all s > 1. This
shows that —f is an eigenvalue of A, so s(A) > —f8. Since 3 > % is arbitrary
it follows that s(A) > f%.

For t > 0 fixed we define f; := x(et et 41). Then by (1.4.3),

T foll 2 | Ty fellg = €7 | fullg = 75

This implies that | T(t)| > e~i. Since t > 0 was arbitrary it follows that
wo (T) > —%
On the other hand, by (1.4.3) for all f € X we have

IT () f]| = max{[|T() fllp, T fllg} < max{e™ s | e f ]}
< i max{||fllp I} =71,

s0o wo(T) < —%. Putting everything together, we obtain

1 1
s(A) = > < - wo(T). (1.4.4)

The interest of this example lies in the fact that s(4) = wo(T) always
holds for positive Cy-semigroups in LP-spaces. This will be proved in Section
3.5.

Notes. The abstract Cauchy problem is studied in many monographs; an en-
cyclopaedic reference is the book [Fa]. Theorem 1.1.2 is proved in [Na]. The
equivalence of (i) and (ii) is due to E. Hille [Hi] and the equivalence of (i) and
(i) is due to W. Arendt. The proof of the Hille-Yosida theorem, as well as its
history, can be found in most textbooks about Cy-semigroups, e.g., [HP], [Pz],
[Go], [Na], [Dal], [vC].

Theorem 1.2.3 was proved by F. Neubrander [Nb2]. Example 1.2.4 is
due to J. Zabczyk [Zb2]. By minor modification of this example, V. Wrobel
[Wr] was able to construct a Cp-group on a Hilbert space with s(A) = 0,
$0(A) = wo(T) =1, and w,(T) = 27", n = 1,2,.... The idea is to define T
coordinatewise by T(t) = (e™te!4mm),~;, where m(n) is the integer part of
log(n+1)/log2 and Ay are the matrices defined in Example 1.2.4, k = 1,2, ....
This example shows that strict inequality w;(T) < so(A) can occur.
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The proof of Lemma 1.3.1, which is due to G.H. Hardy, is adapted from
[Ka, Thm. II.2.2] where the discrete case is proved. The second statement in
Theorem 1.3.3 is a special case of a theorem due to F. Neubrander [Nb1] who
gives a different proof. The Pringsheim-Landau theorem for Banach lattice-
valued functions appears in [GWV]; the scalar version can be found, e.g., in
[Wi, Thm. I1.5b].

Theorem 1.4.1 is proved in part in [GWV]; the rest appears in [Na]. The
identity s(A) = w1 (T) is due to F. Neubrander [Nb2]. Example 1.4.4 is due
to W. Arendt [Ar2]. It was the first example of a positive semigroup on a
rearrangement invariant Banach function space whose spectral bound and uni-
form growth bound do not coincide. Earlier, it was shown in [GVW] that the
spectral bound and uniform growth bound do not coincide for the translation
semigroup T defined by (T'(t)f)(s) = f(s + ¢) in the Banach function space
LP(R.) N L(IR4, e’ dt). This space is not rearrangement invariant, however.
In [Ne6], Example 1.4.4 is extended in various ways to rearrangement invari-
ant Banach function spaces over (1,00). Roughly speaking, it turns out that
wo(T) is in some sense determined by the behaviour of the so-called funda-
mental function (cf. Appendix A4) near 0 and s(A) by the behaviour near
00.



Chapter 2.

Spectral mapping theorems

In this chapter we study conditions under which a spectral mapping the-
orem holds for a Cy-semigroup T and its generator A. If A is bounded, by
the Dunford functional calculus for all ¢ € IR we have the spectral mapping
formula

o(exp(tA)) = exp(to(A)).

As we observed in Section 1.2, an easy consequence of this is that s(A) = wo(T).
In general, however, a generator A is unbounded and the spectral mapping
theorem in the above form does not hold.

In Section 2.1 we start with the spectral inclusion theorem

o(T(t)) D exp(to(A)), t>0,
and the spectral mapping theorems for point spectrum and residual spectrum,

op(T(8)\{0} = exp(to,(A));
or(T(t)\{0} = exp(to,(A)), t=0,

valid for arbitrary Cy-semigroups.

In Section 2.2 we prove the spectral mappings theorems of Greiner and
Gearhart. The first of these states that 1 € o(T'(27)) if and only if iZZ C o(A)
and the resolvents R(ik, A) are Cesaro summable with respect to k. The second
shows that Cesaro summability can be replaced by uniform boundedness if the
underlying space is a Hilbert space.

In Section 2.3 we prove the spectral mapping theorem

o(T(t))\{0} = exp(to(A)), =0,

for eventually uniformly continuous semigroups and give necessary and suffi-
cient conditions for a semigroup on a Hilbert space to be uniformly continuous
for t > 0.

In Section 2.4 we prove the weak spectral mapping theorem

o(T(t)) = exp(ta(A)), t>0,

for Cy-groups of non-quasianalytic growth and show that this result actually
characterizes non-quasianalyticity.
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In Section 2.5 we present the Latushkin - Montgomery-Smith spectral
mapping theorem: 1 € o(T'(27)) if and only if 0 € o(B,), where B, is the
generator of the Cyp-semigroup S, on LP(T', X) defined by

(Sp))(e?) =T (1) f('"71), t=>0.

In Section 2.6 we apply some of these result to the problem of hyperbolicity
of semigroups.

2.1. The spectral mapping theorem for the point spectrum

In this section we prove the spectral inclusion theorem and the spectral
mapping theorems for the point spectrum and the residual spectrum. We start
with the spectral inclusion theorem.

Theorem 2.1.1. Let T be a Cy-semigroup on a Banach space X, with
generator A. Then we have the spectral inclusion relation

o(T(t)) D exp(to(A)), Vt>0.

Proof: By the identities (1.1.1) and (1.1.2), applied to the semigroup Ty :=
{e T (t)}+>0 generated by A — A, for all A € € and ¢ > 0 we have

t
(A= A)/ AT () zds = (M —T(t))z, VYre X,
0
and

/t AT ()N — Az ds = (M —T(t))x, Vo e D(A). (2.1.1)
0

Suppose e* € o(T(t)) for some A € € and ¢ > 0, and denote the inverse of
eM —T(t) by Qx;. Since Qy; commutes with T(t) and hence also with A, we
have

t
(A= A)/ e’\(tfs)T(s)Q,\,tx ds=x, VxeX,
0

and .
/ AIT($)Qr (A — A)zrds =z, Va € D(A).
0

This shows that the bounded operator B) defined by
t

Bz ::/ e)‘(t_s)T(s)QA,tmds
0

is a two-sided inverse of A — A. It follows that A € o(A).  ////
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The converse inclusion exp(to(A4)) C o(T'(¢))\{0} generally fails. For ex-
ample, if T is the Cy-semigroup on the Hilbert space H of Example 1.2.4, then
wo(T) = 1 and hence r(T(t)) = e for all t. In particular, there exist A € (T (t))
with || = e'. On the other hand, s(A4) = 0 and hence exp(to(A)) C {|A\| < 1}.

Next, we turn to spectral mapping theorems for certain parts of the spec-
trum.

The point spectrum op,(A) of a (bounded or unbounded) linear operator A
on a Banach space X is the set of all A € o(A) for which there exists a non-zero
vector © € D(A) such that Az = Az, or equivalently, for which the operator
A — A is not injective.

The residual spectrum o,(A) is the set of all A\ € o(A) for which A — A4
does not have dense range. By the Hahn-Banach theorem, o,(4) = 0,(A4*)
provided the adjoint A* of A is well-defined, i.e. A is densely defined.

The approzimate point spectrum o,(A) is the set of all A € o(A) for which

there exists a sequence (z,) of norm one vectors in X, z, € D(A) for all n,
such that

lim ||Az, — Az,|| = 0.
n—0oo

Clearly, 0,(A) C 04(A). By Proposition 2.1.4 below, 0(A) = 0,(A) U gg(A).
We shall prove next that spectral mapping theorems hold for the point
spectrum and the residual spectrum.

Theorem 2.1.2. Let T be a Cy-semigroup on a Banach space X, with
generator A. Then

o0 (T(1)\{0} = exp(ta,(4)), V¢ > 0.

Proof: If X € 0,(A) and © € D(A) is an eigenvector corresponding to A, the
identity (2.1.1) shows that T'(t)z = ex, i.e. e* is an eigenvalue of T'(t) with
eigenvector x. This proves the inclusion D.

The inclusion C is proved as follows. The case ¢ = 0 being trivial, we fix
t>0. If X € 0,(T(¢))\{0}, then A = e* for some p € C. If z is an eigenvector,
then T'(t)z = eMtx implies that the map s — e #*T'(s)z is periodic with period
t. Since this map is not identically zero, the uniqueness theorem for the Fourier
transform implies that at least one of its Fourier coefficients is non-zero. Thus,
there exists an integer k € Z such that

1 :
T = ?/ e~ mik/Os (=1 (5)2) ds # 0.
0

We shall show that py := pu+ 2wik/t is an eigenvalue of A with eigenvector xy.
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By the t-periodicity of s — e #*T'(s)z, for all Rev > wo(T) we have

R(V,A)z:/oo eV T (s)x ds

(n+1)t
/ e "T(s)x ds

/ e V5T (s)(e "™ T (nt)x) ds (2.1.2)

I
0=

M

Il
o
=)

n

p"qg

elr= ”)”t/ VT (s)xds
n=0 0

1 K —Vs
:m/o e "*T(s)x ds.

Since the integral on the right hand side is an entire function, this shows that the
map v — R(v, A)x admits a holomorphic continuation to C\{u +2win/t: n €
Z}. Denoting this extension by F,(-), by (2.1.2) and the definition of x) we
have

lm (v — pg)Fr(v) = ag.

V— ik

Also, by (2.1.2) and the t-periodicity of s +— e #T(s)z,

lim (s, — A) (v — i) F (1)

V= L

= lim Mk ((I — e 'T(1) + ( — v) /O t e VST (s)x ds)

v—up 1 — e(N v)t

:¥(0+0):0.

(From the closedness of A it follows that x, € D(A) and (ur — A)xr, =0.  ////

The spectral mapping theorem also holds for the residual spectrum. This
follows from a duality argument, for which we need the following definitions.
If T is a Cy-semigroup on X, we define

X© = {2" € X*: ltll%l |T*(t)z* — z*| = 0},

where T*(t) := (T(t))* is the adjoint operator. It is easy to see that X© is a
closed T*-invariant subspace of X*, and the restriction T® of T* to X© is a
Co-semigroup on X©. We denote its generator by A®.

We claim that o,(A*) = 0,(A®), where A* is the adjoint of the generator
A of T, and 0,(T*(t)) = 0,(T?(t)), t > 0.
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We start with the first of these assertions. For all z* € D(A*) and z € X

we have
(T*(t)z* —x*,z) = (", T(t)x — x)

= @4*z*,j€ T(t)z dt)
t (2.1.3)
:/XAmﬁﬂw@ﬁ
0

:/7T@M%ﬂ@ﬁ.
0

Therefore,
(T ()" — 2", z)| <tz [|[A"z™]] sup [|T(s)]|.
0<s<t

By taking the supremum over all z € X of norm < 1, it follows that
lim [|T*(t)z* — x*|| =
lim || 77 ()" — 2™ =0,

i.e. * € X®. This proves that D(A*) C X©.
Now assume that A*x* = Az* for some z* € D(A*). Then z* € X© and
(2.1.3) shows that

1 t
<Z(T®(t)x* —z¥) = \z*,z) = ?/ (TO(t)z* — o*, ) dt
0
and therefore,

1
Ht(TQ(t)x* —z") = \z*

<Allz*|l sup | T(s)z — x|
0<s<t

Letting ¢ | 0, this shows that z* € D(A®) and A®z* = Az*, so X € 0,(A®).
Conversely, if A € 0,(A%) and A®2® = Az® for some z® € D(A®), then
for all x € D(A) we have

(z®, Az) = lim %(a:@, T(t)x — x)

1
= ltilrgl ;(Te(t)xe — 29 2) = (A%2% ) = A\ (z®, 2).

This shows that @ € D(A*) and A*z® = \z®, so X € gp(A*).

Next we prove that o,(T*(t)) = 0,(T®(t)) for all ¢ > 0. Clearly we
have the inclusion o,(T®(t)) C o,(T*(t)) since T®(t) is a restriction of T*(t).
Conversely, if T*(t)x* = Aa* for some non-zero z* € X*, then for all u €
o(A*) = o(A) we have R(u, A*)z* € D(A*) C X© and T®(t)R(p, A*)z* =
R(p, A*)T*(t)z* = AR(u, A*)z*. Hence R(u, A*)z* is an eigenvector of T(¢)
with eigenvalue .
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Theorem 2.1.3. Let T be a Cy-semigroup on a Banach space X, with

generator A. Then
or(T()\{0} = exp(tor(4)).

Proof: By the above, o,.(T'(t)) = 0,(T*(t)) = 0,(T®(t)) and 0, (A) = 0,(A*) =
op(A®). The theorem now follows from Theorem 2.1.2 applied to the Co-
semigroup T®. ////

We close this section by recording for later use two propositions that give
some information about the approximate point spectrum.

Proposition 2.1.4. Let A be a closed linear operator on a Banach space X.
Then o(A) = 0,.(A) Uog,(A).

Proof: Assume that A € 0(A4)\o,(A). Then A — A has dense range. If A — A
is not injective, then A € 0,(A) C 0,(A) and we are done. Assume therefore
that A — A is injective.

Assume for the moment that there exists a constant C' > 0 such that
|(A=A)z|| > C||z|| for all x € D(A). Then the range of A— A is closed. Indeed,
if Yo — y with y, = (A = A)zp, then ||z, — 2wl < C7HA = A)(@n — 2| =
lyn — ymll, so the sequence (z,) is Cauchy, with limit x, say. The closedness
of A implies that z € D(A) and (A — A)x = y, proving that y belongs to the
range of A — A. Thus, the range of A — A is closed. Since it is also dense, it
follows that it is all of X. Since X — A is injective, the inverse Ry := (A — A)~!
is well-defined as a closed linear operator on X whose domain is all of X.
Hence, R) is bounded by the closed graph theorem. Thus, A — A is invertible,
a contradiction.

It follows that a constant C' > 0 as above does not exist. But then there is a
sequence () of norm one vectors, x,, € D(A) for all n, such that lim,, . (A —
A)x,, = 0. This proves that A € o,(4).  ////

Of course, the union need not be disjoint.

Since the spectral mapping theorem holds for the residual spectrum, this
proposition shows that the failure of the spectral mapping theorem for the
entire spectrum is caused by the behaviour of the approximate point spectrum.
This observation is the key to understanding the proofs of the spectral mapping
theorems in Sections 2.3 and 2.5.

Proposition 2.1.5. Let A be a closed linear operator on a Banach space X.
Then the topological boundary 0o (A) of the spectrum o(A) is contained in the
approximate point spectrum o,(A).

Proof: Let A € do(A) be fixed and let (A,) C o(A) be a sequence such that
An — A It follows from the uniform boundedness theorem and Proposition
1.1.5 that there exists an € X such that lim,_. ||[R(An, A)z| — oo. Let
Tp = [|[R(\n, A)z|| "L R(A\y, A)x. Then ||z,|| = 1 and

lim [Az, — Az,|| = lim [[R(An, A)z]| ™" [(An = N R(An, A)z — 2| = 0.
I



Spectral mapping theorems 31

We conclude this section with a useful observation which relates the ap-
proximate point spectra of A and that of the operators T'(¢):

Proposition 2.1.6. Let T be a Cy-semigroup on a Banach space X, with
generator A. An approximate eigenvector for A with approximate eigenvalue
A is also an approximate eigenvector for each operator T (t), with approximate
eigenvalue .

Proof: Let A € 0,(A) and choose a sequence (z,) of norm one vectors in X,
xn, € D(A) for all n, such that lim, o [|[Az, — Az, || — 0. Then, for all ¢t > 0,

t
| T (), — M, = e’\t/ e MT(s) (A — A)x,, ds
0

< ¢ e2IRe ( sup ||T<s>|) IO = Aaa]l — 0, n — oo,
0<s<t

and the convergence is uniform for ¢ in each interval [0,%o].  ////

In particular, if = is an eigenvector for A with eigenvalue A, then z is also
an eigenvector for each T'(t), with eigenvalue e*. In a similar way one proves
that if A is an eigenvalue of A* with eigenvector z*, then T*(t)z* = e* for all
t>0.

The converse of Proposition 2.1.6 also holds: if T'(t)x = e*z for all t > 0,
then by differentiation we see that x € D(A) and Az = Az.

If T extends to a Cy-group, we can apply the proposition to the generators
A and —A to obtain the same conclusions for all ¢ € IR.

2.2. The spectral mapping theorems of Greiner and Gearhart

In this section we show that the spectral mapping theorem holds if we
make an additional assumption on the growth of the resolvent on vertical lines.
We shall need Fejér’s theorem for the circle: if X is a Banach space and f €
LY(T', X) is of bounded variation, then

(C,1) Z f(k)eik® f(f(e"“)—&—f(ew‘)), Vo € [0, 27]. (2.2.1)

k=—o0

Here, (C,1)> 72 =lmy_o N Z Zk ,, denotes the Cesaro sum.

The following result shows that a spectral mapping theorem holds if the
resolvent is Cesaro summable along the imaginary axis.
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Theorem 2.2.1. Let T be a Cy-semigroup on a Banach space X, with
generator A. Then the following assertions are equivalent:
(i) 1 € o(T(2m));
(i) iZ C o(A), and (C,1)>-7_ . R(ik, A)x converges for all z € X.
(iii) iZ C o(A), and (C,1)Y 72 (z*, R(ik, A)x) converges for all x € X and
x* e X*.

Proof: Define, for each k € 7ZZ, the bounded operator QQ; on X by
1 ' 1 27 ks
Qrzr := —R(ik, A)(I —T(2m)) = — e "T(s)xds, ze€X. (222)
2m 2m Jo

Thus, Qg is the k-th Fourier coefficient of the restriction to [0,2n] of T'(-)x.
By Fejér’s theorem applied to the function f € L'(T', X) defined by f(e*) :=
T(0)x, 0 < 0 < 27, for all z € X we have

(C1) ) Qur= (I+T(27T)) (2.2.3)

(i)=(ii): By the spectral inclusion theorem we have iZ € p(A). Since by
assumption I — T'(27) invertible, by (2.2.2) we have

R(ik, A) = 2w (I — T(27)) Q.

Therefore, (2.2.3) implies that for all z € X

(C.1) Y R(ik, A)z = (I - T(2m))" (I + T(2r))a.

k=—o0

It is clear that (ii) implies (iii).

(iii)=-(i): We start the proof with the following general observation: if (z,,) is
weakly Cauchy in X and we define the functional z** : X* — C by (z**, 2*) :=
lim,, o0 (z*, x,,), then z** is bounded, i.e. z** € X**. Indeed, by the uniform
boundedness theorem the sequence (x,,) bounded, say sup,, ||z,| = M, and for
all z* € X* we have [(z**, 2*)| = limp, 00 [{(2*, 2p)| < M||2*||. Applying this to

Ty i=n"1 Z Z (ik, A)x, we see that for all z € X the map Sz : X* — C
J=0 k=—j
defined by

oo

St a4 o= (C1) Y G ROk, A)a)

(Sx,2*) := 5

k=—oc0

is bounded. Hence, S deﬁnes a linear operator from X into X**. Moreover,
|S|| < sup,, |n~t Z" ! k__] R(ik, A)||, and the latter is finite by the uniform



Spectral mapping theorems 33

boundedness theorem. It follows that .S is bounded as an operator from X into
X**. We claim that S actually maps X into itself.
Using (2.2.2) and (2.2.3), for all z € X and 2* € X* we have

(I -=T2m)"*Sx,z*) = (S(I = T(2n))x,z") = (z*, ). (2.2.4)

The second identity shows that S(I —T'(27)) maps X into itself. We claim that
I—T(27) has dense range in X. For if this were not the case, the Hahn-Banach
theorem implies the existence of a non-zero zf, € X* such that (I—T(27))*zj =
0. Choose xy € X such that (zf,xz0) # 0. Then by (2.2.4),

(zg,x0) = (Swo, (I = T(2m))"x5) = (Sx0,0) =0,

a contradiction.

Thus, (2.2.4) implies that Sy € X for all y in the dense subspace (I —
T(2m))X of X. It follows that S maps X into itself and the claim is proved.
But then (2.2.4) shows that S is a two-sided inverse of I —T'(27).  ////

A rescaling argument leads to the following characterization of uniform
exponential stability in terms of Cesaro convergence of the resolvent.

Corollary 2.2.2. Let T be a Cy-semigroup on a Banach space X, with
generator A. Then the following assertions are equivalent:

(i) T is uniformly exponentially stable;
(ii) {ReX >0} C o(A), and for all z € X and Re A > 0 we have (C,1) >~
R(\ + ik, A)x converges in X.
(iii) {ReA > 0} C o(A), and for all z € X, z* € X*, and ReA > 0 and we
have (C,1) 372 __ (z*, R(\ + ik, A)x) converges.

—0o0

Corollary 2.2.3. Let T be a Cy-semigroup on a Banach space X, with
generator A. Assume

(i) iZ C o(A) and sup, . 77 || R(ik, A)| < oo;

(ii)) There exists an w > wy(T) such that

o
Z |R(w + ik, A)z||* < 0o, VzeX
k=—oc0
and -
Z |R(w + ik, A*)z*||* < 00, Vz*e X*.
k=—o0

Then 1 € o(T(27)).

Proof: By the resolvent identity

R(ik, A) = (I + wR(ik, A))R(w + ik, A)
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and the assumptions (i) and (ii), we have

> |IR(ik, A)z|? < 00, Vx € X.
k=—o0
Therefore, the sum
> (R(w+ ik, A*)z*, R(ik, A)x)
k=—o0

is absolutely convergent by Holder’s inequality. Also, by Corollary 2.2.2, the
Cesaro sum (C,1) > 72 R(w+ik, A)z is convergent in X. It follows that for
all z € X and z* € X* we have

o0 o0

(C,1) Y (2%, R(ik, A)z) = (C,1) Y (a*, R(w + ik, A)z)

k=—o00 k=—o0

+w Z (R(w + ik, A")x™, R(ik, A)z),

k=—o00

showing that the Cesaro sum (C,1)> ;2 _ (z*, R(ik, A)x) converges. Thus,
(iii) of Theorem 2.2.1 is satisfied.  ////

A continuous version of this theorem will be proved in Section 4.6.

Before we can prove the our next result we need one more fact from the
theory of adjoint semigroups: the adjoint T* of a Cy-semigroup T on a reflexive
space X is strongly continuous, i.e. X® = X*. The easiest way to see this is to
note that the adjoint A* of a densely defined closed operator A is always weak*-
densely defined in X*. If X is reflexive, it follows that A* is weakly densely
defined and hence densely defined by the Hahn-Banach theorem. Since further
R(A A*) = R(A, A)* for all A € p(A) = o(A*), the resolvent of A* satisfies
the estimates of the Hille-Yosida theorem. Therefore, by that theorem, A* is
the generator of a Cy-semigroup, and it is easy to verify that this semigroup is
precisely T*.

In Hilbert spaces, the Cesaro summability of Theorem 2.2.1 can be re-
placed by mere boundedness. This is the content of the following result, usually
referred to as Gearhart’s theorem.

Theorem 2.2.4. Let T be a Cy-semigroup on a Hilbert space H, with
generator A. Then the following assertions are equivalent:

(i) 1 € o(T(2m));
(ii) iZ C o(A) and sup, 7 || R(ik, A)|| < oco.

Proof: (i)=(ii): By the spectral inclusion theorem we have iZ C p(A). Since
by (2.2.2),

27
R(ik, A)x = (I — T(27r))_1/ e” kT (s)xds, Vx € X,
0
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it is evident that sup, .77 [|R(ik, A)|| < oo.
(il)=(i): Fix w > wp(T). Since

2
R(w+ ik, A)x = (I — 6_2”‘”T(27r))_1/ e ks (e7w3T(s)x) ds,
0

the Hilbert space-valued Plancherel theorem for the circle implies that for all
r e H,

> IR(w + ik, A)z? < 0.

k=—o0

By the same argument applied to the Cy-semigroup T¥, the analogous in-
equality holds for the adjoint of the resolvent. We can now apply Corollary

2.2.3. ///

Corollary 2.2.5. Let T be a Cy-semigroup on a Hilbert space H. If the
resolvent of the generator A exists and is uniformly bounded in the right half
plane {Re z > 0}, then T is exponentially stable.

Indeed, we obtain that the spectrum of T'(27) is contained in the open unit
disc and therefore r(T'(27)) = ?70(T) < 1. This corollary admits a very short
proof based on the Hilbert space-valued Plancherel theorem and Paley-Wiener
theorem, which will be given in Section 3.1. The corollary breaks down for Cy-
semigroups T in Banach spaces, even if T is a positive semigroup on a uniformly
convex Banach lattice. Taking into account the identity s(A) = so(A) for
positive semigroups, a counterexample is obtained by rescaling the semigroup
of Example 1.4.4.

2.3. Eventually uniformly continuous semigroups

A Cy-semigroup T on a Banach space X is said to be eventually uniformly
continuous if there exists a ¢y > 0 such that the map ¢ — T'(¢) is continuous
with respect to the uniform operator topology for ¢ > tg. Examples of eventu-
ally uniformly continuous semigroups are eventually compact semigroups and
holomorphic semigroups.

In this section we shall prove that the spectral mapping theorem

o(T(H)\{0} = exp(ta(4)), ¢ 0,

holds for eventually uniformly continuous semigroups. The proof depends on
an embedding construction that extends T to a Cp-semigroup T on a space X
containing X isometrically. This space is constructed in such a way that the
spectrum of the generator A of T coincides with the spectrum of the generator
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Aof T and the approximate point spectrum of A coincides with the point spec-
trum of A. In this way, the spectral mapping theorem becomes a consequence
of the spectral mapping theorem for the point spectrum.

We define the space I§°(X) as the set of all bounded sequences (z,) C X
such that

lim  sup | T(¢)z — 2] =0) .
im (b%pll (On — 2] o)

It is trivial to check that [5°(X) is a closed subspace of [*°(X), the space of
all bounded sequences in X. By the very definition of [§°(X), T extends to
a Cp-semigroup T on I§°(X) by coordinatewise action; its generator will be
denoted by A3°. Note that

D(AF) ={(zn) € I§7(X) : 2, € D(A) for all n and (Az,) € I7(X)}.

We claim that ¢o(X) C I§°(X), where ¢o(X) is the space of all sequences
in X that converge to 0. Indeed, let (z,,) € co(X). Put M := limsup, |, || T'(%)]],
let € > 0 be arbitrary and choose ng € IN such that ||z,| < e/(M + 1) for all
n > ng. Then, by decomposing (z,) as the sum of (zg, 1, ..., Tny—1,0,0,...)
and (0,...,0, Zp,, Tng+1, ---), We have

lim sup (sup IT(#)x, — xn|> < lim sup (sup T )z, — xn||) <e.
tl0 n tl0

n> no
This proves the claim. We now define X as the quotient space

X = 15(X) /co(X).

Since ¢o(X) is Tg°-invariant, the quotient semigroup T is well-defined. Belng
the quotient of a Cy-semigroup, T is a Cp-semigroup on X. We denote by A its
generator. By general facts concerning quotient mappings, its domain is given
by D(A) = D(AF°) + co(X).

Note that X embeds isometrically into X in the natural way: the embed-
ding is given by = — (z,z,...) + ¢o(X). Obviously, as a subspace of X, X is
T-invariant.

The following proposition describes the spectrum of A:

Proposition 2.3.1. In the above situation, o(A) = o(A).

Proof: Let A € o(A).
First assume A € 0,(A). Then there is an approximate eigenvector (z,,)
such that lim,,_ o [|[Az, — Az,|| = 0. In particular, the sequence (Az,) is
lim <sup T (t)xn — xn) = lim (sup
t10 \ p

bounded. We have
t
/T(s)Aa:n ds )
tlo 0

<lim Mtsup ||Az,| =0,
t10 n
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where M := limsup, |, ||7'(t)[|. Hence, (x,) € Ig°(X). Also, since (Ax,) =
AMzn) + (Yn), where (y,) := ((A — )\)mn) € co(X), we see that (Ax,) € I5°(X)
as well. Hence, (z,) € D(A§°). By passing to the quotient X = I(X)/co(X),
we have x := (z,,) + ¢o(X) € D(A) and Az = A\&. Since & # 0 this shows that
A€o, (A).

If A € 0.(A), there exists an o € X and an € > 0 such that ||zg — (A —
A)y|| > € for all y € D(A). Let y = (yn) € D(AJ) be arbitrary and let
z = (2o, To, ...) € I§°(X). Then, [z — (A — AF°)ylliz(x) = € and by passing to
the quotient X, we see that || — (A — A)j|| ¢ > € for all § € D(A). Therefore,
A€o, (A).

Since by Proposition 2.1.4 we have o(A) = 0,(A) U 0,.(A), it follows that
o(A) C a(A).

Conversely, assume that A — A is invertible. We claim that A — A is
injective. Indeed, if there is a non-zero & € D(A) such that AZ = AZ, then
the definition of X implies that there is a bounded sequence (xn) C X with
limsup,,_, o, ||Zn|| > 0 such that x,, € D(A) for all n and lim,, || Az, — Az, || = 0.
By passing to a subsequence if necessary we may assume that inf, ||z,|| > €
for some € > 0. But then the sequence (y,,) := (||xn|"'2,) is an approximate
eigenvector for A. This contradicts the assumption that A € o(A) and the
claim is proved.

Let # € X be arbitrary, say & = (2,,) 4 co(X ) Then, § := (R(A, A)xy,)
co(X) € D(A) and (A — A)j = (x,) + co(X) = 2. This shows that X — A
also surjective. The closed graph theorem implies that the inverse (A — /1)
is bounded, and hence A € o(4).  ////

+
1S
1

Theorem 2.3.2. Let T be an eventually uniformly continuous semigroup
on a Banach space X, with generator A. Then the spectral mapping theorem
holds, i.e.

o(T(H))\{0} = exp(ta(4)), ¥t > 0.

Proof: Noting that o(T'(t)) = o.(T(t)) U o (T(t)) for all t > 0, in view of the
spectral inclusion theorem and the spectral mapping theorem for the residual
spectrum it suffices to prove that there exists an « € o(A) such that e*™ = A
whenever 7 > 0 and 0 # X € 0,(T(7)).

To this end, let (z,) € X be an approximate eigenvector of T(7) with
approximate eigenvalue A. Let T be uniformly continuous for ¢ > t; and fix
k € IN such that kr > tg. Since lim, [|T(7)z, — Az,|| = 0, we also have
lim,, ||T(k7)z, — A¥z,|| = 0. By passing to a subsequence of (z,,) if necessary
we may assume that | T(k7)z,| > € for all n and some ¢ > 0 (we could take
e = |A*/2) and we can define y,, := |T(k7)z,| T (k7)z,. We claim that
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(yn) € 16°(X). Indeed, the uniform continuity of T for ¢ > to implies that

lim sup (sup 1 T(h)yn — ynH)
hl0 n

< lim sup (sup T (kT)an |~ T (k7 + h) = T(k7)| IIwnH)
h|0 n

<limsup ¢ Y| T (kT +h) = T(k7)|| =0
h10

proving the claim. Since

limsup | T(7)yn — Ayn | < limsup | T(k)ay | ~HT (k7)1 T(7)s — Aza]| =0,

n—oo

it follows that T(r)j = Aij, where § = (y,) + co(X). We have proved that
A € 0,(T'(7)). By the spectral mapping theorem for the point spectrum, there
exists an « € o,(A) such that e*”™ = A. But then o € o(A4) by Proposition

2.3.1. JJJf

As the proof shows, we do not need really need Proposition 2.3.1: it suffices
to know that o,(A) C 0,(A) and this is a trivial consequence of the defintion
of A.

The next result shows that the uniform continuity condition can be some-
what relaxed, at the price that we only get a spectral mapping theorem for
the peripheral spectrum. Recall that for a bounded operator T, the peripheral
spectrum was defined as o(T)N{A € C: |\| =r(T)}; for a(n unbounded) gen-
erator A we defined the peripheral spectrum as o(A)N{A € C: ReX = s(4)}.

A Cp-semigroup T is said to be uniformly continuous at infinity if

lim ( limsup e™ ™Y T(t 4+ h) —T(t)| | = 0.
t—o0 h|0

Theorem 2.3.3. Let T be a Cy-semigroup which is uniformly continuous at
infinity. Then the spectral mapping theorem holds for the peripheral spectrum
of T, i.e. for allt > 0 we have

(@(TONOHNN{A € C: (A =r(T(t)} = exp(to(A))N{A € C: |A| = r(T(1))}-

In particular, s(A) = wo(T).

Proof: As in Theorem 2.3.2, it suffices to prove that A € 0,(T(7)) whenever
T>0and 0 £ X € o, (T(1))N{A € C: [N\ =r(T(7))}. If r(T(7)) = 0, there
is nothing to prove. Therefore, by rescaling we may assume that wo(T) = 0.
Then r(T(7)) = 1. Let A € o,(T(7))N{A € C : |A\] = 1} and choose an
approximate eigenvector (x,) such that lim, ||T(7)x, — Az,|| = 0. We claim
that (z,,) € {5°(X). To this end, let € > 0 be arbitrary and choose k € IN and
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0 > Osuch that || T(kT+h)—T(k7)|| < efor all 0 < h < 4. This is possible by the
definition of uniform continuity at infinity. Since lim,, | T(k7)z,, — Az, || = 0,
we can choose ng € IN such that | T(k7)z,, — \*z,|| < ¢/(M +1) for all n > ng,
where M := supy<p<s |T(h)|]. Then, noting that |A\| = 1, for all n > ng and
0<h<§ wehave

1T (R)zn — x| = |(T(h) = DA 2y
< (T (h) = I)(T(kT)zn — Noan) || + [(T(R) = DT (k7)ay||
<e+e=2e.

Together with the strong continuity on the first ng vectors, this yields

i ( sup 1T (R)a — < 2.
lim (bl}lpH (h)zn mn”) S ze

Since € > 0 was arbitrary, the claim is proved.

Since ||, || = 1 for all n, its class & = (2,,) 4+ co(X) in X is non-zero. Since
(z,,) is an approximate eigenvector for T'(7), in X we have T(7)& = A#, i.e. A
is an eigenvalue of T(7).  ////

We continue with a sufficient condition for uniform continuity at infinity
for semigroups on Hilbert space.

Lemma 2.3.4. Let A be a closed operator on a Banach space X and let
2 C o(A) be such that
sup [|RO\, A)]| < M.
A€Q
Let 6 := (2M)~! and define Qs := {\ € C: dist (\,Q) < §}. Then Q5 C o(A)
and
sup [|R(\, A)| < 2M.
AEQs

Proof: For all A € Q and z € € with dist (A, z) < J, the series

R, := i()\ — 2)"R(\, A"

n=0

converges absolutely. Therefore the function z — R, is a holomorphic operator-
valued function in s, and by the resolvent identity it coincides with R(z, A)
whenever z € g(A). Therefore, by Proposition 1.1.6, Qs C o(A) and R, =
R(z,A) for all z € Q5. ////

In particular, if the resolvent is uniformly bounded in the open right half
plane {Re A > 0}, then sg(A) < 0. This will be used frequently in later sections.
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Theorem 2.3.5. Let T be a Cy-semigroup on a Hilbert space H, with
generator A. Let rqg > 0 be such that the resolvent of A exists and is uniformly
bounded in the set {\ € C: ReA >0, [ImA| > ro}. Then, there are constants
€ >0 and M > 0 such that for all t > 0,

limsup ||T(t + h) — T(t)|| < Me™“limsup || R(is, A)]|.
h10

s—doo

Proof: Choose € > 0 such that the resolvent of A exists and is uniformly
bounded in {A € € : ReXA > —¢, [ImA| > ro}. Such € exists by virtue of
Lemma 2.3.4. Let r > rq be arbitrary, fix wg > wo(T), and let T =T U...UT};
be the upwards oriented path defined by

M={A=—e+in: —co<n< —r};
Ty={A=¢&+in: —e<E<won=—r};
Ps={A=wo+in: —r<n<r}
Fi={A=¢{+in: —e<{<wyun=rh
Ms={A=—e+in:r<n<oo}.

For each * € H the map t +— e “o!T(t)z defines an element of L?*(IR,, H)
of norm < C'||z||, where C' is a constant independent of z. By the Plancherel
theorem, the map s + R(wg + is, A)z is in L?(IR, H), of norm < Cv/27||z].
By the resolvent identity,

R(—e+is,A) = (I + (wo + €)R(—€ +is, A))R(wo + is, A), |s| >ro, (2.3.1)

and therefore there is a constant ¢ > 0, independent of r > rq, such that
/ |R(—e £ is, A)x||* ds < ?||z||*, Vz e H. (2.3.2)

Since the adjoint semigroup T* is strongly continuous (cf. the remarks preced-
ing Theorem 2.2.4), we can apply the same reasoning to T*, and by replacing
¢ by some larger constant if necessary we also have

| IRGetis AP ds < ol e (2.3.3)

Put
Kr ‘= Ssup HR(ZSaA>||

|s|>r
and note that by (2.3.1) (with wg replaced by 0) there is a constant N > 0 such

that

sup ||R(—e+is,A)|| < NK,.
|s|>r
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By a double partial integration, Lemma 1.3.2, and the fact that %R(A,A)
= —R(X\ A)?, for all z,y € H and t > 0 we have

‘/ RO\, A)z,y) )

I
1 1

< eit(;KR(fe —in A)z,y)[+ Hl(R(=e —ar, A)2x7y>|)

[e’e) e—ist )

/r s (R(—e—is, Az, y) ds
NK N2K2

< ¢t T r

< e (554 =) Il )

NKT = : 2 % > . * 2 %
+ (/ IR(—e — is, A)z]| ds) (/ |R(—e — is, A*)y| ds) }
—et NKT NQK,% CNK
< et (S S S ol

the first integral being in the improper sense. Here, we estimated

+ e—et

[(R(—¢ —is, A, y)| < [|R(=e —is, A)z|| | R(—e — is, A")y]|
< NK,.||R(—€—is, A)x|| || R(—e — is, A%)y||

and used Holder’s inequality along with (2.3.2) and (2.3.3). An analogous
estimate holds for the integral over I's.
For ¢ > 0 we define the bounded operators T,.(t) by

1

" 271-7/ I'sul'sul'y

eMR(N, A)zd\, =€ H.

By the complex Laplace inversion formula (Theorem 1.3.3) and Cauchy’s the-
orem (which can be applied by virtue of Lemma 1.3.2), for all z € D(A) and
y € H we have

(T(t)z,y) = % <PV /F MR(A, A)z d)\,y>

1

= (T-(t)z,y) + 5= /F . (RN, Az, y) d.

211

Therefore, for all z € D(A), y € H, and t > 0 we have

1 ., (NK, N’K2 @NK,
(T = Tyl < 2ot (S5 4 25 1 ST el

t t2 2

Since D(A) is dense, it follows that

IT(t) —

1 NK, N?K? &ENK
T.(t)]| < —e™ - r Z), vt>o.
()||7ﬂ_e < P D ) vVt >0
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Next, we observe that
|T(t+h) =T < [|T(t+h)=T.@E+h)|+|T-+h) =TI+ T-(t) =T ()|

Since the map t — T.(¢) is uniformly continuous for ¢ > 0, it follows that

) 2 _,(NK N?K? ANK
hn;lsoup T+ h)=T®)| < —e ( ; + e + 2 , Vi>0,
(2.3.4)
where
K := limsup K,.
r>rg, r—00
If K =0 we are done. Otherwise, we choose Ny > 0 such that
2 _
sup sup ||[T(t+h)—T(t)] < —e “NoK. (2.3.5)
0<t<10<h<1l ™

By (2.3.4) with ¢ > 1 and (2.3.5),

limsup |T(t + h) — T(t)|| < Me 'KVt >0,
h10

where M = 27~ max{Ny, N + N2K + >N}. ////

If in addition to the assumptions of the theorem, wo(T) > 0, then T is
uniformly continuous at infinity.

In order to understand the content of this theorem better, let us assume
that wo(T) = 0. Then the resolvent of A is uniformly bounded in each half
plane {Re X > e}. Nevertheless, the spectral bound may be strictly negative,
as is shown by Example 1.2.4. The theorem says that if the resolvent extends
boundedly to the imaginary axis away from 0, we must have s(A4) = wo(T) = 0.

As a corollary, we obtain the following characterization of semigroups in
Hilbert space which are uniformly continuous for ¢ > 0 due to P. You.

Corollary 2.3.6. Let T be a Cy-semigroup on a Hilbert space H, with
generator A. Then the following assertions are equivalent:

(i) T is uniformly continuous for t > 0;
(ii) For all w > wp(T) we have lim,_, 1+ ||R(w + is, A)|| = 0.
(iii) There exist w € IR and r > 0 such that lim|g>, 1o [|[R(w +is, A)[| = 0.

Proof: If T is uniformly continuous for ¢ > 0, then the Riemann-Lebesgue
lemma applied to the function ¢ — e~ “*T'(t) - g, (t), where w > wo(T), shows
that (i) implies (ii). Trivially, (ii) implies (iii). Assume that (iii) holds for some
r > 0 and w € IR. By rescaling, we may assume that w = 0. If w(T) < 0,
we can apply Theorem 2.3.5 and we are done. If wo(T) > 0 we have to be
slightly more careful, due to the fact that there may be spectrum in the strip
{0 < Re X <wy(T)}. Lemma 2.3.4 shows that for each |s| > r, the resolvent set
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of A contains a disc with centre is and radius || R(is, A)||~'; moreover, on that
disc the resolvent is bounded by 2||R(is, A)||. Since lim,_ || R(is, A)|| = 0,
there exists an ro > r such that §||R(%is, A)||7' > wo(T) + € for all |s| > ro.
But then the resolvent is uniformly bounded on the set {A € €C: 0 < Re\ <
wo(T) + €, [ImA| > ro}. Since the resolvent is also uniformly bounded in the
halfplane {Re A > wo(T) + €}, we are in a position to apply Theorem 2.3.5 and

(i) follows.  ////

2.4. Groups of non-quasianalytic growth

In this section we shall study conditions under which the weak spectral
mapping theorem
o(T'(t)) = exp(to(A))

holds. The main result is that this is the case for Cy-groups satisfying a non-
quasi-analytic growth condition.

In order to state the results, we need the following terminology. A mea-
surable, locally bounded function w : IR — IR is called a weight if

1<w(t) and w(t+ s) w(t)w(s), Vt,se€R.

It is an easy consequence of the definition that every weight is exponentially
bounded. A weight w is said to be non-quasianalytic if

o0
1
/ log w(t) . _ o
14 ¢2

—00

Lemma 2.4.1. Ifw is a non-quasianalytic weight on IR, then for allt € R\{0}
we have

lim w(nt)% =1.

n—oo
Proof: Fix t # 0. Since w(—t) also defines a non-quasianalytic weight, we may
assume that ¢ > 0. Since w > 1, it follows that liminf,,_, w(nt)% >1.In
order to prove that limsup,, . w(nt)s < 1 we define p(s) := logw(s), s € IR.
Then p > 0 and p is subadditive. We shall show that limsup,,_, ., %p(nt) <0.
If not, then there exists a sequence ny — oo and an € > 0 such that p(ngt) >
nie for all k = 0,1,2,.... By passing to a subsequence, we may assume that
1<ng<mng<..and

For each k, we define

1
Hy, :={0<m < ngqq: p(mt) < 5”’#16}



44 Chapter 2

and claim that #H < %nk+1. Indeed, letting
Gr:={0<m < ngy1: ngr1 —m € Hi b,

for any m € Gy, N Hy, we have p(mt) < 2nyi1e and p((npy1 — m)t) < ngyqe.
By the subadditivity of p, it follows that p(ngi1t) < p(mt) + p((ngr1 —m)t) <
ngr1€. Since this contradicts our assumptions, it follows that G N Hy = 0. If,
however, #H, = #Gj > %nkJrh then necessarily G N Hy, # (. This proves
the claim.

Therefore, #1;, > %nk_i'_l —ng — 1, where

1
I :={nr <m<ngy1 —1: p(mt) > inkﬂe}.

Note that the sets Ij are pairwise disjoint. Let M := supg< <, w(s). Then
M > 1 and the Submultiplicativity of w implies that for all m € IN and s €
[(m — 1)t,mt] we have w(s) > M ~'w(mt) > w(mt). Therefore,

logw(s log w(s
d
[ daey s [T e,

k=0mely
log(w
>ZZIHWﬂ
k=0mely
s 1 Nk41€
>N (= —np—1 2 &t = o0.
- k:0(2nk+1 e <1+(”k+1 —1)2'52) =

1

Examples of non-quasianalytic weights are the functions w(t) = el
a <1

We are going to show that weak spectral mapping theorem holds for Cjp-
groups T satisfying | T(¢)|| < w(t) for all t € IR, where w is a non-quasianalytic
weight on IR. For the proof we need some facts about the Beurling algebras
Lo(IR).

Let w be a weight on IR. The Beurling algebra L, (IR) is the set of all
f € L*(IR) such that

|a

; 0<

WM:/WUWW@ﬁ<m

With respect to convolution, L, (IR) is Banach algebra and a subalgebra of the
commutative Banach algebra L!(IR).

For the proof of the next lemma we need the following theorem of Paley
and Wiener: A function 0 < v € L%(IR) satisfies the condition

.
oo 142

if and only if there exists a function ¥y € L?(IR) such that |[1)g] = ¢ a.e. and
the Fourier-Plancherel transform of vy vanishes a.e. on the negative semiaxis.
A proof of this theorem can be found in the book [PW].
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Lemma 2.4.2. Let w be a non-quasianalytic weight on IR. Then for each
O<e< % there exists a continuous function ¢ € L,,(IR) and a constant M > 0
such that:

(i) 0<$<1,¢é¢=1on [ 461 —¢ and ¢ = 0 outside (-2 426,32 —
(ii) |¢p(—t)|w(t) < M(1+t?)~! for almost all t € R.
Moreover, the set of all f € L,(IR) whose Fourier transform has compact
support is a dense subspace of L, (IR).

€);

N

Proof: We start with the proof of (i) and (ii). By replacing w by the non-
quasianalytic weight @(t) := w(t)w(—t) > w(t), we may assume that w(t) =
w(—t) for all t € R.
The proof is divided into several steps.
Step 1. First we observe the following property of the function ¢ (¢) :=
(L+2)"Hw(t) ™" ¥(t) = ¥(~t) and
> 1

0< w00 - | crmrrireeei—s

1 oo 1
= w(?) /_oo (1+s2)(1+ (t—5)?) ds (2.4.1)

21
=-———<2 t).
@+ e = ™0
The second identity follows by a simple contour integration.
Step 2. In this step we fix an arbitrary § > 0 and construct a function
¢o € L, (IR) with the following properties:

(a) The Fourier transform b is non-negative;

(b) ¢o vanishes outside the interval (—4,d) and satisfies ¢o(0) % 0;

(¢) There is a constant C' > 0 such that |¢g(t)] < Ci(t) for almost all ¢ € IR.
In fact, it suffices to construct a function ¢; € L, (IR) that satisfies only (b)
and (c). Indeed, once such a function is found, we define ¢o(t) := ¢1(—t) and
¢o := ¢1 * Po. Since the convolution of two functions in L, (IR) is in L, (IR), we
have ¢ € L, (IR). Moreover, by Step 1 ¢ satisfies (c), and we have ¢g = |12,
so (a) and (b) hold for ¢y.

The function ¢, is constructed as follows. Since w is non-quasianalytic, we
can apply the Paley-Wiener theorem to ¢ and obtain a function vy such that
[10| = 1 a.e. and whose Fourier-Plancherel transform vanishes a.e. on the nega-
tive semiaxis. Since ¢ € L'(IR), so is 9o and hence its Fourier-Plancherel trans-
form coincides with the Fourier transform and is continuous. Upon replacing
Yo(s) by €59y (s) for some A > 0, we may assume that sup{t € IR : ¢ho(s) = 0
for all s <t} = 0. Choose 0 < dy < 8 such that o(dy) # 0. Put

g (1) = e M(t), g (1) = "o (t)

and define ¢; € LY(IR) by ¢1 := 1§ *1b; . We claim that ¢; is the function we
are looking for. Since

d1(5) = Po(s + 8o)tbo(—s + &),
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the Fourier transform of ¢; vanishes outside (—dg,do), hence outside (—9,9),
and ¢1(0) = 1o (80)|? # 0, so ¢y satisfies (b). By Step 1,

lp1| <t < 27y

This shows that ¢; satisfies (c). Since ¥ € L, (IR), this also shows that ¢, €
L,(R).

Step 3. Let ¢g be the function of Step 2 satisfying (a), (b) and (c¢) with
0 := ¢/4. Upon multiplying ¢¢ with a positive real number, we may assume
that

/jo bo(s)ds = 1. (2.4.2)

Let y denote the characteristic function of the interval (—3 + 3¢, 2 — 3¢). Then

X € Co(IR) N L23(IR), |¥| is bounded, say by a constant K, and

1
£) == —go(t) - R(~t
8(1) = 5-60(t) - S(~1)
defines a function ¢ € L, (IR). For almost all ¢ € IR we have

K

KC KC
6(=0)] < 5_lgo(—1)| < Gw(~t) = 5

(t)

and therefore (ii) is satisfied.
Clearly, ¢ = ¢ * . Since 0
(2.4.2) we have 0 < ¢ < 1. If |s]

x <1 and $o > 0, from the normalization

<
< 5 —¢, then

3= [ dotonts—0ar= [ duforcts — oy

= Z9270(t)dt:/ do(t)dt = 1.

Al

>

On the other hand, if ¢(s) # 0, then there is a ¢t € supp ¢o = (—%e, %e) such
(-3 +1ed-10.

p
that s —t € suppx = (f% + %e,% — %e) and hence s €
Consequently, gZ; vanishes outside the interval (—% + %e,%
that ¢ also satisfies (i).

It remains to prove the final assertion. Let Y be the subspace of all func-
tions in L, (IR) whose Fourier transform has compact support. If Y is not
dense, there is a function ¢ € (L, (IR))* = L (IR), the space of all functions v
such that ess sup,cg|¢(t)|/w(t) < oo, such that

<¢>,f>:/7oo ft)p(t)dt =0, VYfeY.
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By what we have already proved the space Y is non-empty, and clearly Y
is invariant under translations and multiplication by the functions ¢t — e™?,
w € R. Hence, if f € Y, then

/ et —8)p(t)dt =0, Vs€R,w <€ R.
Thus, for all s € IR the Fourier transform of the function ¢ — f(t — s)o(t)

vanishes. Consequently, for all s € IR the function t — f(t — s)é(t) is zero a.e.,
which implies that ¢ =0 a.e.  ////

Lemma 2.4.3. Let w be a non-quasianalytic weight on IR and let T be a
Co-group on a Banach space X, with generator A, and assume that

1T <w(t), telR.

Then the following assertions are true.
(i) o(A) C iIR;
(ii) For all f € L,(IR) and x € X, the integral

x_/f t)a dt

converges absolutely. The map f — f(T) is a continuous algebra homo-
morphism of L,,(IR) into £(X). If the Fourier transform f of f belongs to
L'(R), then

f(T) %%{3/ F(=t) (R(6 +it, A) — R(—0 + it, A)) xdt. (2.4.3)

In particular, if f is compactly supported and vanishes in a neighbourhood
of io(A), then f(T)=0.
(iii) If X # {0}, then o(A) # 0.

Proof: The convergence of the integral is a trivial consequence of the definition
of L,(IR) and the growth assumption on T. Also, one easily checks that f —
f(T) is a continuous algebra homomorphism.

By Lemma 2.4.1, for all ¢t € IR we have

r(T(t)) = hm HT(nt)Hn < hmsupw(nt) =1.
Therefore, by Proposition 1.2.2 the uniform growth bounds of the Cy-semi-
groups {T(t)}+>0 and {T(—t)}1>0 are equal to zero. This implies that the
spectral bounds of both A and —A are less than or equal to zero, which proves
(). Also, this implies that for all 6 > 0 and z € X we have

R(§ —it,A)x = / e~ 0= (8)x ds
0
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and
R(—6 —it,A)x = —R( +it, —A) = — / e~ OF s (_g)z ds,
0

both integrals being absolutely convergent.
If f € L*(IR), by the formula for the inverse Fourier transform we have

fit) = % /jo f(s)e™ds, aa.telR.

Using these facts, by the dominated convergence theorem and Fubini’s theorem
it follows that

fpr=tim [ M )T at

%15}?(}/ e oMt </OO e f(s) ds) T(t)x dt
%161%1/ f(s (/ e Ottt () dt) ds

—hm/ () (R(5 — is, A) — R(—6 — is, A)) a ds.
27 610

This proves (2.4.3).

If f is compactly supported and vanishes on a neighbourhood of ic(A),
then f(T)x = 0 for all x € X by (2.4.3) and the dominated convergence
theorem.

Finally, assume o(A) = (). Then (ii) implies that f(T) = 0 for all f €
L,(IR) whose Fourier transform f has compact support. By Lemma 2.4.2,
these functions are dense in L, (IR) and thus f(T) = 0 for all f € L,(IR). In
particular, by defining fo(t) := e~* for t > 0 and fo(t) := 0 for t < 0 we have
fo € Lo(R) and R(1,4) = fo(T) = 0. This implies X = R(1, A)X = {0}.
I

Let us note that for uniformly bounded Cy-groups, Lemma 2.4.3 is entirely
elementary. Indeed, all we need is that the set of all functions in L!(IR) whose
Fourier transform is compactly supported is dense; this follows by approximat-
ing a given f in L'(IR) by f * K, where K is the Fejér kernel (cf. Section
5.2); these functions have compactly supported Fourier transforms. This ob-
servation is important because many of the results in Chapter 5 depend on this
particular case of the lemma.

Before proving the first main result of this section, we recall some classical
facts concerning spectral projections.

Let A be the generator of a Cy-semigroup T on X and suppose that o(A)
is the disjoint union of two non-empty closed sets 23U with ¢ compact. Let
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I" be a counterclockwise oriented smooth simple curve around 2y not enclosing
any point of 1. In this situation we can define a bounded operator P by

1
Px =

=5 1“R(z,zﬁl)acdz, z e X.

The operator P is a projection, and we have a direct sum decomposition X =
Xo @ X1 by putting Xy := PX and X; := (I — P)X. Since P commutes with
T, both Xy and X; are T-invariant. Denoting the generators of the restricted
semigroups by Ag and A; respectively, we have o(A4p) = Qo and o(A;1) = Q.
The operator P is called the spectral projection corresponding to 2.

Theorem 2.4.4. Let w be a non-quasianalytic weight on IR and let T be a
Cy-group on a Banach space X, with generator A, such that

1T <w(t), VtelR.

Then,
o(T(t)) =exp(to(4)), teRR.

Proof: It X = {0}, there is nothing to prove. Therefore, we assume that
X # {0}. The proof of the theorem is divided into several steps.

Step 1. In view of the spectral inclusion theorem and a rescaling argument
it suffices to show that —1 & o(T'(27)) if —1 & exp(2no(A)). To this end, for
0<e< % let

S(e) := U i[k’—i—%—e,k-&-%ﬁ-e].
/4
Then
{-1} = ﬂ exp(2m S(e)).

O<€<%
Since, by assumption, —1 ¢ exp(2m o (A)), we can find some 0 < € < 1 such
that
S(e)na(A) = 0.
For k € 7ZZ define ) 1
or(A) :=1ilk — i’k + 5] Nao(A).

Then

O’k(A) C Z(k* %

Since o(A) C IR we find that o(A) is decomposed into disjoint, closed subsets
or(A), ie. 0(A) = U,z ox(A).

Step 2. For k € 7 let Py be the spectral projection corresponding to
or(A), which is given by

1
+e,k+§—e).

1
P.=— A)d
k 27ri - R(Zv ) 2,
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where I'j;, is the counterclockwise oriented circle with centre ik and radius % —e.
By Lemma 2.4.2 we can find a continuous function ¢ € L, (IR) and a constant
M such that (i) and (ii) of that lemma hold. We claim that

Pyx = /OO e My(—t)T(H)xds, =€ X. (2.4.4)

Indeed, by Cauchy’s theorem we may replace the path of integration I'j in
by the rectangle spanned by the points & + i(k — 1 +€), 6 +i(k + 5 —¢),
-+ z(k: + 1 —¢),and =0+ i(k — 5 + ¢€). By letting § | 0 and noting that
i(k+3—¢) € o(A) and i(k— 3 +¢) € o(A), the integrals over the two horizontal
parts tend to 0, and hence

1 k—‘r%—s ' .
Pyx = o 1;}%1 e (R(6 +it, A) — R(—0 +1it, A))x dt
k+3—e A
=5 151%1/]C " E)(R(d +it,A) — R(—0 +it, A))zdt, xe€ X.

Since i(k+ 4 —e,k+ 5 — 3¢) Co(A) and i(k — 3 + e,k — 1 +¢) C o(4), it
follows that

— lim bt — k)(R(0 +it, A) — R(—6 + it, A))x dt
1 k}—§+6 R
= — lim/ ot —k)(R(6+it,A) — R(—6+it,A))adt =0, VzreX.
k
Also, since qAS( —k) is identically zero outside the interval (k— % + %e, k+ % - %e),

it follows from Lemma 2.4.3 applied to the function ¢ + e~"**¢(—t) that

k—&-——fe .

1
Pz = — lim ot —k)(R(6+it, A) — R(—d +it, A))x dt
21 510 k— 1+1e

:%%ﬂ}/ Gt — k)(R(8 +it, A) — R(—6 + it, A))x dt

/ T MG T(Brdt, Vo € X,

— 0o

Step 3. In this step we prove that U, 77 P, X is dense in X.

Define Y as the the closure of U & eZPkX . Then Y is a T-invariant closed
subspace of X; let Tx,y be the quotient group on X/Y induced by T and
let Ax/y be its generator. By Proposition 1.1.7, applied to the semigroups
{T'(t)}1>0 and {T(—t)}+>0, it follows

0(Ax/y) C o(A) = Upor(A), (2.4.5)
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where Ax/y is the generator of the quotient group Tx/y on X/Y.

On the other hand, we have X = X? & X} with X)) := P,X and X} :=
(I—Py)X, both being T-invariant. Let T% be the respective restrictions and let
Al be their generators, ¢ = 0,1. Since Py is spectral projection corresponding
to ok (A), we have 0(AY) = o1(A) and o(AL) Nox(A) = 0. But X2 = PX
is contained in Y, and therefore X/Y is a quotient of X/X? = X!. Applying
Proposition 1.1.7 once more, it follows that o(Ax,y) C 0(A},) and hence

o(Axy) Nok(A) = 0.

This being true for all k, together with (2.4.5) it follows that o(Ax,y) = 0.
Since ||Tx vy || < [|[T(t)]| < w(t) for all ¢ € IR, Lemma 2.4.3 implies that X/Y =
(0}, ie. Y = X.

Step 4. In this step we prove that

2 Y ¢(—2mm)T(2rm) = I,
mGZ

the convergence being in the operator norm.
By the estimate of ¢ we have

Z lp(—=s — 2mm)T(s + 2rm)|| < Z |p(—s — 2wm)|w(s + 27wm)
meE mez
<M Y (14 (s+2mm)*) "
m€Z

(2.4.6)

This shows that the series ) 77 ¢(—s—2mm)T (s+2mm) converges absolutely
with respect to the operator norm of £(X). Hence, we can rewrite (2.4.4) as
follows:

P, = /OO e RS p(—5)T(s) ds
2m(m+1)
= Z ek p(—s)T(s) ds
mEZ/QTrm

2m
/ ks Z ¢(—s —2mm)T (s + 2rm) | ds.
0
meZl

Observe that for all x € X the 27-periodic continuous function

£x(8) :=2m Z ¢(—s —2mm)T(s + 2mrm)z, s€ R,
meZl,

is continuous for every x € X and that Pz is the k-th Fourier coefficient of &, .
Since PP, =0 if k #1, for all z € lin{P,E : k € ZZ} we have x = Zkeﬂ Ppx.
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Hence by Fejér’s theorem,

r=Y Pa=(C1)Y Pa=(C1)Y &k =(C1) Y &k) e

keZl kel kel keZl

=&,(0) =27 Z ¢(—2mm)T(2rm)x.
meZl
(2.4.7)
Since the linear span of the spaces P, X is dense in X by Step 3, and since the
operators ¢(—2mm)T(2mm) are absolutely summable by (2.4.6), it follows from
(2.4.7) that the series 2 ) 77 ¢(—2mm)T(2mm) converges to the identity in
the operator norm.

Step 5. To finish the proof we now assume —1 € o(T'(27)). Since the
growth bounds of {T'(¢) }+>¢ and {T'(—t) }+>¢ are both zero, we have o(T'(t)) C T’
for all t > 0. Thus, —1 is an approximate eigenvalue of o(7'(27)), i.e. there
exists sequence (x,) C X of norm one vectors such that

IT(2m)xn + xp]| — 0 as n — oo.

Let € > 0 be arbitrary and choose Ny so large that

N
I—-27 Z o(=2mm)T(2rm)|| <€, VN > Np.

m=—N

Then, using that ||z,| = 1, for all n we have

‘1—277 i ¢(—27rm)(—1)m‘

m=—N
N
<e+ |27 Z d(—2mm)T(2rm)x,, — 27 Z o(—2mm)(—1)"a,
m=—N m=—N
<e+2rm Z =2mm)| |T(2mm)z, — (—=1)"x,|| .
m=—N

By letting n — oo, the right hand side tends to zero. Therefore,

1—2r > ¢(=2rm)(-1)™"| <€, VN >N

This proves that
2 Y p(—2mm)(—1)™ = L. (2.4.8)
meZl,
We derive a contradiction from this as follows. Let

i(]. + e—27rit)—lqg(t).

vt = 5
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Since suppé C (—% + %e,% — %e), 1 is a continuous, compactly supported

function. Moreover,
d(—s) = P(s) + (s +2m), secRR.
In particular,
d(—2wm) = (2mm) + P(2mm + 27), m € Z.

Hence for all N € N we have

N N
> ob(=2mm)(-1)" = Y (=)™ (2rm) + $(2mm + 2))
m=—N m=—N
= (=1)Np(27N + 27) 4 (=1)"Nep(=27N),

which tends to zero as N — oo by the Riemann-Lebesgue lemma. This con-
tradicts (2.4.8).  ////

Although exp(to(A)) is dense in o(T(t)), it can be a very small subset of
o(T'(t)). This is shown by the following simple example.

Let X = ¢g, the space of all complex scalar sequences with the supremum
norm, and let T be defined by

Tz, =™z, n=0,1,2,..,

where z,, = (0, ...,0,1,0,...), is the n-th unit vector of ¢g. The generator A of
T is easily checked to be given by

D(A) = {(yn) € co: lim ny, = 0},
A(Yn)nen = (inYn)nen.

Therefore, o(A) = {in : n € IN} and exp(to(A)) = {e™ : n € IN}.

On the other hand, the definition of T shows that ¢ € o(T(t)) for all
n € IN and ¢ > 0. Since the spectrum of a bounded operator is always a closed
set it follows that for ¢/27 irrational we have

I'={ent: n e IN} C o(T(t)).

Since T'(t) is an invertible isometry, we also have o(T(t)) C T, and hence
o(T(t)) =T for these t.

As a corollary of Theorem 2.4.4, we have the following analogue of Gear-
hart’s theorem.

Corollary 2.4.5. Let T be a Cy-group on a Banach space X, with generator
A, and let w be a non-quasianalytic weight such that |T(t)|| < w(t) for all
t € IR. Then the following assertions are equivalent:

(i) 1 € o(T(2m));

(ii) iZ C o(A) and sup, . 7z || R(ik, A)|| < oo.
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Proof: (i)=-(ii): This is proved as in Theorem 2.2.4. (ii)=-(i): By Lemma
2.3.4, there is an € > 0 such that an e-neighbourhood of iZ is contained in the
resolvent set of A. But then 1 & exp(2no(A)). ////

The non-quasianalytic growth condition is the best possible. In fact, for
a weight w that fails to be non-quasianalytic we are going to show that the
restriction of the translation group T on the weighted space L? (IR, (w(t)) Pdt)
to a certain closed invariant subspace satisfies | T(¢)|] < w(t) and o(A) = 0.
Thus, the weak spectral mapping theorem fails for this restriction of T.

The idea of the construction is very elegant. It is possible to define a
weighted Hardy space HP(IR, (w(t)) Pdt) over the upper halfplane, which is
a closed subspace of LP(IR, (w(t))™Pdt). The crucial fact is that T leaves
HP (R, (w(t))"Pdt) invariant and can be extended holomorphically to a Cp-
family {T(2)}im.>0 on HP(IR, (w(t))~Pdt). Along the vertical semiaxis, we
then show that

L log|[T(iy)]
y—o00 Yy

Therefore, the spectrum of the generator ¢4 of the Cy-semigroup {T'(iy)}y>0
is empty. Hence also o(A) is empty. On the other hand, the definition
of LP(IR, (w(t))~Pdt) immediately implies that translation over ¢ defines a
bounded operator of norm < w(t) on LP(IR, (w(t)) Pdt), and this estimate
is inherited by passing to the closed subspace HP(IR, (w(t)) Pdt).

We note that passing to a subspace of LP(IR, (w(t)) Pdt) is necessary: since
LP(IR, (w(t))~Pdt) is a Banach lattice and translation on this space defines a
positive Cy-group, the spectrum of its generator is non-empty by Corollary
1.4.2.

In order to work out the details of the approach outlined above, we need
some preliminary lemmas. Let p : IR — IR, be a non-negative measurable
function such that

p(t) < M1 +t]), teR. (2.4.9)

For x € IR and y > 0 we define

u(z +iy) = up(x + y) i/(: ((t—x)12+y2 — 7521_1);)(15)&5.

By (2.4.9), this integral is absolutely convergent.

Lemma 2.4.6. The function u is harmonic in {z = x + iy : y > 0}, and for
almost all x € IR we have

lim u(z) = p(x)

zZ—X

non-tangentially. If p is continuous, the limit exists for all z € R.
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Proof: Fix 1 <r < R arbitrary and define the function pr : R — IR by
p(_R)7 < _R;

pr(t) =4 p(t), —R<tE<R;
p(R), t>R.
Then pg is a bounded measurable function, and therefore its Poisson integral
o) +in) =2 [~ (t)dt
T +iy) = = —_—

is a harmonic function in the open upper halfplane, and lim,_,(Ppg)(z) =
pr(z) non-tangentially for almost all z € IR. If p is continuous, so is pr
and Pppg is continuous up to the boundary. Since the function x + iy —
y is harmonic as well, it follows that urp := w,, is harmonic. Moreover,
lim, . (ur)(2) = pr(z) non-tangentially for almost all z € RR; if p is con-
tinuous this holds for all x € TR.

We claim that imp_,oc ur(x + iy) = u(x + iy), uniformly on the semidisc
{2? +y? < r?, y > 0}. Once this is proved, the lemma follows easily. In order
to establish the claim, we note that pr = p on [—R, R| and therefore, using
that |z| <r and R > 1,

lu(z +iy)—ur(z + iy)|

Lo (s~ ) 00— omo
2My 2 +1— (t2 — 2tz + 22 + ¢?)
| e ey
4My 1+ 2r|t] + r?
/t|>R

Y

™

IN

(14 ¢]) dt

™

IN

" o+ 1

12M 1
<=9 +r2)/ e
™ >k (t—2)2 +y

where in the last estimate we used that (1 + 2rt| + r?)[t| < t? + 3r?t2 <
3(1+7r%)(t2+1) for all [t| > 1 and r > 1. From this, the claim is an immediate
consequence. ////

We shall need a number of estimates for w. In the following lemmas, M is
the constant of (2.4.9).

Lemma 2.4.7. For all x € IR and y > 0 we have
ju(e +iy)| < M (2a]+y+4+ Llog@® + %)) .

Proof: First we estimate |u(iy)|. If y > 1 we have

oMy [* /[ 1 1
) < —= T S— 1+4+1t)dt
il < 22 [7 (- s ) 440

=My-1+ %long).
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Similarly, if 0 < y <1, then
Ju(iy)| < M(1 -y — Llogy?). (2.4.10)
™

This proves the lemma for z = 0.

Next, we estimate |u(x + iy) — u(iy)|. First we let £ > 0. The function
t— ((t—x)*+y?) "' = (t* +y?) " is positive for ¢ > £ and negative for t < 2.
Also, |t| equals t for t >0 and equals —¢ for ¢ < 0. Accordingly, we split the
integral into [ + 2 + [°_ and calculate each of them explicitly. This gives

2

1
t—x)% + 92 _t2+y2

(14 |¢])dt

[ux +iy) — uliy)| < M2 /_Z ’(

442
:M<x+7yrlog(x2+y2)—7yrlogy2+ ter

T 2x x
arctan — — — arctan —
T 20w y

< M(2x+2+ glog(gu‘Q—i—yz) — glogy2).
T ™

In the last estimate we used that |arctan sy — arctan s;| < % for all sg,s1 > 0.
Hence, if x >0 and y > 1,

u(e +iy)| < |ule +iy) = uliy)| + uiy)] < M (20 +y+1+ L1og(a® + %))
andifx >0and 0 <y <1,
. Y 2 2 2y 2
lu(z +iy)| < M 2z+3—y+;log(z +y)—?logy
4 Y 2 2
<M |20 +34+ — + =log(z +y7) |,
me ™

using that |ylogy| < —e™! for all 0 < y < 1. Combining these estimates, the
lemma follows for z > 0.
By a similar proof, the same estimate holds for z < 0.  ////

JFrom now an, we assume in addition that p is subadditive. Note that
for non-negative, locally bounded, subadditive functions the estimate (2.4.9) is
automatically satisfied.

Lemma 2.4.8. For all x € IR and y > 0 we have
u(z +iy) — u(iy) < p(z) + M(1 4 min{|z|, y}).

Proof: Fix y > 0 and = > 0 arbitrary. Noting that

S 1 S
%/ (t2+y2_(t+x)2+y2) dté%/ gy =t
— —o0

Zz
2
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we have

u(zﬂy)—u(zy)i/z(tgiyg (Hm;ﬂ)p(tmd
2 [ (e~ ) o0

Sp(z”i/z(ﬁiy? t—i—x 2>p
+7yr/_1((t—x>12 t2+y)p

:p(xH% :(tQiyz t+x2+y2>p
+7yr/2;((t—aﬁ)l“rzﬂ (t+w)2+y2>p(t)dt

<P(x)+]\iy/:(t2iy2—(t+x)12+y2)(1+t)dt
+J\74ry/o2((tw)12+y2_(t+w)12+y2)<1+t>dt

( )+My T (7 ¢ T + 3z
= —| — | = — arctan — — arctan —
T 2 2% %

2 4

2 1 9x:2 1
+ = (arctan T _ arctan x) + = log (x + y2> — —log(z? + %)
Y Y 2y 2

M
< p(z)+ Tx <72r — arctan 2y) + M.

In the last estimate we used the fact that

1 922 1
3 los (Z * y) —glol@® +v%) -

3z 3z

2 t 2
:/ ﬁdt—/ %dt
z vty 0o vty
3 3z

3z
2 2 2 €T
< 276175_/ T g
7/93 2 492 0o *Hy?
ER Tz
——dt — ——dt
/w 2+ y? /0 2 +y?

IN

T 3z
— arctan —
Yy

2 x oo
At | et
/0 (t+2)? +y? /0 ? +y?
5 T
/ %dt—/ o dt <0
o "ty 0o t*+y
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M
Now, —x(z — arctan —) < Mz and also
T 2 2y
M M 2M
—x(z — arctan i / / Sdr=2Y
T 2 1 t2x2 + 2 1

By combining these estimates, the lemma follows for = > 0. Analogously, for
x < 0 one obtains u(x + iy) — u(iy) < p(x) + M (1 + min{|z|,y}). ////

Lemma 2.4.9. For allx € IR and y > 0 and all £ € IR we have
limsupu(z + ) —u(z) < 6M + p(x)
z—E
and
limsup u(z + iy) —u(z) < TM(1+y) + u(iy).
z—E

Proof: Define

1

3

p(t) == / p(t+ s)ds.
1
~3

Since —p(—s) < p(t+s) — p(t) < p(s) by the subadditivity of p, from (2.4.9) it
follows that

1A(t) — p(t)] = s p(s) <M, VieR

1 1
—3S8<3

/ p(t +5) — plt) ds| <

2

The function p is subadditive and continuous and satisfies

1 1

3 3 5
ﬁ(t)<M/11—|—|t—|—s|ds<M<1+|t|+/1sds> :M(Z—Hﬂ)'

-3 -3

It follows that Lemma 2.4.6 applies to p; we put @ := u.
Fix z € R and y > 0 arbitrary. Then,

N ) ) 3My [ 1 1 3
— < dt = -M(1 .
ia+in)—ue+in) < 5 [ o e =SNG +y)

Moreover, since p is continuous, for all £ € IR we have lim,_.¢ 4(2) = p(§) and
lim, ¢ u(z + 2) = p(§ + ) by Lemma 2.4.6. It follows that

limsupu(z + ) — u(z) < limsup3M (1 +Imz) + a(z + z) — 4(z)

z—& z—E&
=3M + p(§ +x) — p(§)
<6M + p(§ + ) — p(§)
< 6M + p(z)

using the subadditivity of p. Similarly, using Lemma 2.4.8 we have

limsup u(z + iy) — u(z) < ;M(l +y) + gM + a(€ +ay) — p(&)

z—E

<3M(1+7y) + 3M +u(€ + iy) — p(é)
< AM(1 4 y) 4+ 3M + u(iy).

1
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Lemma 2.4.10. For all 0 < yo < y; we have
u(iyr) — u(iyp) < 4M.

Proof: First we observe that for all 0 < y < 1 by (2.4.10) we have |u(iy)| < 2M.
Therefore, in order to prove the lemma it suffices to show that

u(iyr) — uliyo) < 2 sup |u(iy)|. (2.4.11)
0<y<1

It is an immediate consequence of the definition of u that u(iy) < 0 for all
y > 1. Hence it is enough to prove that y — wu(iy) is non-increasing for y > 1.

To see this, we differentiate under the integral sign in the definition of u
and obtain

du 1 [ 2 —y? 1
—(y) = — — t)dt.
' = /700 <(t2 +y?)? P+ 1> o)

If y > 1, then the right hand side is less than or equal to zero.  ////

In the proof of Lemma 2.4.9 we had to introduce the function p in order to
obtain the limes superior for all £ € IR (rather than for almost all £ € IR). This
enables us to apply the following version of the Phragmen-Lindel6f theorem:
Let v > 1 and let Q := {z € C : —35 <argz < %} If f is a holomorphic
function in €2 such that

(i) limsup,_,.[f(2)| < M for some constant M > 0 and all ¢ € 09,
log(log™*
(ii) limsup —og( og” 1/(z)) <7
|z|—00 10g|d

then sup,cq | f(2)| < M.

Lemma 2.4.11. For all x € IR and y > 0 we have

Iritzlgo(u(z + (2 +1iy)) —u(z)) < 13M(1 +y) + p(x) + uliy).

Proof: We denote the supremum on the left hand side by L;4;,. For x € IR
and y > 0, define the holomorphic function H,;y(-) in the upper halfplane by

G(2)

Herin2) = G i)

where G(z) := e~**)="(*) and v is the harmonic conjugate of u. Then,
[Hatiy (2)| = exp(u(z + (2 + 1)) —u(2))-
By Lemma 2.4.9, for all z € IR, y > 0, and £ € IR we have

limsup |H,(2)| < exp(6M + p(x)) (2.4.12)

z—E&
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and
limsup |H;y (2)| < exp(TM (1 + y) + u(iy)). (2.4.13)

z—&

On the other hand, by Lemma 2.4.8 for all x € X and n > 0 we have u(z +
in) — u(in) < p(z) + M(1 + |z|) and therefore

|Ha(in)] < exp(p(a) + M(1+ |o])). (2.4.14)

Similarly, by Lemma 2.4.10 for all y > 0 and 1 > 0 we have u(iy +in) —u(iy) <
4M and hence
H;,(in) < exp(4M). (2.4.15)

By Lemma 2.4.7,

lim sup log(log™ |y sy () _ (2.4.16)

Im z>0, |z|—o0 10g|Z|
for all x € IR and y > 0. By (2.4.12)-(2.4.16), the Phragmen-Lindel6f theorem
applied to functions H, and H;, and v = 2 implies that both |H,(-)| and
|Hiy(-)| are uniformly bounded in the sectors {0 < argz < T} and {§ <
arg z < w}. It follows that both functions are uniformly bounded in {Im z > 0}.
Applying the Phragmen-Lindel6f theorem once more, now with v = 1, it follows
from (2.4.12) and (2.4.13) that

sup |Ho(2)] < exp(6M + p(x))
mz>

and
sup |Hiy(2)| < exp(TM(1+y) + u(iy)). (2.4.17)
Im 2>0
These inequalities imply that L, < 6M + p(x) for all € X and L;, <
TM(1+y) +u(iy) for all y > 0. Therefore, the lemma follows from the obvious
fact that Lyyiy < Ly + Liy.  ////

Now let w be a weight on IR. Since weights are exponentially bounded,
the function p := logw(t) satisfies (2.4.9) for some constant M. Also, the
submultiplicativity of w implies that p is subadditive.

Fix 1 < p < oo and define HE, to be the space of all holomorphic functions
in the upper halfplane such that f -G € HP, the usual Hardy space over the
upper halfplane; G is the function from the proof of Lemma 2.4.11. The space
H? is easily seen be a Banach space, and for each f € HEF the non-tangential
limits

f(z) = lim f(z)

zZ2—X

exists for almost all . Indeed, the almost everywhere non-tangential limits
exist for all functions in H? and by Lemma 2.4.6 the non-tangential limit of
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|G| exists almost everywhere (and equals w). In terms of this boundary function
the norm of HP is given by

ﬂmg=(/mLﬂmwwu»W¢Q;

—00

Thus, HP can be isometrically identified with a closed subspace of the weighted
space L?, := LP(IR, (w(x)) P dx). On the latter space, we define the translation
group T by

T f)(x)=flxa+t), zeR,telR.

Lemma 2.4.12. The family T = {T(t) }+tem is a Co-group on LF,. Moreover,
IT@)|e <w(t), telR.

Proof: The estimate for ||T'(¢)|| is an immediate consequence of the estimate

oo

IrOnt, = [ 100wl i

— 00

= [ il i

—0o0

- [ @re -0

— 00

swwv/muwmmmVWx

= @O,

By Lusin’s theorem, the compactly supported continuous functions are dense
in L?. For each such function f, it is evident that

lim |T(8) f — fll;» = 0.
tlfgl\ t)f = fllee =0

Since supg<;<; [|T'(t)]| < oo, the strong continuity of T follows from this.  ////

Next, we are going to show that T leaves HE invariant and that the re-
striction to this space can be holomorphically extended to the closed upper half
plane.

For a function f € HE and z € IR and y > 0, we define the holomorphic
function T'(x + iy) f by

(T(x+iy)f)(z) = f(z+ (. +1y)), Imz>0.

Theorem 2.4.13. For all x € R and y > 0, the operator T'(x + iy) defines a
bounded linear operator on HE. The family {T'(z) }1m »>0 is strongly continuous
on HF and

IT(@) |z < w(z), =€l

If w fails to be non-quasianalytic, then the generator A of Cy-group T =
{T(z)}recr has empty spectrum.
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Proof: Fix f € HP. First assume y = 0. It is evident that for all x € R, T'(x)
maps HZ into itself. Since HP is isometrically isomorphic to a closed subspace
of L?, the estimate ||T(x)| < w(z) is a consequence of Lemma 2.4.12.

For z € R, y > 0, and Im z > 0 we have

[(T(z +1iy) [)(2)G(2)] = [f(z + (z +iy))G(2)|
= f(z+ (z +1y))G(z + (z +iy))| exp(u(z + (z + iy)) — u(2)).

Therefore, By Lemma 2.4.11 and the fact that the p-norm along horizontal lines
z = y of HP-functions is non-increasing with y, we see that (T(x+iy)f)G € HP
and

|7 + iy) fll g, < 3MATD | (2.4.18)

This proves that T'(x + iy) defines a bounded operator on HE.

For the proof of strong continuity it suffices to check that lim, ¢ [|T'(iy) f —
fll =0 for all f € HP; indeed, together with the strong continuity along the
horizontal axis it then follows that limm, .>0,.—0 |T(2) f—f|| = 0 for all f € HE.

Let f € HP be fixed. For all Imz > 0 and y > 0 we have

(f(z+1iy) = f(2))G(2) = (F(z +iy)G(z +iy) — [(2)G(2)) Hiy(2)
— f(2)G(2)(1 = Hiy(2)),

where we use the notation of Lemma 2.4.11. By (2.4.17) and (2.4.10), for
0 <y <1 we have

(2.4.19)

sup |Hiy(z)| < exp(14M + |u(iy)]) < exp(16M).
Im 2>0

Hence by raising (2.4.19) to the p-th power and integrating along horizontal
lines Im z = constant we obtain

limsup [|f(- +iy) = fllaz < exp(16M) limsup || (fG)(- +iy) — (fG) ()|l

yl0 yl0
(2.4.20)
Note that the integral arising from the second term in the right hand side of
(2.4.19) tends to 0 by the dominated convergence theorem since lim, o H;y (2) =
1 for all z. The right hand side of (2.4.20) tends to 0 by an elementary result
on HP-functions. This concludes the proof of strong continuity.
Now assume that w fails to be non-quasianalytic, i.e.

* logw(t) .
[m T dt = oo

Let N > 0 be arbitrary and choose 7 > 0 so large that

/ log w(t) it > N.
1+ ¢2

-7
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Choose y > 1 so large that (12 +y*)~! < 2(t* +1)~! for all ¢ € [—7,7]. Then,

) 1 [ 1 1
u(iy) = —/ —— — ———— | logw(t)dt
y T \ 2 +y?2 241

1 (7 1 1
— —— 5 | | t)dt
77/,7 <t2+y2 t2+1> ogw(t)

171 N
[ logw(t)dt < — .
= 27T/Tt2—|—1 ogw(t)dt < —57

IN

Therefore, by (2.4.18),

log || T(i 13M(1 /
L 08I TG 1M +y) + p(0) + uliy)

y—00 Yy T y—oo Y

It follows that the uniform growth bound of the Cy-semigroup {T'(iy)}y>0 is
—oo. But then its generator, which is iA4, has empty spectrum by the Hille-
Yosida theorem. Therefore, also o(A) =0.  ////

Since the spectrum of a bounded operator is always non-empty, the weak
spectral mapping theorem necessarily fails if the spectrum of the generator is
empty. Therefore, combining Theorems 2.4.4 and 2.4.13 we obtain:

Corollary 2.4.14. Let w be a weight on IR. Then the following assertions
are equivalent:

(i) w is non-quasianalytic;

(ii) For all Banach spaces X and all Cy-groups T on X satisfying

T <w(t), teR,

we have o(A) # (;
(iii) For all Banach spaces X and all Cy-groups T on X satisfying

[T <w(t), teR,
the weak spectral mapping theorem holds.

Since H?2 is a Hilbert space, the word ‘Banach space’ in the corollary may
be replaced by ‘Hilbert space’.
Another interesting corollary is the following.

Corollary 2.4.15. Let w be a weight on IR which is not non-quasianalytic.
Then there exists a continuous weight @ with 1 < @ < w which also fails to be
non-quasianalytic.

Proof: Let T be the group on HP of Theorem 2.4.13 and define the weight
&(t) == max{1,||T(t)||}. Clearly, 1 < & < w and @ is submultiplicative. If &
were non-quasianalytic, then in view of || T(¢)|| < @ the weak spectral mapping
theorem would hold for T and hence o(A) # 0, a contradiction. ////
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2.5. Latushkin - Montgomery-Smith theory

In this section we prove the surprising fact that if one tensors an arbitrary
Co-semigroup on a Banach space X with the rotation semigroup on LP(T)
or C(T), the spectral mapping theorem holds for the resulting semigroup on
LP(T', X) resp. C(I',X). This important result, due to Y. Latushkin and
S. Montgomery-Smith, is the basis of L. Weis’s stability theorem for positive
semigroups on LP-spaces in Section 3.5.

The idea behind the proof is that in LP(T", X) and C(T', X) one has more
space to construct approximate eigenvectors than in X itself; as we have seen
in Section 2.1, the failure of the spectral mapping theorem for T is caused by
the lack of approximate eigenvectors in X.

We start with the precise definitions. If T is a Cy-semigroup on a Banach
space X, then for 1 < p < 0o we define the semigroup S, on LP(T', X) by

(S,(1) ) () :=T () f(e!®D), feIP(T,X),0c[0,27],t>0. (2.5.1)

It is easily checked that S, is a Cp-semigroup on LP(I',X); we denote its
generator by B,. Similarly, we can use (2.5.1) to define a Cy-semigroup S on
C(T, X); the generator of this semigroup will be denoted by Be.

Lemma 2.5.1. Let T be a Cy-semigroup on a Banach space X, let 1 < p <
o0, and let S,, be defined as above. If 1 € o,(T(2m)), then 0 € 0,(By).

Proof: Since 1 € 0,(T(27)) we can choose vectors x,, € X such that ||z,|| =1
and || T(2m)z, — z,|| <n~!, n=1,2,.. Note that |T(2m)x,| >1—n"1.

Let a : [0,27] — [0, 1] be a smooth function with bounded derivative such
that a(6) = 0 for 6 € [0, 27] and a(f) =1 for § € [57,27]. Define the functions
an :I'— X by

an(e?) == (1 — a(0))T (27 + 0)z, + a(0)T(0)z,, 0 <6 < 2m.

Note a,(e!("1)) = a, (e!®*)) = T(27)x,, so that this function is well-defined
as a continuous function on I'. In particular it belongs to L?(T", X). Also,

(Sy(t)an)(€?) = (1—a((@—t) mod 27))T (27 +6)x,, +a((0—t) mod 27)T(0)x,,.

Since a,, is continuously differentiable with bounded derivative, it follows that
an, € D(B,) and

(Bpay) () = al, ()T (0)(T(2m)2n — x,), 0<6< 27

Let M := sup,c(g 24 [|T(t)|| and N := supge(o a5 @' (0)]-
First we consider the case 1 < p < co. We have

1 MN
| Bpan| e r,x) < (2m)7 —




Spectral mapping theorems 65

On the other hand, noting that for all 0 < ¢t < 27 we have ||T(27)x,| <

MIT (O], 2

lanlfie ) = [ 1@l a8
57\'

2
> S M P|T ()

p
>%chf1>.
-3 n

Combining these two estimates, for n > 2 it follows that

L MN _ 35M2N
| Bpan||zer,x) < (2m)7 < ——7 llanllzr x)-

n

This shows that 0 € 04(B,).
For the case p = 0o, we estimate

MN
| Bsctn|lcm,xy) < ——

and 1
lanllor,x) 2 llanO)| = T Cm)anl = 1 — —.

Hence

||Booan||C(F,X) < Han”C(F,X)a n > 23

and 0 € 04(Bx).  ////

In the next theorem, we use the fact that o(B,) is invariant under trans-
lation by . To see this, consider the operator L defined by (Lyf)(e??) =
e f(e'?). Then one easily checks that B,Lj = Li(B — ik) for all k € Z and
f € D(B). Since Ly, is invertible for all k € Z, it follows that B, is invertible
if and only if B — ik is invertible.

n—1

Theorem 2.5.2. Let T be a Cy-semigroup on a Banach space X, let 1 <
p < oo, and let S, be defined as above. Then the following assertions are
equivalent:

(i) 0 € o(Bp);
(i) 1€ o(Sp(2m));
(iii) 1 € o(T(27)).
Proof: The implication (ii)=(i) follows from the spectral inclusion theorem

2.1.1.
Since

(Sp(2m) f)(e”) = T(2m)(f(e"))
it follows that I — S,(2n) is invertible in LP(T', X) if I —T'(2) is invertible in
X. This proves (iii)=-(ii).
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(i)=-(iii): Let 1 € o(T(27m)) = 0o(T(27)) U 0. (T(27m)). If 1 € 0,(T(27)),
then 0 € 04(Bp) by Lemma 2.5.1. If 1 € 0,.(T(27)), we claim that 1 €
0,(Sp(2m)). Once this is proved, it follows that ik € o(B,) for some k € Z
by the spectral mapping theorem for the residual spectrum. Since o(B,) is
invariant under translation by 1, it follows that 0 € o(B,) and the theorem is
proved. To prove the claim, assume that I —7T'(27) does not have dense range.
Then there exists a non-zero xf; € X* such that

(x, (I =T(2m))x) =0, VrelX.

Let g := 1®ax} € LI(T, X*), % + % = 1. Identifying L(T, X*) in the natural
way with a closed subspace of the dual (LP(T', X))*, for all f € LP(T", X) we
have

(0. (I — S,2m) f) = / (w5, (I - 5,(2m)) f(e)) df

I
_ /F@C;;, (I — T(2m))f(e)) db = 0.
Hence, 1 € 0,.(S,(2m)).  ////

Corollary 2.5.3. In the above situation,
$(Bp) = wo(Sp) = wo(T).

Proof: Clearly, s(Bp) < wo(Sp) < wo(T), so it remains to prove that wo(T) <
s(Bp). If s(Bp) = —oo, then a rescaling argument and Theorem 2.5.2 imply
that o(T'(27)) = {0}. Hence, r(T(27)) = 0 and wo(T) = —oo by Proposition
1.2.2. If s(Bp) > —oo, by rescaling we may assume that s(B,) = 0. Theorem
2.5.2 then implies that o(T'(27)) C {|A\| < 1}. Therefore, r(T'(27)) < 1 and

wo(T) < 0. ///}

As another corollary of Theorem 2.5.2, we have the following spectral
mapping theorem. By e; we denote the function ey (e?) := e™*? 6 € [0, 27].

Theorem 2.5.4. Let T be a Cy-semigroup on a Banach space X, with
generator A, and let E(I', X) be one of the spaces LP(T', X), 1 < p < oo, or
C(T", X). Then the following assertions are equivalent:
(i) 1 € o(T(2m));
(ii) iZ C p(A), and there exists a constant M > 0 such that for all finite
sequences T _, ...,y € X we have

n
Z €L & T

k=—n

Z er ® R(ik, A)xg

k=—n

<M
E(T,X)

(2.5.2)

E(T,X)

Proof: To start the proof, let us assume that iZ C o(A). Let z_,,...,x, € X
and define f, g € E, (T, X) by

n

f= Z er xE, g:i=— Z er @ R(zl@A)xk (253)

k=—n k=—n
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Here, E,(I' X) = LP(I X)) if l <p < o0 and E,(I', X) = CT,X) if p = o0
Then, g € D(B,) and
d
Bpg |t 0Sp(t)g
- (2.5.4)
=— > (ex ® AR(ik, A)xy, — ikey @ R(ik, A)ay) = f.
k=—n

The set of all f as in (2.5.3) is dense in E,(T', X). We claim that the set of all
g as in (2.5.3) is dense in D(B,) with respect to the graph norm. To see this,
fix A > wo(T) = wo(Sp), let h € D(B,) and let € > 0. Choose y_y,...,yn € X
such that

A=Bph— > er @y

k=—n

<e.

Consider the function

— Y er @ R(ik, A)(—1 + AR(A + ik, A))ys

k=—n

By the above we have g € D(B,) and, using the resolvent identity,
n

A=Byg= > ex@ARMA+ik,A)+ (I - AR\ +ik,A))yr= Y er®us.

k=—n k=—n

This shows that ||[(A — Bp)(h — ¢)|| < e. Since A € o(B,), the norm | f| :=
|(A—By,) f|| is equivalent to the graph norm on D(B,,) (apply the open mapping
theorem). This proves that h can be approximated in the norm of D(B),) by
functions g as in (2.5.3).

Now we can prove (ii)=-(i): The assumption (2.5.2) implies that

1 Bpgll &, r.x) = I fllg,@.x) > Mﬁl”Q”E,,(F,X)

for all functions f and g as in (2.5.3). By the claim these are dense in E, (T, X)
and D(B,), respectively, and therefore it follows that

I Bpgll e, r.x) = M~ glle,mx)

holds for allg € D(B,). But this means that 0 ¢ 0,(B,), and then Lemma 2.5.1
implies that 1 & o,(T(27)). We also have 1 ¢ o,.(T(27)) since otherwise the
spectral mapping theorem for the residual spectrum would imply the existence
of a k € Z such that ik € 0,(A). Therefore, 1 ¢ o(T(2)).

Conversely, assume (i) and let 1 < p < co. By the spectral inclusion
theorem, iZ C p(A). Moreover, 0 € o(Bp) by Theorem 2.5.2. Therefore, by
(2.5.4), for all f and ¢ as in (2.5.3) we have

9l e, x) = ||B;1fHEp(F,X) < ||B;1|| I £l 2, r,x)-
Hence (i) follows with M = ||B;!||.  ////
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If X is a Hilbert space, then Parseval’s identity implies

n %
= (2 3 )
L2(T,X) k=-n

for all finite sequences y_,, ..., y, € X. Since

<Z IIR(ik,A)kaQ) <M ( > ka2>

k=—n k=—n

n

Z Yk & €k

k=—n

holds for all finite sequences x_,, ..., z, € X if and only if

sup ||R(ik, A)|| < M,
keZl

it follows that Gearhart’s theorem 2.2.4 can be viewed as a special case of
Theorem 2.5.4.

In Section 3.3, we shall need a version of Lemma 2.5.1 for translations on
the halfline. If T is a Cy-semigroup on a Banach space X and 1 < p < 0o, we
define a Cy-semigroup S, on LP(IR4, X) by

(%@MKQ{TVV@—U,s—tEQ

0, else.

We denote by B, its infinitesimal generator. Similarly, by using the right
translation semigroup on Cyo(IR4), the subspace of all f € Cy(IR4) such that
f(0) = 0, we obtain a Cy-semigroup S, on the corresponding X-valued space
Coo(Ry, X). Tts generator will be denoted by Bo.

Lemma 2.5.5. Let 1 < p < oco. Ife? € 0,(T(1)) for some 6 € [0,27], then
0 € 0.(Bp).

Proof: First assume 1 < p < co. Since ¢’ € o,(T(1)), for each n = 1,2, ... one
can find a norm one vector z,, € X such that
, 1
||T(k)il?n - BZkean < 55 k= 17 ey T
In particular, 3 < ||T(k)z,| < 2 for all n and k = 1,...,n. Using the local
boundedness of T, it is easy to see that there are constants 0 < a < § < c©
such that

0 < Tzl <8, telOm n=12..
For each n, let a,, : R4 — [0, 1] be a continuously differentiable function such
that a, = 0 on [0, 3] U [n — §,00), a, =1 on [},n — 1], and a},(¢) < 10 for all
t>0and n=1,2,.... Let g, := ¢, an(t)T(t)z,, where

Cn = (/On ||T(t):pn||pdt); .
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Then, using that a, = 1 on [i,n - %]7 we have
a aln — %)%
T < 1
27 3 OBne

Also, by direct calculation one checks that

<gnller@ms,x) <1; n=1,2,...

Bygn(t) = —c; tal, ()T (t)zn, t>0.

n n

Since |al,| <10 on [§, 1] U [n — 1,n — ] and 0 elsewhere, we have

1 1
103-8» +103-8 »
| BEgnllLr(r,,x) < T ;o o n=12,..
anr

Therefore limy, o || Bpgn||Lr(r,,x) = 0, showing that (||gn||zj(]R+,X) 'g")nzl
is an approximate eigenvector for B, with approximate eigenvalue 0.

Next, we show how to modify this argument for p = co. In this case, we
choose a C''-function a,, that vanishes on [0, 1]U[n— 1, 00), and further satisfies
an(3n) =1, [lan|leo = 1, and ||a,||oc < 5n~'. Then g, = a,(t)T(t)zn, n =
1,2, ..., defines an approximate eigenvector for B, with approximate eigenvalue

0./

This lemma implies that the uniform growth bounds of T and S, and the
spectral bound of B,, coincide:

Corollary 2.5.6. For all 1 <p < oo we have s(B,) = wo(S,) = wo(T).

Proof: Clearly, s(Bp) < wo(Sp) < wo(T). It remains to prove that wy(T) <
s(Byp). If wy(T) = —oo there is noting to prove. Therefore by rescaling we may
assume that wo(T) = 0, and it suffices to show that this implies that s(B,) > 0.
Since 7(T(1)) = eo(T) = 1, there is a 0 € [0, 27] such that e € ¢(T(1)), and
in fact, e’ € 0,(7(1)) since the boundary spectrum is always contained in the
approximate point spectrum by Lemma 2.1.5. By Lemma 2.5.5, this implies

that 0 € o(B,).  ////

2.6. Hyperbolicity

In this section we shall apply some of the previous results to the problem
of finding necessary and sufficient conditions for a semigroup to be hyperbolic.

A Cy-semigroup T on a Banach space X is hyperbolic if there exists a direct
sum decomposition X = Xy X; of T-invariant closed subspaces such that the
restriction T of T to X is uniformly exponentially stable and the restriction
T, to X3 extends to a Cop-group {T(t)}tem which is uniformly exponentially
stable for negative time, i.e., {T1(—t)}+>0 is uniformly exponentially stable.

The following simple proposition characterizes hyperbolicity in terms of
spectral properties of the operators T'(t).
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Proposition 2.6.1. A Cy-semigroup T on a Banach space X is hyperbolic if
and only if there exists a tg > 0 such that T' C o(T'(to)). In that case, the direct
sum decomposition of X is induced by the spectral projection corresponding
to the part of o(T'(to)) contained in the open unit disc.

Proof: First assume that T is hyperbolic and let = denote the projection of X
onto Xy along X;. Fix ¢y > 0 arbitrary and let T;(¢o) be the restriction of T (o)
to X;, i = 0,1. By Proposition 1.2.2; the spectra of the operators Ty (o) and
Ty (—tp) are contained in the open unit disc. By the spectral mapping theorem
of the Dunford calculus, the spectrum of Tj(to) is contained in {|]z| > 1}.
Clearly, o(T(to)) = a(To(to)) U o(T1(to)), so a(T(tp)) NT = (. It remains
to prove that 7 equals the spectral projection P corresponding to the part of
o(T(tp)) in the open unit disc, i.e., we have to prove that

Tx = /Rtho))xdz Vo € X.
2mi

Fix x = x9 + x1 € X arbitrary. Noting that R(z,T (to))z; = R(z,T;(to))xs,
1= 0,1, and using Cauchy’s theorem for i = 1, we have

Pz = o / R(z,T(tg))zdz

= QTI'Z/R z To(to))x() dz
= X9 =TX.

Conversely, assume that o(T(tg)) N T = @ for some ¢ty > 0 and let P be the
spectral projection corresponding to the part of o(T'(tg)) in the open unit disc.
Then the closed subspaces X := PX and X; := (I — P)X are T'(¢o)-invariant;
let T;(to) denote the respective restrictions, ¢ = 0,1. Then o(Ty(to)) C {|z| <
1} and r(T'(¢0)) < 1, and o(T1(to)) C {|z| > 1}. Hence, Ti(to) is invertible,
o((Ta(to))™") € {Iz] <1}, and r((T1(to)) ") < L.

Fix t > 0 and « € X arbitrary. Then, using that T(¢) and R(z,T (o))
commute,

211

- / R, T(to))T(t)a ds = ——T(t )/FR(Z,T(tO))xdz — () Pa.

It follows that X and X; are T-invariant. Since r(Ty (o)) < 1, the restriction
Ty on Xy is uniformly exponentially stable by Proposition 1.2.2.

It remains to show that the restriction Ty to X; extends to a Cy-group,
and that this group is uniformly exponentially stable for negative time. Fix
s € [0, 1] arbitrary and define the operator T (—stq) := (T1(to)) 171 ((1 - s)to).
This is a bounded operator on X7, and

T (sto) Ty (—sto) = Ty (sto)(Ti(to))  *T1((1 — s)to)
= (T1(to)) ' Ti(sto)Ti((1 — s)tg) = I
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and similarly T3 (—sto)Ty(stg) = I. Thus, Ti(stg) is invertible, with inverse
Ty (—stop). By considering the powers of T3 (stg), s € [0, 1], it follows that T3 (t)
is invertible for all ¢ > 0. Denoting the inverses by T7(—t), it is obvious that
the familiy {T'(—t)}+>0 is a Co-group on X1, and since (T (—%o)) < 1 it follows
that {T1(—%)}:>0 is uniformly exponentially stable.  ////

This proposition can be used to obtain characterizations for hyperbolicity
in terms of spectral properties of the generator. The basic idea is this: if some
version of the spectral mapping theorem is known to hold for T, one can write
down the conditions on A guaranteeing that o(T'(to)) NT = 0. As a first result
of this kind, we apply Greiner’s spectral mapping theorem 2.2.1:

Theorem 2.6.2. Let T be a Cy-semigroup on a Banach space X, with
generator A. Then the following assertions are equivalent:
(i) T is hyperbolic;
(ii) iR C o(A), and the Cesaro sum (C,1) 3, .77 R(iw + ik, A)x converges for
allw € IR and z € X;
(iii) iR C o(A), and the Cesaro sum (C,1) ), _ 7(z*, R(iw+ik, A)x) converges
forallw € R and x € X and =¥ € X*.

Similarly, from Gearhart’s theorem 2.2.4 we obtain:

Theorem 2.6.3. Let T be a Cy-semigroup on a Hilbert space H, with
generator A. Then the following assertions are equivalent:

(i) T is hyperbolic;

(ii) iR C o(A), and sup,,cp | R(iw, A)|| < oc.

Proof: The only thing that needs explanation is that sup g ||R(iw, A)|| < oo
if sup, .77 | R(iw + ik, A)|| < oo for all w € IR. But this is immediate from the
identity

2m
R(iwg + ik, A)x = (I — e 2™ (27)) ! / e~ ks (gm0 (5) 1) ds
0

where we let wy range over the interval [0,1]. Note that I — e 2™“oT'(27) is
indeed invertible by Theorem 2.2.4.  ////

By the spectral mapping theorem for eventually uniformly continuous
semigroups, we obtain:

Theorem 2.6.4. Let T be an eventually uniformly continuous Cy-semigroup
on a Banach space X, with generator A. Then the following assertions are
equivalent:

(i) T is hyperbolic;

(ii) iR C o(A).
If one of these equivalent assertions holds, then the Cy-group on X, is uniformly
continuous.
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By Latushkin - Montgomery-Smith theory we obtain:

Theorem 2.6.5. Let E(T', X) be one of the spaces LP(T', X), 1 < p < oo, or
C(T', X) and let S be the Cy-semigroup on E(T', X) defined by (S(t)f)(e'?) =
T(t)f(e?®1). Let B be its generator. Then the following assertions are equiv-
alent:

(i) T is hyperbolic;
(ii) S is hyperbolic;
(iii) iR C o(B).

Proof: If X = Xy @ X3, then E(T',X) = E(I,Xy) @ E(T, X1). Hence, if
T is hyperbolic, then so is S by Corollary 2.5.3. This proves (i)=-(ii). The
implication (ii)=-(iii) is an obvious consequence of Proposition 2.6.1 and the
spectral inclusion theorem. Finally, if iIR C o(B), thenI" C o(T'(¢)) for allt > 0
by Theorem 2.5.2 and a rescaling argument, so T is hyperbolic by Proposition

2.6.1. ////

If T is dichotomous, then the factor T blows up exponentially for positive
time: this follows from ||z| < [Ty (=t)|| | Th(t)z| < Me “!||Ty(t)x|, t > 0.
Under certain conditions is possible to prove that a semigroup splits into a
‘stable’ part and an ‘unstable’ part without necessarily being dichotomous; the
unstable part may even fail to extends to negative time. Our next result is
of this nature. In order to motivate it, consider a uniformly bounded positive
Co-semigroup T on a Banach lattice X. If 0 ¢ o(A), then by virtue of Theorem
1.4.1 (i) we have s(A) < 0 and hence also wy(T) < 0, so T is exponentially
stable. The next theorem describes the situation for arbitrary positive Cp-
semigroups with 0 & o(A).

Theorem 2.6.6. Let T be a positive Cy-semigroup, with generator A, on
a Banach lattice X with order continuous norm. If 0 € o(A), there exists
a direct sum decomposition of X into T-invariant projection bands X =
Xo & X1 such that the restriction of T to X, is exponentially stable and
limsup,_, . ||T(¢)|z||| = oo for all non-zero x € X;.

Proof: Let E be the set of all z € X for which the orbit ¢ — T'(¢)|z| is bounded.
Since T is positive, F is an ideal. Let E be its closure. Since X has order
continuous norm, E is a projection band; cf. Appendix A.3. Thus, X =
Xo® X;, where Xg = PX = E, X; = (I — P)X, and P is the band projection
of X onto E. Clearly, E is T-invariant, hence so is E = Xy, and for 2 € X,
we have PT(t)x = T'(t)x = T'(t)Pz. This shows that P commutes with T, and
consequently also X; is T-invariant.

Let z € E and 0 < € € o(A) be fixed. Since ¢t — T(t)x is bounded, the
integral Rw := [ e~“'T(t)x dt is absolutely convergent. A simple direct cal-
culation shows that R.x € D(A) and (e— A)R.x = z. Hence Rcx = R(e, A)x =
JS e T (t)z dt. Note that R(e, A)z > 0 if 2 > 0. Since also t — T(t)|z] is
bounded, we can define R|z| in a similar way and have R¢|z| = R(e, A)|z| =
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Jo° e T (t)|| dt. Moreover,

IR(e, A)z| =

/ e‘“T(t)xdt‘ g/ e~ UT(t)|z| dt = R(e, A)|z].
0 0

Hence, for ¢t > 0 we have
T(t)|R(e, A)z| < T(t)R(e, A)|z| = R(e, A)T'(t)|z|

and therefore the orbit of |R(e, A)x| is bounded. We have proved that E is
R(e, A)-invariant and that R(e, A)x > 0if 0 < x € E. Hence Xy = F is
invariant under R(e, A), and since each 0 < z € X, can be approximated
by positive elements in E (if z, — z with x,, € E, then also |z,| € E and
|xn| — |z| = x), it follows that the restriction R(e, A)|x, of R(e, A) to X is a
positive operator. Let Ay denote the generator of the restriction of T to Xj.
Then € € 9(Ap) and R(e, Ag) = R(e, A)|x,- By letting e | 0, Proposition 1.1.6
shows that 0 € p(Ap); clearly R(0, Ag) > 0. By Theorem 1.4.1, this implies
that wl(To) = S(Ao) < 0. ////

In order to give an application of this theorem, we borrow Weis’s theorem
from Section 3.5: Let (€2, 1) be a positive o-finite measure space, let 1 < p <
00, and let T be a positive Cp-semigroup on LP(u), with generator A. Then
s(A) = wo(T).

Corollary 2.6.7. Let T be a positive Cy-semigroup, with generator A, on a
space LP(u), 1 < p < co. If 0 € o(A), there exists a direct sum decomposition
of X into T-invariant projection bands X = Xy & X, such that the restriction
of T to Xy is uniformly exponentially stable and limsup,_, . |T(t)|z||| = oo
for all non-zero x € X;.

Proof: Let X = Xy & X; be the decomposition into projection bands as in
Theorem 2.6.6. Since every projection band in LP(u) is of the form LP(u')
with p’ the restriction of p to some measurable subset ' C Q of the underlying
measure space €2, we can apply Weis’s theorem to Xo.  ////

In the situation of this corollary, it need not be true that T is dichotomic.
If, however, T extends to a positive Co-group on X = LP(u), then 0 € p(A)
does imply hyperbolicity:

Corollary 2.6.8. Let T be a positive Cy-group, with generator A, on a space
L?(u), 1 < p < co. Then the following assertions are equivalent:

(i) T is hyperbolic;
(ii) 0 € o(A).

Proof: The spectral inclusion theorem and Proposition 2.6.1 show that (i) im-
plies (ii). We shall only sketch the proof of the converse and refer to [Na, C-II1,
Section 4] for the missing details. Define Xo := {# € X : R(0,A4)|z| > 0}
and X7 := {z € X : R(0,A4)|z| < 0}. Both X, and X; are closed T-invariant
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subspaces X; one can show that they are actually closed ideals. This is not
so hard to prove for Xy; by considering the group {T(—t)}ier generated by
—A and noting that R(0,—A) = —R(0, A) the same is true for X;. Moreover,
XoN X1 =0 and Xg + X; = X. The latter is not immediately obvious; it is a
consequence of the so-called Kato identity for lattice semigroups. Since LP(u)
has order continuous norm, Xy and X; are projection bands and X = Xy ® X;.

A reasoning similar to the one in Theorem 2.6.6 can now be used to show
that s(Ap) < 0. Applying this argument to the restriction of {T'(—t)}+>0 to X1
we also obtain s(—A;) < 0. As in Corollary 2.6.7, we can apply Weis’s theorem
to the positive Cy-semigroups {Tp(t)}+>0 on Xo and {T7(—t)}+>0 on X to see
that T is hyperbolic.  ////

Notes. The proofs of Theorems 2.1.1 and 2.1.2 are taken from Pazy’s book.
In our definition of residual spectrum, we follow [Na].
A detailed treatment of adjoint semigroups is given in [Nel].

The equivalence (i)<(ii) of Theorem 2.2.1 is due to G. Greiner [Gr]; see
also [Na], where our proof is taken from. For contraction semigroups, Theorem
2.2.4 is due to L. Gearhart [Ge]; the general case was proved independently
by I.W. Herbst [He|, J.S. Howland [Hw], and J. Priiss [Pr2]. The approach to
Gearhart’s theorem via Theorem 2.2.1 is due to G. Greiner [Gr]; our proof via
2.2.1 (iii) is new.

The spectral mapping theorem for eventually uniformly continuous semi-
groups is due to E. Hille and R.S. Phillips [HP]. The concept of uniform conti-
nuity at infinity was introduced by J. Mazon and J. Martinez [MM], who proved
Theorem 2.3.3. Corollary 2.3.5 is due to P. You [Yo]. A simple proof was given
by K.-J. Engel and O. ElMennaoui [EE]. Theorem 2.3.4 is an improvement of
Theorem 2.1 of [MM]. The proof combines the ideas from [MM] and [EE].

The proof of Lemma 2.4.2 is taken from [Ly]. The formula for f(T) in
Lemma 2.4.3 is due to D.E. Evans [Ev], who used it to show that the spectrum
of the generator of a uniformly bounded Cy-group T and the so-called Arveson
spectrum of T can be indentified. This result will be proved in Section 5.4.

Part (iii) of Lemma 2.4.3 was obtained independently in [NH] and [Vu3].
Theorem 2.4.4 was proved by G. Greiner for polynomially bounded groups; see
Theorem 7.4 in [Na, A-III]. The extension to Cyp-groups of non-quasianalytic
growth is due to E. Marschall [Ml]. It was obtained independently by Yu. I
Lyubich and Vit Qude Phéng [LV2] and Sen-Zhong Huang and R. Nagel [NH].
We followed the proof of [NH]. In [LV2] the proof is only sketched and some
essential details are omitted. Corollary 2.4.5 is in [LV2]. A generalization to
non-quasianalytic group representations is given in [HS3].

Theorem 2.4.13 is due to Sen-Zhong Huang [HS1]; we follow his proof.
That the spectrum of the generator of a Cy-groups may be empty has been
known for a long time; an example is the boundary group {I(it)}:cr of the
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fractional integration semigroup {I*}re.>0 on LP(IR) [HP, p. 665]. Further
examples are given by J. Zabczyk (Example 1.2.4) and M. Wolff [Wo]. These
groups, however, have exponential growth.

Lemma 2.5.1, Theorem 2.5.2 and its corollaries are taken from [LM]. The
analogues of these results for translation along the real line also hold; for sepa-
rable X this was proved in [LM] and the general case is due to F. Rébiger and
R. Schnaubelt [RS]. Some special cases were obtained earlier by R. Rau [Ral.
Lemma 2.5.5 and its corollary and are slight modifications of the corresponding
results the real line proved in [RS] and are taken from [Ne4].

Proposition 2.6.1 is folklore. Theorems 2.6.2, 2.6.3, 2.6.4, and 2.6.5 are
obvious consequences of this proposition; 2.6.3 appears in [Pr2] and 2.6.5 in
[LM].

Using IR instead of I', the following analogue of Theorem 2.6.5 can be
proved [LM]: Let E(IR, X) be one of the spaces LP(IR,X), 1 < p < oo, or
Co(IR, X) and let S be the Cp-semigroup on E(IR, X) defined by (S(¢)f)(s) =
T(t)f(s —t). Let B be its generator. Then the following assertions are equiv-
alent:

(i) T is hyperbolic;
(ii) S is hyperbolic;
(iii) 0 € o(B).
This theorem can be extended in various ways; cf. [LM], [RS].

S. Montgomery-Smith [Mo] gave an example of a positive Cp-semigroup on
L? such that iR C ¢(A4) and 1 € o(T'(27)). Thus, for positive Cp-semigroups
on LP 0 € g(A) does not imply hyperbolicity.

The following ‘spectral’ version of Theorem 2.6.6 was proved by G. Greiner
[Gr] (see also [Na, C-III)): If T is a positive Cyp-group on a Bananch lattice X
with order continuous norm and 0 € g(A), then X admits a decomposition into
T-invariant projection bands X = Xo@®X; such that o(Ag) = oc(A)N{Rez < 0}
and 0(A4;) = o(4A) N {Rez > 0}. A result of W. Arendt shows that the order
continuity assumption can actually be dropped.

We have not touched upon the question of obtaining spectral decomposi-
tions for semigroups for which the imaginary axis is contained in the resolvent
set of the generator. Under certain additional conditions this is possible; typi-
cally one needs uniform boundedness of the resolvent along the imaginary axis
and convergence of its Cesaro integral. One then obtains a spectral decom-
position of the generator. If in this situation T; extends to a Cy-group and
s(Ap) = wo(To) and s(—A1) = wo({T1(—%)}+>0) holds for the corresponding
restrictions, then T is hyperbolic. For more details we refer to [BGK] and [KV].



Chapter 3.

Uniform exponential stability

In this chapter we shall study the uniform growth bound wo(T) in more
detail. Our main concern is finding necessary and sufficient conditions for
uniform exponential stability.

In Section 3.1 we prove the Datko-Pazy theorem which asserts that T is
uniformly exponentially stable if and only if there exists a 1 < p < oo such that

/ |T(#)a||? dt < 00, Ve X.
0

Actually, we shall prove the more general result that it is necessary and suffi-
cient that all orbits lie in certain vector-valued function spaces over IR, .

In Section 3.2 as a special case we derive Rolewicz’s theorem which states
that T is uniformly exponentially stable if and only if

/W¢WHwﬂﬁﬁ<w,vx€X
0

for some strictly positive, non-decreasing function ¢.
In Section 3.3 we prove that T is uniformly exponentially stable if and
only if convolution with T,

@*ﬁ@ﬁiAT@ﬁUf$@,

maps LP(R, X) or Cy(IR, X) into itself.
This result is applied in Section 3.4, where we prove that T is uniformly
exponentially stable if and only if

sup
s>0

/ T(t)g(t) dtH <0, Vg€ AP(Ry,X),
0

where AP(IRy, X) is the space of X-valued almost periodic functions.

In Sections 3.5 and 3.6 we consider the problem of finding sufficient con-
ditions for the equality s(A) = wo(T) in the absence of a spectral mapping
theorem. In Section 3.5 we prove the theorem of Weis that this equality holds
for positive Cy-semigroups on LP-spaces and in Section 3.6 we give a sufficient
condition for s(A) = wo(T) in terms of the essential spectrum of T.
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3.1. The theorem of Datko and Pazy

We start with the following general situation.

Lemma 3.1.1. Let X, Y, and Z be Banach spaces and let S : X XY — Z
be a separately continuous bilinear map. Then there exists a constant K > 0
such that

1S(@,y)ll < Klzll lyll,  VeeX,yeY.

Proof: For xz € X define S, : Y — Z, S,y := S(z,y). Then each S, is bounded
by the continuity in the Y-variable. Using the continuity in the X-variable, it
is easy to see that the map x — S, is closed, and hence bounded by the closed
graph theorem. Denoting the norm of this map by K, forallz € X and y € Y
we have [[S(z, ) < ISa] lgll < K2ll llyl.  ////

We specialize this to the case where Y = X* and Z is a Banach function
space. For more details about Banach function spaces we refer to Appendix
AA4.

Lemma 3.1.2. Let E be a Banach function space over a positive o-finite

measure space (2, ). Let X be a Banach space and assume that S : Q — L(X)
is a mapping such that for all x € X and x* € X*, the function

Sgpr(w) == (¥, S(w)x), weQ,
defines an element of E. Then, there exists a constant K > 0 such that

||Sw£

£ < K|z| ||, Ve e X, 2" € X*.

Proof: Consider the map S : X x X* — F defined by S(z,2*) := S, 5. We
claim that this bilinear map is separately continuous. Indeed, fix z* € X*.
We will show that S« : X — FE defined by Sy=x := S~ is closed. To
this end, let z,, — = in X and S;«x, — f in E. Since Cauchy sequences
in Banach function spaces have pointwise a.e. convergent subsequences, and
since (Sy=zyp)(w) — (Sg+x)(w) for all w, it follows that Sy-xz = f, proving
closedness. Therefore, each operator S, is bounded. Similarly, each operator
Sy X* — E, Spx* := Sy 5+, is bounded. Therefore, S is separately continuous
and we can apply Lemma 3.1.1.  ////

We are going to apply this lemma to Cy-semigroups whose orbits define
elements of a given Banach function space over IR;. The key observation is
the following simple fact. It states that the scalar orbits of an operator with
spectral radius one can have arbitrarily long initial parts staying away from
Zero.
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Lemma 3.1.3. Suppose T is a bounded operator on a Banach space X whose
spectral radius satisfies r(T') > 1. Then for all N € IN and 0 < € < 1, there
exist norm one vectors x € X and x* € X* such that

[(z*, T"x)| >1—€, n=0,..,N.

Proof: Fix N € N and 0 < e < 1 and fix A € o(T) with |\| = (7). Then A €
0o (T), the boundary of the spectrum of T', so A is an approximate eigenvalue
and |A| > 1. Let (y,) be an approximate eigenvector corresponding to A. Since
for each k € IN,

Tim | Ty, — Nyl =0,

we may choose ng so large that || T%y,, — Ny, || < £, k=0,...,N. Put = yy,
and let 2* € X* be any norm one vector such that [(z*,z)| > 1 — §. Then for
k=0,...,N we have

@, Th2)| > AF (e, a) | - 5 21—

i

We remind the reader of the convention that unless otherwise stated all
Banach spaces are complex. For real Banach spaces, Lemma 3.1.3 is wrong. A
simple counterexample is rotation over a in X = IR?, with a/(2n) irrational.
For this operator, Lemma 3.1.3 fails for every choice of e. We leave the easy
proof to the reader.

For a Banach function space E(IN) over IN we define

eem)(n) = lIxq0,..n—1} | BN n=12..

Theorem 3.1.4. Let T be a bounded operator on a Banach space X. Let
E = E(IN) be a Banach function space over IN with lim, . ¢r(n) = oo.
If, for some sequence k,, — oo and all x € X and z* € X*, the function
n s (x*, T*z) belongs to E, then r(T) < 1.

Proof: For each * € X and z* € X*, define f, .«(n) := (z*,T*"z). Then
| foex e < K||z|| [|z*], where K is the constant of Lemma 3.1.2.

Suppose for contradiction that (7)) > 1. Fix 0 < e < 1 and let N € IN
be arbitrary. Set Qy = {0,..., N — 1} and let = and 2™ norm one vectors such
that

[(x*, T"x)|>1—¢, n=0,1,....kn_1.

JFvom [xa,] < (1= €) | fyae, we sce that xa,, € B and pp(N) = |xaylls <
(1 — €)~!K. Since this holds for all N, we have supy ¢p(N) < (1 —¢)7'K, a
contradiction.  ////
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The theorem obviously fails for the space E = [°°. This shows that the
condition lim,_,« ¢g(n) = 0o cannot be omitted.
For a Banach function space E(IRy) over IR, we define

epm) () = Ixonlemwy, >0,

provided x(o,+) € E; otherwise we put pgr)(t) = oo.
Let T be a Cyp-semigroup on X. By applying Theorem 3.1.4 to T(1) we
obtain the following result.

Theorem 3.1.5. Let T be a Cy-semigroup on a Banach space X and let
E = E(IR4) be a Banach function space over IRy with lim;_, o ¢g(t) = 0.
If, for all x € X, the maps t — ||T(t)z| belong to E, then T is uniformly
exponentially stable.

Proof: Let E(IN) be the Banach function space over IN consisting of all se-
quences (av,) such that Y anX(nnt1) € £, with the norm

()l @) =

Z AnX[n,n+1)

E

Note that lim,, . ¢ pN)(n) = 0o.
Let M := supg<;<; [|T()||. For all x € X and t > 0, t = to + t; with
to € IN and 0 <t; <1, we have ||T(to + 1)z| < M| T(t)z||. Therefore

ITC)all = MY T+ D) Xinnt)-

n

It follows that for all # € X the map n — ||T(n + 1)z|| defines an element
of E(IN). Then certainly n — (z*,T(n + 1)z) € E(IN) for all z € X and
x* € X*, and the theorem follows from Theorem 3.1.4 applied to T' = T'(1)
and k, =n+1. ////

We are going to apply this theorem to certain weighted LP-spaces. For
1 < p < oo and a strictly positive function 0 < « € L} (IR;), we define

loc

LP (IR ) as the set of all functions g such that ag (the pointwise a.e. product)
is in LP(IR4). With the norm

lgllLz @) = llagllLr gy,

it is easy to check that LP(IR;) is a Banach function space over IR;. Note
that the strict positivity implies that only the zero function has norm zero. We

have .
euzann® = ([ (et ) ’

Using this space, we have the following corollary to Theorem 3.1.5.
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Corollary 3.1.6. Let 0 < 3 € L, .(Ry) be any function such that

A B(t) dt =

Let 1 < p < oo. If T is a Cy-semigroup on a Banach space X such that
/ BOITO)e|? dt < 00, V€ X,
0

then T is uniformly exponentially stable.

Proof: I T(t) = 0 for some ¢ > 0, then T is eventually zero and there is nothing
to prove. Therefore, we may assume that T'(t) # 0 for all ¢ > 0. Define the
function a € Lj,  (IR}) by a(t) = (ﬁ(t))% We are going to modify « to a
strictly positive function as follows. Define

o fa), if a(t) £ 0;

at) = {e‘t|T(t)_17 if a(t) = 0.
Since & > o = B% > (0 we have

hm L (R, )(t >thm </ B(t dt) = 00.
Also, by the triangle inequality for LP(IR.), for all x € X we have

1

7Ol g, < ( / (et + et|T<t>|1>||T<t>a:||)”dt)”

([ ﬁ(t)T(t)xll”dty s el i) <.

Therefore, for all € X the map ¢ — T'(t)z defines an element of L% (R4 ),
and the desired conclusion follows from Theorem 3.1.5. ////

The special case 8 := 1 is usually referred to as the Datko-Pazy theorem.
Explicitly, it states that T is uniformly exponentially stable if and only if there
exist 1 < p < oo such that

/ IT()z|P dt < co, Va € X. (3.1.1)
0

If (3.1.1) holds, the closed graph theorem applied to the map X — LP(IR4, X),
x +— T'(-)x, implies the existence of a constant C' > 0 such that

/ IT@)e|? dt < Clla|?, Ve € X. (3.1.2)
0

Our next objective is to prove the following quantitative version of the Datko-
Pazy theorem: If (3.1.2) holds, then wy(T) < —1/(pC). The proof is based on
the following non-trivial result due to V. Miiller: Let T be a bounded operator
on a Banach space X with spectral radius 7(T") > 1. Then for each 0 < e < 1
and each sequence 1 > ag > a1 > ... | 0 there exists a norm one vector x € X
such that

IT"z]| > (1 —€)an, VYn=0,1,2,..

We have the following analogue for semigroups.
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Lemma 3.1.7. Let T be a Cy-semigroup on a Banach space X with wo(T) >
0. Then for each 0 < € < 1 and each non-increasing function « : [0, 00) — [0,1]
with lim;_, o, a(t) = 0 there exists a norm one vector x € X such that

IT(6)z]| = (1 — )alt), Vt>o.

Proof: Let the non-increasing function « : [0,00) — [0,1], 0 < a < 1, a(t) | 0,
be fixed.
Step 1. Define 3 : [0,00) — [0,1] by

[ a(0), 0<t<1;
5(t)_{oz(t—1), t>1.
Then (3 is non-increasing and lim;_.o, G(t) = 0. Put T := T'(1). Because of

the identity r(T(t)) = (™, we have r(T) > 1. By Miiller’s theorem, we can
choose a vector 2o € X of norm one such that ||T*zo|| > 23(k) for all k. For
t > 0 we let [t] be the integer part of t. With M := supg<,<; [|T(¢)|], for all
t > 0 we have o

V

1 1
T)zoll = T IIT([t] + Dol = == 6([t] +1
IT@oll = F7IT([A + Doll 2 57751 +1) (3.1.3)

1 1
= gypollth = 557000

Step 2. Fix 0 < € < 1. We will now show that the constant (2M)~! in
(3.1.3) can actually be replaced by 1 —e. Fix § > 0 such that (1 —4)/(1+6) >
1 — e. We start by choosing integers 0 = My < M; < ... such that 0 < a(t) <
(14 6)~™ whenever t > M,,. Next, choose integers 0 = Ny < Ny < ... in such
a way that N,, > M, for each n and N,, + N,, < N4, for all m,n. Define
the non-increasing function v : [0,00) — [0,1] by ¥(¢) := (1 + §)~™ whenever
N, <t < Nj41. Note that 0 < a <~ <1 and limy_, o, y(¢) = 0.

We claim that y(t +s) > (1+ )ty (t)y(s) for all t, s > 0. Indeed, choose
integers k; and ks such that Ny, < ¢ < Ng,41 and Ni, < s < Ni,4+1. Then
y(t) = (14+)7% and ~(s) = (1+6) %+, whereas from t +s < Ny, 11 + Ng, 11 <
N, 1k, +2 we have y(t + s) > (1 + §) % ~*:=1 This proves the claim.

Now choose a norm one vector xg € X such that ||T(¢)zo| > (2M)~1v(t)
for all ¢ > 0 using Step 1 applied to the function . Let

— ing 1L @]l
20 ()
Note that n > (2M)~!; moreover, for all t > 0 we have | T(t)xol > ny(t).
Choose ty > 0 such that
t
mlto) o _s
1T (t0) ol
and put z := || T(to)xo|| 1T (to)xo. Then for all t > 0 we have
|7'(t + to)o||  my(t+to) _ 1—06
70l = L >
1T (to) o] 1T (to)woll — 140

1

() = (T=e)y(t) > (1—e)a(t).



82 Chapter 3

Theorem 3.1.8. Let T be a Cy-semigroup on a Banach space X. If there
exist 1 < p < oo and C > 0 such that

/ IT(6)2ll? dt < Cllalf?, Vx € X,
0

then wy(T) < —1/(pC).

Proof: By Lemma 3.1.7 applied to the Cp-semigroup T, := {e “'T(¢)}s>o0,
where w := wo(T), for all 6 > 0 and 0 < € < 1 there exists a norm one vector
x = 25, € X such that

le=“*T(t)z|| > (1 —€)e %, Vt>0.

Hence, for this x we have

o0 foe) 1 B »
/ |T(t)|[? dt > (1 - e)P/ oot gy — _ 1=
0 0

p(w—9)

Combining this with the assumption of the theorem, we see that

Since § > 0 and € > 0 were arbitrary, it follows that —(wp)™t < C, so w <
—(pC)~! as was to be proved.  ////

The estimate is the best possible in the sense that wo(T) is the infimum of
the numbers —(pC) ™1, where C' > 0 runs over all constants for which (3.1.2)
holds with regard to some equivalent norm. To see this, let wo(T) < w < 0 be
arbitrary and choose a constant M > 0 such that ||T(¢)|| < Me*! for all t > 0.
Define the equivalent norm || - || by

2]l := sup e™“*||T(t)x|].
>0
Then ||T(t)]| < e“? for all £ > 0, and for all 1 < p < oo and z € X we have

oo o0 w 1
/‘wmeﬁs/ R —
0 0 bw

Thus, (3.1.2) holds for the norm || - || with C' = —(pw)~*.
The consideration of equivalent norms is necessary because wo(T) is an
isomorphic quantity whereas the assumption (3.1.2) is isometric.

The (qualitative) Datko-Pazy theorem leads to a short alternative proof
of Corollary 2.2.5.
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Second proof of Corollary 2.2.5: Fix wy > wo(T) arbitrary. By the Hilbert
space-valued Plancherel theorem applied to the maps t — e “'T(t)z - YR L (1),
w > wp, it follows that

oo

sup / |R(w+it, Az|2dt < K2|«|?, VeeH,  (3.14)
w>wo J —oco

where K > 0 is a constant independent of x. By the resolvent identity, for all

w > 0 we have

[R(w +it, A)|| < |(I + (wo — w)R(w +it, A))|| [| R(wo + it, A

and hence by (3.1.4) and the uniform boundedness of the resolvent in the right
halfplane there is a constant k& > 0 such that

sup / |R(w +it, A)z||? dt < K*K?||z|?>, Va € H. (3.1.5)
0<w<wo J —oc0

Combining (3.1.4) and (3.1.5), the Hilbert space-valued Paley-Wiener theorem
now implies that for each x € H there exists a function g, € L?(IR,, H) such
that R(z, A)x is the Laplace transform of g,. Since the Laplace transforms
of g, and T(-)z agree on {ReX > wo(T)}, by the uniqueness of the Laplace
transform it follows that g, (t) = T'(t)x for almost all ¢ > 0. We have proved
that

/ |T(t)x||* dt < oo, Vo € H.
0

Therefore, T is uniformly exponentially stable. ////

We conclude this section with an orbitwise analogue of Theorem 3.1.5 that
will be useful later.

Lemma 3.1.9. Let T be a Cy-semigroup on a Banach space X. Let E =
E(IR;) be a rearrangement invariant Banach function space over IRy with
lim; . @gr(t) = oo. If, for some zy € X, the map t — ||T(t)xo| belongs to E,
then

Jim [T ()] = 0.

Proof: Suppose the contrary. Then there exists an € > 0 and a sequence t,, —
oo such that ||T(t,)xo|| > € for all n € IN. By passing to a subsequence, we may
assume that tg > 1 and ¢,41 —t, > 1 for all n. Let M := supy<;<; ||T'(¢)]|. For
t € [t, — 1,t,] we have ||T(t,)zo|| < M| T(t)xol, and hence || T(t)zo|| > M.
It follows that

IT()oll = M~ e N=12.,

UMt —1,t0]
and therefore, using the rearrangement invariance,
H 1T(:) ol ||E > M le ||Xu§;01[tn—17tn]||’5
=M"e lIx10,n 1l
=M tepp(N), N=12,..
This contradicts the assumption that lim; o @ (t) = co. ////
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3.2. The theorem of Rolewicz

In this section, we apply Theorem 3.1.5 to Orlicz spaces. We refer the
reader to Appendix A.4 for the definition of this class of spaces and for the
notation used here.

The key to applying Theorem 3.1.5 is the following construction.

Lemma 3.2.1. Let ¢ : Ry — IRy be a non-decreasing function. Then there
exists an Orlicz space E = E(IRy) with lim;_,o ¢ (t) = oo, which has the
property that f € F for all f € L>(IR4.) that satisfy

/Ooo o(1f(s)]) ds < 0. (3.2.1)

Proof: Upon replacing ¢(t) by limgy ¢(s), we may assume that ¢ is left-continu-
ous. Also, upon replacing ¢ by some multiple of itself, we may assume that
(1) = 1. Define

sy = {0 951t

Let ® be its indefinite integral,

d(t) :/0 d(s)ds, t>0.

Fix a bounded measurable function f such that (3.2.1) is satisfied. Without
loss of generality we may assume that || f]lcc < 1. Since ®(t) < ¢(t) = ¢(t) for
all 0 <t <1, we have

/ S(f()Nds< [ o(If(s)])ds < oo.
Ry

o
R
It follows that
M) = [ @) ds < .

R

and hence f € L?, the Orlicz space associated to ®. Finally, ¢(t) > 0 for all
¢t > 0 and hence lim¢_. ¢;4(t) = co. This proves the lemma, with £ = L®.

1

Theorem 3.2.2. Let ¢ : R. — IR, be a non-decreasing function with
¢(t) >0 for all t > 0. If T is a Cy-semigroup on a Banach space X such that

/ S(IT(O)al)dt < 00, Vo€ X, o] <1,
0

then T is uniformly exponentially stable.
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Proof: Let E be the Orlicz space of Lemma 3.2.1.

We claim that T is uniformly bounded. In fact, we have lim; o ||T'(t)x| =
0. Indeed, if there were z € X, ¢ > 0, and a sequence t, — oo such that
|IT(t,)x|| > € for all n, then for all n and all ¢ € [t, — 1,t,] we have | T(¢)z| >
M~te, where M = supy<,<; ||T(s)||. Assuming without loss of generality that
to > 1 and t,41 —t,, > 1 for all n, it follows that

/ o(IT(B)z]) t>2¢eM -

a contradiction.

Since T is uniformly bounded, for each z € X of norm < 1 the func-
tion f,(t) := ||T(t)z| satisfies the assumptions of Lemma 3.2.1, and there-
fore it belongs to E. By linearity, the same then holds for arbitrary = € X.
Since lim; . @g(t) = oo by Proposition A.4.2, we can now apply Theorem

3.15. //f

For continuous ¢, this result is due to S. Rolewicz.

By imposing stronger conditions on ¢, it is possible to improve this re-
sult and obtain an analogue of Corollary 3.1.6. We say that ¢ satisfies a
Aos-condition if there is a constant K > 0 such that for all £ > 0 we have

o(t) < Ko(3t).

Theorem 3.2.3. Let T be a Cy-semigroup on a Banach space X. Let
¢ : IRy — IRy be a non-decreasing function satisfying a As-condition. Let «
be a non-negative measurable function on IR such that poa € L}, (IR}) and

/OO o(a(t))dt = oo.
0

If
/cb OIT@)l) dt < oo, Ve € X, [zl < 1,

then T is uniformly exponentially stable.

Proof: Let ¢(t) < K¢(4t) for all t > 0. Put to := 0 and let ¢; > 0 be so large
that fotl @(a(t)) dt > 1. Inductively, suppose tg < ... < t,—1 have been chosen
such that

tr
o2 " a(t) dt > 1, k=1,...,n—1.

th—1
Since ¢ o« € L}, .(IR;), we have ftoo_l @(a(t)) dt = co. Hence also

#(27 " a(t)) dt = oo

tn—1



86 Chapter 3

by the As-condition. Therefore, for ¢,, > t,_1 large enough,

/t" 62" la(t) di > 1.
tn—1

This completes the induction step.

Suppose, for a contradiction, that wo(T) > 0. Let v € Cy[0, 00) be a norm
one function such that v(t) > 27"*! for t € [t,_1,tn); n=1,2,...

By Lemma 3.1.7, there is a norm one vector € X such that ||T'(¢)z| >
%'y(t) for all £ > 0. But then, using the As-condition,

| elairwal) ar= 57 [~ o(atnio) a

e tn
> K1 Z/ p(27 " a(t) dt = oco.
n=1 tn—1

This contradiction concludes the proof.  ////

Note that Corollary 3.1.6 corresponds to the special case ¢(t) = P and

1

8 =ar.
3.3. Characterization by convolutions

Consider the inhomogeneous abstract Cauchy problem

du
() =Aut)+ f(t), >0,

u(0) =z,

where A is the generator of a Cy-semigroup T on a Banach space X and
f e LP(Ry, X) or Co(IR4, X). As is well-known, for all © € X this problem
has a unique mild solution given by

u(t) = T(t)z + (T * f)(?),
where the convolution T x* f is defined by

(T * f)(t) ::/O T(s)f(t—s)ds, t>0.

This observation motivates us to study the action by convolution of a Cpy-
semigroup on vector-valued function spaces over IR .

The main result of this section, which relies on Latushkin - Montgomery-
Smith theory, is a characterization of uniform exponential stability in terms
of convolutions. In the proof we use Vitali’s theorem: If Q1 C Q¢ C C are
simply connected open sets, (f,) is a uniformly bounded sequence of bounded
X-valued holomorphic functions on 2y, and f is an X-valued holomorphic
function on Q4 such that f, — f on £, pointwise, then f admits a holomorphic
extension to 0y and we have f,, — f locally uniformly on €.
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Theorem 3.3.1. Let T be a Cy-semigroup on a Banach space X and let
1 < p < oo. Then the following assertions are equivalent:

(i) T is uniformly exponentially stable;
(ii)) Tx* f € LP(R4, X) for all f € LP(R4, X);
(iii) T * f € Co(Ry4, X) for all f € Co(Ry, X).

Proof: For 1 < p < oo, we define the Cy-semigroup S, on LP(IR4, X) by

(Sp()f)(s) = {§<t)f(s ), s>

else.

Similarly, we define the Cp-semigroup S, on Cho(IR4, X ), the space of X-
valued continuous functions vanishing at infinity satisfying f(0) = 0, by

(S () f)(5) = {T<t>f(s 1), s>t

0, else.

We denote the generators of these semigroups by B, and B, respectively.

First we prove (ii)=(i).

By Lemma 2.5.5, we have to prove that s(B,) < 0. For this, it is enough
to prove that the resolvent of B), exists and is uniformly bounded in the right
halfplane. Indeed, once this is established, Lemma 2.3.4 shows that s(B,) < 0.

We start by observing that there is a constant M > 0 such that

1T * flloer,,x) < M fllrmy x)s Vf e LP(Ry, X).

To see this, we claim that the map f — T x f is closed as a map of LP(IR,, X)
into itself. Indeed, assume f, — f and T * f, — ¢ in L?(IRy, X). Then it
is immediate that (T * f,)(s) — (T * f)(s) for all s > 0. On the other hand,
since a norm convergent sequence in LP(IR4, X) contains a subsequence that
converges pointwise a.e., it follows that (T * f,, )(s) — g(s) for some sequence
(ng) and almost all s. Therefore, T % f = g, as was to be shown. The existence
of the constant M now follows from the closed graph theorem.

For Ty > 0, we define 7, : LP(IR4, X) — LP(]0,Tp], X) by restriction:
1o f = flor)- For T'> 0, Top > 0 and f € LP(IR4, X), we define the entire
LP(IR4, X)-valued function Fr ; and the entire LP([0, Tp], X)-valued function
Fr,,5 by

T
Fr ¢(2) :/0 e*ZtSp(t)f dt,

Frr, 1(2) = 1, (Fr s (2))-

For each z, the map f — Frr, (%) is bounded as a map LP(R4,X) —
LP([0,Tp], X). A trivial estimate shows that each of the functions Fr ; and
Frm,.r is bounded in each vertical strip {0 < Rez < ¢}, ¢ > 0.

For A € R and f € LP(IRy, X), let fa(s) := e f(s), s > 0. The restric-
tion of S, to the invariant subspace Coo(IR4,X) N LP(IR4, X) extends to the
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Co-semigroup S, on Cyo(IR4, X). Since point evaluations on the latter space
are continuous, for f € Coo(IR4,X) N LP(IR4, X), T > Ty, and 0 < s < T we

have T T
(/ ez)\tsp(t)fdt> (s) :/ e*Z/\tSp(t)f(S) dt
0 0
_ /s e—i”T(t)f(S _ t) dt
0
_ e—i/\s ° s — .
_ /0 T(t) fr(s — t) dt

)
- (MO / T() f(- — 1) dt)

< lmz - 1T * fall ey, x) < NIT * fallze(ry,x)

Therefore, for T' > Ty,

||FT7T07f(i)‘)HLP([O,TO},X) =

Lp([O,TO],X)

<M faller @y, x) = M fllr @y x)-

Since Coo(R4, X) N LP(IR4, X) is dense in LP(IR, X), it follows that

[Er 10,5 @M Le(o,700,x) < M| fll ey x) (3.3.1)
forall A € R, T > Ty and f € LP(IR4, X). Also, if we choose constants N > 0
and w > 0 such that ||S,(¢)|] < Ne“! for all ¢ > 0, then for Rez = w + 1 we
have

T
1Er10,£(2)] Lo ((0,70], %) < HWTOH/O e CHINE | £l o, x) dt
<N —e D fllerar,.x) < NI flleew,,x)-

It follows that for each f € LP(IRy,X) and Ty > 0 fixed, the functions z —
Fr 1, 7(2) are bounded on the line Rez = w + 1, uniformly with respect to
T > 0, with bound N||f||z»r, x). Therefore, by (3.3.1) and the Phragmen-
Lindel6f theorem, for each f and Ty fixed we have

1 10,5 (2 Lo 0,701, 5x) < max{ M, N}H| f]| o (s, x) (3:3.2)

for all 0 < Rez < w+ 1 and T > Ty. Also, for Rez > w we have

Jim Frr ;(2) = 71, R(2, Bp) f-
Combining these facts, it follows from Vitali’s theorem that for each f €
LP(R4,X) and Ty > 0 the function z — mp, R(2, Bp)f has an holomorphic

extension Fi 7. ¢ to {0 < Rez < w+ 1}, and that for 0 < Rez < w + 1,

Foomy,f(2) = im Fr, ¢(2)
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uniformly on compacta. Moreover, by (3.3.2),

1 Foo, 10,7 ()| Lo ([0, 70), %) < max{M, N}||f|lLrr, x) (3.3.3)

for all 0 < Rez < w+ 1 and Ty > 0. By regarding L?([0, 7], X) as a closed
subspace of LP(IR4, X), for all w < Rez < w + 1 we have

Tlim Foory,f(2) = lim 7, R(z,Bp)f = R(z,Bp)f, (3.3.4)
0—00 To—o0

the convergence being with respect to the norm of LP(IR, X'). Again by Vitali’s
theorem, now using (3.3.3), it follows that R(z, B,)f admits a holomorphic
extension Fiy o0, 5 to {0 < Rez < w + 1}, and that for all 0 < Rez < w + 1,

lim lim Frrp, ¢(2) = lim Foom, £(2) = Foo,00,f(2) (3.3.5)
To— o0 T—o0 To— 00

uniformly on compacta. By Proposition 1.1.6, {0 < Rez < w+1} C o(B,) and
Foo)oo)f<2:) = R(Z, Bp)f.

Therefore, by (3.3.3), (3.3.5), and the uniform boundedness theorem, it
follows that R(z, Bp) is uniformly bounded in {0 < Rez < w + 1}. By the
Hille-Yosida theorem, R(z, B,) is also uniformly bounded in {Rez > w + 1}.
Thus, R(z, Bp) exists and is uniformly bounded in {Rez > 0}. This completes
the proof of (ii)=-(i).

Next, we prove (i) =(ii). Assume wo(T) < 0, and choose M > 0 and > 0
such that | T'(t)|| < Me ™ for all t > 0. Let 1 < p < oo be arbitrary and fixed.
By applying Jensen’s inequality to the probability measure pu(1—e™#)~te=#t dt
on [0, s], we have, noting that =@~V (1 — e=#s)P=1 < ;=(P=1) for all 5 > 0,

[T1f rose-oaffas< [~ ([ areaso-ora)a

<MP/ (1 — ey /Hfs—th( — ey lemht gt d
< MY /’ /‘ e (s — DI de ds
=2y [Tt [T (s~ e asar

0 t

< MPu P £,

This proves (i)=-(ii).

It remains to prove the equivalence of (i) and (iii). The implication
(i)=-(iii) is proved as follows. Choose M > 0 and p > 0 such that | T(¢)] <
Me™Ht for all t > 0. Fix € > 0 and f € Co(IR, X) arbitrary. Choose N so
large that se™#* < e and [|f(s)| < €l|fllcom, x) for all s > N. Then, for
s> 2N,

s s . 5 B
‘/T@ﬂ»4mﬂ</ﬂhﬂzmm@%mm+/A@MHUCthm
0 2 0

<M1+ p Vel flley(ry ,x)-



90 Chapter 3

Since T * f also is continuous, we obtain the desired conclusion.
Finally, we have to prove (iii)=-(i). We do this by modifying the proof of
(ii)=-(i). First we note that there exists a constant M > 0 such that

IT* fllogme,x) < Ml fllogr,.x)  Vf € Co(Ry, X).

Indeed, this follows from applying the uniform boundedness theorem to the
operators T : f — [ T(t)f(s — t)dt.

Let f € Coo(IR4, X) be arbitrary. Since T * f € Cy(IR4, X) by assump-
tion and (T * f)(0) = 0, it follows that T acts boundedly on Cyo(IR4, X) by
convolution, with norm at most M.

Let Coo([0, Tp], X) be the closed subspace of Cyo(IR4, X) consisting of all
functions vanishing on [Ty, 00). For each Ty > 1, define the piecewise linear
function g on IR by

1, 0<t<Tp—1;
91, (t) = {To—t, To—1<t<Ty;
0, else
and the operator IIp, : Coo(IR4, X) — Coo([0, Tp], X) by
Mz, /)(8) = g1, () (1), 0 <t <To.

Note that for all f € Coo(IR+, X), [Tl fllcoe(0,701,%) < [Ifllceomry,x)- With
71, replaced by Ilz,, the proof of now follows along the lines of (ii)=(). ///

0

The reason of introducing the operators Ilz, is as follows. If we simply
truncate a function in Coo(IR4, X) with 7r,, the resulting function need not
define an element of Cyo([0,Tp], X), so that we cannot perform the limiting
operation (3.3.4). With the operator I, this poses no problems.

In the next section, we will improve part of Theorem 3.3.1 by showing that
wo(T) < 0 if (and only if) T  f is merely bounded for all f € Co(IR4, X).

Theorem 3.3.1 remains valid if the role of L? is taken over by any rear-
rangement invariant Banach function space E = E(IRy) over R4 with order
continuous norm. By the order continuity of the norm, translation is strongly
continuous on E(IR4). The proof of (i) = (ii) then uses the fact that Lemma
2.5.4 admits a straightforward generalization to this setting, and (ii) = (i) is
proved as follows. For 4 > 0 and g € L}, (R ), define

loc

T)e) = [ M= at, sz
0
The proof of Theorem 3.3.1, (i)=-(ii), shows that this defines a bounded op-
erator T, : L*(IRy) — L'(IR4) of norm < p~!'. Also, it is trivial that T}, is
bounded as an operator L> (IR, ) — L*(IR, ), of norm < u~!. By Proposition
A 4.1, every rearrangement invariant Banach function space over IR with or-

der continuous norm is an interpolation space between L!'(IRy) and L>®(IR.).
Therefore, T, is bounded as an operator E(IRy) — E(IR4).
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Now let f € E(R4+, X) be arbitrary. Since wo(T) < 0, there are constants
M > 0 and p > 0 such that [|T(t)|| < Me ¥ for all t > 0. Since ||f(-)| €
E(IR.y), we have

1T+ flem.o = 1T NN, <] | e - o)

E(R4)

= ML UFOD]| g, < MITelz0r )

17O

E(R4)
= M| Tl el fllEm®,,x)-
This concludes the proof.

In the remainder of this section we study the weak analogue of Theorem
3.3.1. If E(IR4) is a given Banach function space over IR, we want to char-
acterize those semigroups T on X for which (z*, T x f) defines an element of

E(R;) for all 2* € X* and f € E(IR4+,X). Here, and in the following, for a
g € L}, .(Ry,X) and a functional 2* € X*, the function (z*,g) € L}, (R ) is
defined in the natural way: (x*,g)(s) = (x*, g(s)); s > 0.

For E = L' we solve this problem as follows. A semigroup T is said to be

scalarly integrable if

/ [{(z*, T(t)x)| dt < oo, Ve e X, 2% e X™.
0

Theorem 3.3.2. Let T be a Cy-semigroup on a Banach space X. Then the
following assertions are equivalent:

(i) T is scalarly integrable;

(ii) (z*, T * f) € L*(IRy) for all f € L*(IRy, X) and z* € X*.

Proof: Assume (ii). The bilinear map T : X* x L}*(IR4, X) — L*(IR.) defined
by T'(z*, f) = («*, T« f) is separately continuous by the closed graph theorem.
Therefore, by Lemma 3.1.1, there exists a constant M > 0 such that

(@™, T flleraryy < Ml ary,xolle* (] Vfe L' (Ry, X), 2" € X*.
Fixz € X, ¥ € X* and sg > 1 arbitrary. Choose 0 < 79 < 1 such that

1/<x*,T(s—t)x>dt 21
0

[(z*, T'(s)x)], V1 <s < sg.
To

[\

Then,

[l raias <2 [
/S”

< *H(fﬂ*,T * (X[0,70] @ )21 (RY)

2M x *
o Xm0 @ 2l ae ) 1271 = 2M [l |2

(", T(s—1) >dt‘ ds

X[O 7.0]( 775) dt‘ ds

IN
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Since sg > 1 is arbitrary, it follows that

/100|<x*,T(s)x>|ds§2M||x|| llz*|l, Vee X, z" e X*.
Therefore, [ [(z*,T(s)z)|ds < oo for all z € X and 2* € X*, which proves

().
Conversely, assume (i). By Lemma 3.1.2, there exists a constant C' > 0
such that

/ [(z*, T(t)x)| dt < C||z|| ||=*], Ve e X,z* e X*.
0

Let N := supg<s<; [|T(s)]|. Fix z € X, 2* € X* and real numbers 0 <
to < t1 with t1 —ty < 1. Then,

/ ‘<:1:*,/ T(T)(X(to,t) ®x)(5 — T) d7>‘ ds
0 0
oo max{s—tg,0}
:/ x*,/ T(r)zdr
0 max{s—t1,0}
t1 s—to e o] s—to
:/ <x*,/ T(T)l‘dT>‘ d8—|—/ ‘<x*,/ T(T).Z‘dT>‘ ds
to 0 t1 s—11

ds

t1 o] t1—to

g/ (s — to)N |z ||1:*Hds+/ ‘<1:*,T(s)/ T(T)mdr> ds
t 0 0
’ t1—to

< (ty — to)N||z|| |z + C T(r)xdr| [z

< (b = to)N(L+ O[] f|=*]-
Therefore, with M = N(1 + C'), we have
162", T % (X(t.00) @ 2|22 ryy < M(Ex — o) ]| |-

Next, let f be a stepfunction of the form f = ZZ;& X(tr,trs1) @ T With the
intervals (tx,tr4+1) pairwise disjoint. By splitting large intervals into finitely
many smaller ones, we may assume that 0 < tx11—t < 1forallk =0,...,n—1.
By the above estimate we have

n—1

H<$*,T * f>||L1(]R+) < Z ||<.’I}*,T * (X(tk,tk+1) ® xk)>||L1(1R+)
k=0

Z (trer = t)llzll |2l = MIfll 2o re x) 27
k=0

(3.3.6)
Since the stepfunctions supported by finite unions of disjoint intervals of length
<1 are dense in L'(IRy, X), (3.3.6) holds for arbitrary f € L*(IR;, X). This
proves the implication (i)= (ii). ////
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Scalarly integrable semigroups will be studied in more detail in Section 4.6.
Since there exist scalarly integrable semigroups whose uniform growth bound
is positive (combine Theorem 4.6.6 below and Example 1.4.4), the theorem
shows that condition (ii) does not characterize uniform exponential stability.
In Hilbert space however, a Cy-semigroup T is scalarly integrable if and only
if it is uniformly exponentially stable; this will be proved in Section 4.6. In
combination with Theorem 3.3.2, this leads to the following result.

Corollary 3.3.3. Let T be a Cy-semigroup on a Hilbert space H. Then the
following assertions are equivalent:

(i) T is uniformly exponentially stable;
(ii) {(y,T* f) € L*(Ry) for all f € L*(Ry,H) and y € H.

3.4. Characterization by almost periodic functions

In this section we apply Theorem 3.3.1 in order to prove that a Cy-semi-
group T on a Banach space X is uniformly exponentially stable if and only
if convolution with T maps certain closed subspaces of BUC(IR4+, X) into
L>(IR4, X). This, in turn, leads to a characterization of uniform exponen-
tial stability in terms of almost periodic functions.

Let BUC(IR4, X) denote the space of all X-valued, bounded, uniformly
continuous functions on IR;. A linear subspace E of BUC(IR4,X) will be
called locally dense in BUC(IR, X) if for every € > 0, every bounded closed
interval I C Ry, and every f € C(I) there exists a function f. ; € E such that

sup || f(t) = fer ()] < e
tel

If, in addition, there is a constant K > 0, independent of I and ¢, such
that for every f € C(I) the function f.; can be chosen in such a way that
| ferllBucmr,,xy < K| flleay, we say that E is boundedly locally dense in
BUC(R4, X).

Theorem 3.4.1. Let T be a Cy-semigroup a Banach space X and let E be a
closed, boundedly locally dense subspace of BUC (IR, X). Then the following
assertions are equivalent:

(i) T is uniformly exponentially stable;

‘ /0 “T()g(t) dt

Proof: The implication (i)=-(ii) is trivial. We will prove (ii)=-(i). By the
uniform boundedness theorem, there is a constant C' > 0 such that

<oo, VgekFE.

(ii) sup
5>0

sup
5>0

/ T(t)g(t)dtHsc||g||BUC(R+7X>7 Vg F. (3.4.1)
0
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For a given f € Co(IR4, X) and s > 0, let M, = supg<,<, [|T(t)| and let fs € E
be any function such that

1
sup [|[f(s —t) — fs(®)|| < 87%||f||CU(IR+,X)7

0<t<s
and
I fsll Buom,,x) < Kllfllcomy,x)-

Such an f exists by the definition of a boundedly locally dense subspace; K is
the constant from the definition. Then, by (3.4.1),

Il =| [ 70 76 =0~ 10+ £.0) o

< I lenm ) + H [ rwso dtH

< Ifllcnms ) + CllAll uom, ) < 0+ CEll flloym, x)-
(3.4.2)
It follows that T * f is a bounded continuous function. If we can prove that
lim T(t)f(s—t)dt =0,
§—00 0
it follows that convolution with T maps Cy (IR, X)) into Co(IR4, X) and (3.4.2)
shows that this map is bounded. Then we can apply Theorem 3.3.1 to conclude
that wo(T) < 0.
Fix € > 0 arbitrary and choose N so large that ||f(s)|| < (1 + CK)~ e for
all s > N. Write f = fo + f1, where fo € Co(IR4, X) is chosen in such a way
that fo(s) = f(s) for all s > N and || follc,r,,x) < (14 CK) 'e. Note that

the support of f; is contained in the interval [0, N]. By (3.4.2), for all s > 0

we have s
‘/0 T(t)fo(s—t)dt

It follows that it is sufficient to prove that

< (1 +CK)[follcomy,x) <€

§—00 §—00 0

lim T'(s—N) (/()N T(t)f1(N —1t) dt) = lim sT(t)fl(s—t) dt =0. (3.4.3)

Since limy_ o0 A2R(A, A)2f1(-) — f1() uniformly on [0, N], and hence on all of
IR+, (3.4.2) shows that it is even sufficient to prove that

§—00

N
lim T'(s — N) (/ TN R\, A2 f1(N —t) dt) =0 (3.4.4)
0
for all A sufficiently large. Note that, for each such A,

/N TN RN, A2 f1(N —t)dt € D(A?). (3.4.5)
0
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In order to prove (3.4.4), we claim that the resolvent of A exists and is uniformly
bounded in the right halfplane.

To prove this, fix p > 0, g € E, and s > 0 arbitrary. Choose a function
Ju,s € E/ such that

1
su t) — e Mgt <
OStIS)s ||gu,3( ) gl < SM, Hg‘|BUC(R+7X)

and ||g,.sl|Buem, ., x) < KlgllBuem. ,x)- Then, by (3.4.1),
| [ e+ r0ate) ae| < lallsvem,. + Cllaesllavem.

0
<1+ CK)9lBuom,,x)-

Next, let v € IR and x € X be arbitrary and fixed. Let g, s € E be a function
such that

(3.4.6)

su H—e x| <
ogtlg)s ”gu,z,s( ) ” = M,

and ng,x,s||BUC(R+,X) < K||z||. Then, by (3.4.6),

]

/ e_(’”i”)tT(t)xdtH < x|l + H/ e M) gy s (t) dtH
0 0

3.4.7
<ol + (14 CE)lgvwslpvem,.x) o rD)

< (14 1+ CK)K)|x].

Since s > 0 and p > 0,v > 0 are arbitrary, (3.4.7) shows that the entire
X-valued functions z +— f; e *'T(t)z dt are bounded in the right halfplane,
uniformly in s > 0. Moreover, for Rez sufficiently large, they converge to
R(z,A)x as s — oo. An application of Vitali’s theorem and an Proposition
1.1.6 show that the right halfplane is contained in g(A) and that the resolvent
of A is uniformly bounded there. This concludes the proof of the claim.

We next borrow a result from Chapter 4, where it is proved that the
uniform boundedness of the resolvent in the right halfplane implies exponential
stability. All we need here is the weaker (and much easier to prove) fact that
there are constants k > 0 and & > 0 such that || T(t)y| < ke=!||y[|p(az) for all
y € D(A?) and t > 0.

Using this, it is immediate that (3.4.4) is a consequence of (3.4.5). This
concludes the proof.  ////

Clearly, EF = Cy(IR4, X) is a closed, boundedly locally dense subspace of
BUC(IR4, X). Therefore, Theorem 3.4.1 implies:

Corollary 3.4.2. Let T be a Cy-semigroup on a Banach space X. Then T
is uniformly exponentially stable if and only if

sup
s>0

/OST(t)g(t) dtH <00, VgeCh(Ra,X).
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As another application, we define the space AP(IR, X) as the closure in
BUC(IR,, X) of the linear span of the functions {e*) @ z: A € R, z € X}.
It is easy to see that AP(IR4, X) is boundedly locally dense in BUC(IR,, X).
Indeed, if I C Ry is a bounded closed interval and f € C(I) is given, we
choose N so large that I C [0, N] and fix an arbitrary continuous function
fn € C([0, N +1]) that coincides with f on I and satisfies f(0) = f(N + 1).
Then we approximate fy uniformly in [0, N 4 1] by linear combinations of
functions e @ x, 6 € {k/(2n(N +1)): k € Z}, x € X. Since these functions
are (N +1)-periodic, their sup-norms on IRy are the same as their sup-norms in
[0, N + 1]. Therefore, AP(IR, X) is boundedly locally dense in BUC(IR4, X).
Since AP(IR4, X) is also closed in BUC(IR4, X), we obtain:

Corollary 3.4.3. Let T be a Cy-semigroup on a Banach space X. Then T

is uniformly exponentially stable if and only if

sup
s>0

/s T(t)g(t) dtH <00, VgeAP(Ry,X). (3.4.8)
0

The interest of this result is as follows. If (3.4.8) is fulfilled, the uniform
boundedness theorem implies the existence of a constant M > 0 such that

sup
s>0

J T(t)g(t)dtH<M||g||BUcaR+,X), Vg € AP(R,, X).
0

Since for each A € IR the function ¢ +— e\ ® x is almost periodic, it follows
that

sup sup
A€R s>0

S
/ e N (t)x dtH < Mlz||, VreX. (3.4.9)
0

Thus, the Laplace transform of T at the imaginary axis is interpreted as point-
wise evaluation of T at the almost periodic functions e *** ® z. In Section 4.5
we shall prove that condition (3.4.9) implies exponential stability rather than
uniform exponential stability.

We conclude this section with an improvement of Theorem 3.3.1 for the
case Co(IRo, X).

Theorem 3.4.4. Let T be a Cy-semigroup a Banach space X and let E be a
closed, boundedly locally dense subspace of BUC(IR, X ). Then the following
assertions are equivalent:

(i) T is uniformly exponentially stable ;
(ii)) T* f € L*°(IR4, X) for all f € E.

Proof: The implication (i)=-(ii) is trivial. We will prove (ii)=-(i). By the
uniform boundedness theorem applied to the operators T : f — fos T(t)f(s—
t) dt, there is a constant C' > 0 such that

sup
s>0

/0 T(t)f(s—t)dtHSCIIfIIBUC(m,X), VieB.  (34.0)
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For a given f € E and s > 0, let M, = supy<,<, |T(t)|| and let f; € E be any
function such that

1
su s—1t)— fs(P)| < s
ogtrg)s 1./ ( ) — fs(t)]] sM, ||f||BUC(R+,X)

and
| fsllBuem, . x) < Kllfllsucm, x),

where K is the constant from the definition of a boundedly locally dense sub-
space. Then, by (3.4.10),

/Os T(1)f(1) dtH < | flBuom, x) + H/O T(t)fo(s — 1) dtH

<\ fllsuemr,,x) + CllfsllBucam,,x)
<1+ CK)|fllBucm,. x)-

Therefore, wo(T) < 0 by Theorem 3.4.1.  ////

3.5. Positive semigroups on LP-spaces

In Section 1.4 we saw an example of a positive Cy-semigroup on the space
LPN LI 1 < p < q < oo, whose spectral bound is strictly smaller than the
uniform growth bound. In this section we prove the theorem of L. Weis that
this cannot happen for positive Cy-semigroups on LP(u). The proof is based on
two key ingredients: the use of Latushkin - Montgomery-Smith theory, which
allows us to deal with the spectral bound of s(B) rather than with wy(T) itself,
where B is the generator of the induced semigroup on LP(T", LP(u)) as in Section
2.5; and an extrapolation technique which allows us to reduce the theorem to
the ‘easy’ cases p =1 and p = 2.

In view of the complexity of the proof, let us sketch the main line of
argument. Let T be a positive Cy-semigroup on LP(u). By duality, it suffices
to consider the case 1 < p < 2 and by rescaling, it suffices to prove that
s(A) < 0 implies wo(T) < 0.

Solet 1 < p <2 and s(A) < 0. First, we show that it is possible to ex-
trapolate the operator R(0, A) to bounded operators R(()r) on each of the spaces
L"(pg), 1 < 7 < oo, where iy = gdp for a certain strictly positive function
0 < g € L'(u1). The positivity of T is used to extend the other resolvent op-
erators R(A, A), ReX > 0, to the spaces L"(ug) as well. One obtains a family

{Rg\r)}Re a>0 of operators on each L"(u,) satisfying the resolvent identity. For

r=p, Rg\p ) is just the resolvent of T, which by a similarity transformation
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is thought of as a semigroup on LP(u,). For r # p, the operators R(;) need
not be the resolvent of some operator A", however. To overcome this prob-
lem, we now formally imitate the Yosida approximation construction. Recall
that if A is the generator of a Cy-semigroup, its Yosida approximation is the
operator Ay := AN2R()\, A) — \, where A\ > 0 is sufficiently large. The oper-
ators Ay are bounded and have the property that limy_.., Axz = Az for all
x € D(A). Accordingly, we define the bounded operators AE\T) = /\ZRE\T) - A
on L"(pg). Then {etA(;) +>0 is a positive uniformly continuous semigroup on
L"(pg) with generator Ag\r). We then prove that the resolvent of Ag\r) is uni-
formly bounded in the right halfplane, uniformly in » > 1 and A > 1. Now
Latushkin - Montgomery-Smith theory comes in: for » = 1 and r = 2 it is

easy to prove that also the resolvent of By)

is uniformly bounded in the right
halfplane, where By) is the generator of the semigroup on L"(T', L"(ug)) in-
duced by Ag\r) as in Section 2.5. This being done, we go back to the case r = p
by interpolation between L'(I', L'(yu,)) and L*(T', L?(u,)) and conclude that
the resolvent of B/(\p ) is uniformly bounded in the right halfplane, uniformly
for A > 1. Now the operators Bf\p ) are indeed the Yosida approximation of
a generator, viz. of B on LP(I', L?(u,)), where A is the generator of T as a
semigroup on LP(u4). By letting A — oo and using Vitali’s theorem, we obtain
that the resolvent of B is uniformly bounded in the right halfplane. Then, by
the results of Section 2.5, wo(T) = s(B) < 0 and the theorem is proved.

We now start with the details of the proof. Let (€, 1) be a positive o-
finite measure space. We shall use the following notation. For a function
0 < g € L*(u), we denote by p, the finite measure defined by

fg(E) :=/Egdu-

By pgp @ LP(pg) — LP(u) we denote the multiplication operator pg,(f) :=
fg%. Note that p,, is invertible if and only if g is strictly positive, i.e. if g
vanishes on a set of p-measure zero. In that case the inverse p;’;} : LP(p) —
LP(pg) is given by p;’éf = fg_%. Also, a trivial calculation shows that the
restriction to L9(p) (% + % = 1) of the adjoint of py, is given by p 3.

Theorem 3.5.1. Let 1 < p < oo and let (2, 1) be a positive o-finite measure
space. Let T be a positive operator on LP(u). Then there exists a strictly
positive function g € L*(p), ||g||r1(u) = 1. such that for each 1 < r < oo the
following assertion is true: The operator p, \Tpg , maps LP(pg) N L"(pg) into
itself and the restriction of p, T pg , to LP(1g) N L™ (1ug) extends to a bounded

operator T") on L"(p,) with norm
1T L gy < 20T 2o (-

Proof: By rescaling, we may assume that ||T'[|1s(,) = 1.
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First assume 1 < p < oo. Define the non-linear mapping S : L}F(u) —

L) by 1 1 11
Sh = §(T(h%))f’ + 5(T*(h%))q (=+-=1).

It follows from the concavity of the functions ¢ — t%, r = p,q, that S is
continuous. Also, |[Sh|[z1(u) < [|hllz1(y), and 0 < g < h implies 0 < Sg < Sh.
Fix a strictly positive fo € L*(i), || foll1(u) = 1, and choose a > 1 so small

that (2a)7 < 2 and (2a)7 < 2. Define

1
fn+1 = fo-i—ES(fn) n=0,1,2,..

af/(a —1). An easy application of the monotone convergence theorem shows
that (f,) converges in L*(u) to f :=sup,, fn € L*(p). It follows that

Then 0 < fo < f1 < fo < ..., and for each n we have || fu|[11 () < ZZ:O a k<

F=fo+28(7)

and hence S(f) < af. For the strictly positive function g := ||f||zll(u)f we
obtain . ) .
T(gr) < (25(9))7 <2g7;
1 1 1
T(g97) < (25(g))" < 2g7.

Using this, for all f € LP(u,) satistying |f| < 1 it follows that

_ L
|pg’1Tpg,p(f)‘ < Pg,prg,p( Y=g #T(g7) <2
|P;éT*pg,q(f)\ < Py, qT Pgq(1) =g 17 (g7) < 2.

The first inequality shows that p, prg p maps L>(pu,) into itself, with norm
< 2. The second inequality shows that also p - qT*pg q maps L™ (pg) into itself,
also with norm < 2.

Next, let f € LP(ug). Then pg,f € LP(u), Tpgpf € LP(n), and hence
Py Togpf € LP(pg) C L'(ug), using that g is a finite measure. For all
h € L>(ug) of norm < 1 we have

[{pgpTPgpf b = /Qg_%T(fg%)hd,ug

= /T(fg%)hg% du‘
Q

:(AfﬁT%@bdﬂ

= / fg~iT*(hg¥) dpg

= [{f, pg,lT*pg,qhH'
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Therefore,

105 3T Pgpf 111 (1y) < 110G e Pg.allLoe(up) | F L1 gy < 21 F L1 ()

Since LP(pg) is dense in L' (pg), it follows that p, 1T p, , extends to a bounded
operator from L'(py) into itself, of norm < 2.

Thus, we have shown that p;},Tpg,p extends to bounded operators on
L>(pg) and L' (p,). The theorem now follows by interpolation.

If p = 1, we argue as above, now taking S(h) :=Th and a = 1. ////

The following approximation lemma concerns the Yosida approximation
Ay = A2R()\, A) — )\ of a generator A. As we already noted, these operators
have the property that

)\lim Ayz = Az, Yz e D(A);
this is an easy consequence of (1.1.6).

Lemma 3.5.2. Let T be a Cy-semigroup on a Banach space X, with gen-
erator A. For all A > 2max{0,wo(T)} and Rez > 2max{0,wo(T)} we have
z € 0(Ay). Moreover,

)\lim R(z,A))x = R(z, A)z, Vz € X, Rez > 2max{0,wo(T)}.

Proof: Fix w > wo(T) arbitrary. By the Hille-Yosida theorem, there is a con-
stant M such that
M
R\A"| < ———
IR A7) < 2
Therefore, by the definition of Ay, for A > w we have

||6tAAH < efAtZ %H@)\WCHR(/\’A)IC”

k=0
> 1 tkA2k
<M — At
- kz:% k(A —w)k

— Me)\w()\—w)’lt.

For A > 2max{0,w} it follows that
HetAAH < MeQmax{O,w}t, t>0.
This implies that {Rez > 2max{0,w}} C o(A4,) for all A > 2max{0,w} and
M

Rez — 2max{0,w}’
Let z € X and Rezp > 2max{0,w} be arbitrary, and put y = R(z0, A)z.
For A large enough, let ) = (20 — A))y. Since limy_,, Axy = Ay we have
limy_.o xx = x, and the above estimate on the resolvent of A, implies that
limy 00 R(20, Ax)(x — ) = 0. Therefore,

lim R(zg, Ax)x = Alim (y + R(20, Ax)(z — x))) = y = R(z20, A)z.

A—00

1

[R(z, AN < Re z > 2max{0,w}.
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After these preparations we can state and prove Weis’s theorem on the sta-
bility of positive semigroups on LP. The proof presented here is a modification,
due to W. Arendt, of Weis’s original argument.

We recall from Section 2.2 that the adjoint T* of a Cy-semigroup T on
a reflexive Banach space is strongly continuous. Since o(A4) = o(A*) and
IT@)| = |T*()| for all t > 0, we have s(A) = s(A*) and wo(T) = wo(T*).

Theorem 3.5.3. Let (Q, 1) be a o-finite measure space and let 1 < p < co.
Let T be a positive Cy-semigroup on LP(u), with generator A. Then s(A) =
LUO(T).

Proof: Since for 2 < p < oo the spaces LP(u) are reflexive, by applying the
above duality procedure it follows that it suffices to prove the theorem for
1<p<2

By rescaling, it is enough to show that s(A) < 0 implies wo(T) < 0. So
we shall assume that s(A) < 0.

By Theorem 1.4.1, —A~! = R(0, A) is a positive operator. By Theorem
3.5.1 applied to T' = —A~!, there exists a strictly positive function g € L*(p)
of norm one such that the following assertion is true. For each 1 < r < o0,
the operator p, A~ py, maps LP(ug) N L"(pg) into itself, and the restriction

of —p LA™ pgp to LP(pg) N L7 (py) extends to a bounded operator Rér) on
L (pg) Such that

1RGN 2y < 2047 N ogy-
We claim that for all A > 0, the operator Py o RN, A)pg p maps LP(pg) VL (p1g)
into itself, and that the restriction of p; ()\ A)pg.p to LP(p1g)NL" (1g) extends

to a bounded positive operator RA) on L"(pg) of norm < 2[|A| o).
To see this, fix 1 < r < oo and f € LP(uy) N L"(pg) arbitrary. For all
A >0, by Theorem 1.4.1 we have

IR(\ A)pgpf] = IR A)(fg7)| =

lim [ T(6)(flg7)dt = —A7(|flg7) = —A  pg | fI-

T—00

T—00

lim /T e_)‘tT(t)(fg%) dt
0

IN

Therefore,

05 LRON A)pgpf| < 0y L (=AY gl f1 = RS £

Since R{" maps LP(1g) N L7 (11y) into itself, it follows that lpg p RN, A)pgp f
€ LP(pug) N L7 (pg) and

15 LR A)pgp fllorue) < IR A oty < 204 o) 11y -

This proves the claim. Note that for » = p we have

RY = pi LR A)pypy VA0,
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For all 1 <7 < oo and any two Ag, A1 > 0 we have
R() = R{) = (0 = M) RS RS (3:5.1)

Indeed, by the resolvent identity this holds for the restrictions to LP(u4) N
L™(pg), and by a density argument it follows for all of L" ().

We now define, for 1 <r < co and A > 0,

A= 2R — .

These are bounded operators on L"(ug). ;From the identity

(r) _ 2 p(r)
Ty)(t) — ot AV oA AR

and the positivity of R&T) it follows that the uniformly continuous semigroup
Tg\r) generated by Ag\r) is positive. Also, for A > 0, by (3.5.1) we see that
A+ R((JT) is a two-sided, positive inverse of —Ag\r). Therefore, in view of
Theorem 1.4.1 (ii) and the boundedness of Ag\r),

wo(T() = s(A1) < 0.

It follows that {Rez > 0} C Q(Ag\r)), and for Rez > 0 and f € L"(ug) we have

IR(z, A7) f| =

/ e—ztem&”fdt]s / e\l dt = R(0, A7) £,
0

0

the integrals being in the improper sense. Therefore, for all A > 0 and Rez > 0,

IRz, AT 2y < 1RO, A 1 ()

. ") o o (3.5.2)
KA Ry Miruy) <A +21A7 o)

We now apply Corollary 2.5.3 to the operators AE\T). It follows that the
generator B/(\T) of the positive semigroup SE\T') on L"(T', L"(j14)) defined by
r i ) L i(o—
SV = N f(070)

satisfies s(B;r)) = wO(TE\T)) < 0. This implies that {Rez > 0} C ,Q(B/(\T)), and
for all Rez > 0 and f € L™(T', L"(p4)) we have

R(z, B f = / e 5\ (t) f dt,
0
the integral being in the improper sense. The next claim is that

IR(z, B

(L (ug)) < 2007+ 20 A7 o)
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for all Rez >0, A > 0, and 1 < r < 2. First we show this for »r =1 and r = 2.
(r =1): Using (3.5.2), for all 0 < f € L*(T", L' (u,)) we have

1Rz, B) Lo, )

:/ /OO e—7te tA(l)f( i(eft))dt
<l

:‘ / et Ay ( / f(eiw—t))de) dt
0 r LY ()

< 1RO, AV sy / F(e@D) do

1
< RO, AL () |22 ()
< AT 2l A o) I L @, pt (ay))-

dé

LY (pg)

tA“) 1(0 t))‘

dt df
Kg)

Lt (pg)

By splitting an arbitrary f € L'(I', L' (,)) into real and imaginary part and
each of these into positive and negative part and using the additivity of the
L'-norm, the case r = 1 follows from this.

(r = 2): We denote by e the function e (e'?) := e?*?. Using the orthogo-
nality of the ey in L?(I), for all finite sequences f_, ..., fn € L?(u,) we have,
using (3.5.2),

HR Z B(Q) Z 6k®fk‘

k=—n

L2(0, L2 (pg))

n 2

Z er @ R(z + ik, AE\Q))fk-

k=—n

L2(T, L2 (pg))

= o Z HR(sz,A(f))

<2 HR z+ ik, Ay @ H Z ||fk||L2(/J

<2 AT+ 20 A7 o g)? Z ||f’€||%2(ug)

k=—n

Z €k®fk

k=—n

= (AT 20 AN o ()?

L2(T, L% (pg))

Since the finite linear combinations > ,_ e ® fy are dense in L*(T", L?(u,)),
the desired conclusion for r = 2 follows from this.
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By Appendix A.2, Proposition A.2.2, the claim follows from these two
cases by complex interpolation. Taking r = p in the claim, we obtain

|R(z, B )HLP(F Le(ug)) <2+ 4)|A~ HL;D(M)7 VRez >0, A>1. (3.5.3)
The next step is to prove that
Jim_ R(z, BP)f = R(z,BW) (3.5.4)

for all Re z > 2max{0,wo(T)} and f € LP(T, LP(y,)), where A®) denotes the
generator of the induced semigroup p, } Tpyp, on LP(pg) and B®) denotes the

generator of the semigroup S on LP(T', LP(p,)) induced by Py Togp:
S(P)f( 16) pg pT( )pg,pf(eiwit))'
To this end, we note that
AV = NRY N = Xp RO A)pgp =~ A= pyp by,

where A) is the Yosida approximation of A. Hence Q(Ag\p)) = 0(A,) and for
all z € p(A,) we have

R(z, AP) = psLR(2, A\)pg p-
Regarding the e as functions in LP(T"), for all finite sequences f_,, ..., f, €
LP(pg) we have, using Lemma 3.5.2,

|
5

hm RzB Zek@)fk— Zek®R(z+zkA(p)f

k=—n k=—n
n

lim Z er ® py  R(z + ik, AX)pgp fi

A—00

n

= Z er ® py  R(z + ik, A)pg p fr

k=—n

= Z e X R(Z + ik, A(;D))fk

k=—n

=R(z,BP) Y ex @ fr.
k=—n

Since the functions >";_  er ® fi are dense in LP(T', LP(u,)), (3.5.4) follows
from the uniform boundedness of the operators {R(z, Bg\p)), A>1, Rez > 0}.

In view of (3.5.3) and (3.5.4), we are in a position to apply Vitali’s theorem
(cf. Section 3.3) to the functions z — R(z, B;p))f, felP(T,LP(uy)), A >1. It
follows that the maps z — R(z, B()) f admit bounded holomorphic extensions
to {Rez > 0}, with bounds (2+4[| A~ || () |/l Lo (0,22 (4, ))- Proposition 1.1.6
now shows that {Rez > 0} C o(B®) (and that the resolvent of B®) exists
and is uniformly bounded there with bound 2 + 4[|A7!||1s(,)). Therefore,

wU(T) = wo(pg prg P) - S(B(p)) <O0. ////
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It is not a coincidence that we have dealt explicitly with the cases r = 1
and r = 2 in the proof above. In fact, the theorem admits a much simpler
proof for p =1 and p = 2. If p = 2, then L?(u) is a Hilbert space. Therefore,
wo(T) coincides with the abscissa of uniform boundedness of the resolvent of
its generator, and this abscissa is equal to s(A) by Theorem 1.4.1. If p =1 we
argue as follows: For all 7 > 0 and f € L'(u) we have

| irosiac< [l [ aroa.
Here, 1 denotes the constant one function in L*(u). If s(A) < 0, then by
Theorem 1.2.3 w1 (T) < 0 and the right hand side converges to (1, R(0, A)|f])
as 7 — oo. Therefore,

/0 IT(6) S dt < o0, Vf € LM(),

and we can apply the Datko-Pazy theorem.

We conclude this section with the case of positive Cp-semigroups on Co (),
where (2 is a locally compact Hausdorff space.

If T is a Cy-semigroup, then wo(T) = wo(T®), where T® is the strongly
continuous part of the adjoint of T as defined in Section 2.1. Indeed, it is
obvious that ||[T®(t)|| < [|T*(®)|| = |T(¢)| for all ¢ > 0; on the other hand,
with M :=limsup,_, o |AR(A, A)| the identity

(2", T(t))| = lim (T (AR, A")a", )]

shows that |(z*, T(t)x)| < M||T® @) ||z*]||z| for all z* € X* and x € X, so
|TO#)|| > M~ T(t)|| for all t > 0. Hence

MTOI < IT°O1 < IT@, >0,
and the identity wq(T) = wo(T®) follows.

Theorem 3.5.4. Let T be a positive Cy-semigroup with generator A on
Co (), Q locally compact Hausdorff. Then s(A) = wo(T).

Proof: If wy(T) = —oo there is nothing to prove; hence without loss of gener-
ality we may assume that wo(T) = 0. It suffices to prove that 0 € o(A).

Suppose the contrary. For each 7 > 0, consider the bounded operator S
on (Cy(2))* defined by

(Sov, f) = /O " Tt f € o).

For all f € Cy(R2) and v € (Cp(2))* we have, using Theorem 1.4.1 and the
assumption that 0 & o(A),

T

lim (S,v, f) = lim [ (v, T(t)f)dt = (v, R0, A)f) = (R(0, A)*v, f).

T—00 T—00 0
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It follows that S,v converges weak* to R(0, A)*v for all v. In particular,

sup ||S-|| =: N < oo. (3.5.5)
7>0

On the other hand, since 0 € 0(A®) = o(A) (apply Lemma 1.4.3 to the in-
clusion X® C X*) there is an € > 0 such that the Taylor series of R(\, A®)
at A = 1 has radius of convergence 1+ e. For all 0 < p € (Cp(Q2))* we have
0 < R(0,A*)u € (Cp(92))® and hence

R(0, A°)R(0, )i = (}llw %

[\=1R(A, A®)R(0, A"

o0

—1)" dn o .
= ( n!) thl/o e MTO (1) R(0, A*)pu dt

n=0

> /0 %e‘tTQ(t)R(O, A"\t
n=0 :

Hence, for all 0 < ¢ € (Cy(€2))** we have, using Fubini’s theorem,

(6 ROA°RO.AN) =3 [ e 0. TR0, A at

_ /0 16, TO (W) R(0, A ) d.

By splitting an arbitrary ¢ € (Co(€2))** into real and imaginary parts, and
each of these into positive and negative parts, it follows that

weak- lim TO(t)R(0, A*)udt = R(0, A°)R(0, A*) .

T—00 0

By Dini’s theorem, weakly convergent, monotone nets are strongly convergent.
Hence,
lim TO)R(0, A*)udt = R(0, A°)R(0, A*)u (3.5.6)
T—=00 [
strongly. By considering real and imaginary parts and splitting these in positive
and negative parts, (3.5.6) holds for arbitrary u € (Co(£2))*.
Combining (3.5.5) and (3.5.6) and using that D(A*) = R(0, A*)(Co(2))*
is dense in (Cy(92))?, it follows that

lim ’ TO(t)vdt = R(0,A®)v, Vv e (Co(2))%. (3.5.7)

T—=0 Jg
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Now we use the fact that for any two 0 < vy, 1 € (Co(€2))* we have

lvo + vl = [lvoll + [lwa]l-

Splitting the integral / TO(#)AR(\, A*)pdt into Riemann sums, it follows
0
that for all 0 < p € (Co(R2))* and A > 0 we have

[ 1o OARG A%l dt = H / TG(t)/\R(A,A*)udtH — RO\ A%) S0
0 0

Take an arbitrary real v € (Cy(2))® and let v, and v_ denote is positive and
negative part. Then,

/||T®(t)y||dt:/\hm/ 1T (OAR(A, A®)w| dt
0 —>Jo

< limsup/ ITO(OAR(N, A%, | dt
0

A—00
+limsup/ | T (AR, A*)v_| dt
A—oo JO
= limsup [[AR(X, A™)S v ||
A—00
+ limsup ||AR(X, A*) S v_||
A—00
< M(IS,v ]|+ 1S-v_ 1)
S MN([lvg | + llv-1) = MN|vl|,

where M := limsup,_, . [|AR(A, A)||. By splitting an arbitrary v € (Co(2))®
into real and imaginary parts, we obtain

/ |72 (t)w]| dt < 2MN|lu], Vo € (Co(@)°.
0

Therefore we can apply the Datko-Pazy theorem to T® and conclude that
wo(T) = wo(T?) < 0. This contradiction concludes the proof.  ////

The difficulty in the above argument is that it is not a priori clear whether
the positive and negative parts of a real element v € (Cp(2))® belong to
(Co(£2))® again. If one knew this, one could replace R(0, A*)u by vy resp. v_
in (3.5.6), which would lead to (3.5.7) directly without the need of proving the
uniform boundedness of the operators S, separately. Also, the approximation
argument in the last part of the proof becomes superfluous.

For spaces C'(K) with K compact Hausdorff, a much stronger result is
valid. For its proof we need the Krein-Rutnam theorem which we state next.

By M (K) we denote the space of all regular bounded Borel measures on K; so
M(K) = (C(K))".
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Proposition 3.5.5. Let T be a positive bounded operator on the space
C(K), K compact Hausdorff. Then there exists a non-zero 0 < p € M(K)
such that T*p = r(T)p.

Proof: For all f € C(K) and all A € C with |A| > 7 := r(T') we have

IR\ T

Z (e = AN T

and hence |R(A, T)| < ||[R(JA,T)||- By this and Proposition 1.1.5, we obtain
that limy, [[R(A, T)*|| = limy;, |[R(N\, T)|| = co. By the uniform bounded-
ness theorem, there exists a sequence A\, | r and a v € M(K) such that
lim,, o [|R(An, T)*v|| = oco0; by replacing v by its modulus we may take v to
be positive. Define

pin = [|RO, T) V|| T R(A, T) v
Then,

lim (r — T*)p, = lim [[R(A,, T) |7 ((r = An) + (A — T%))R(An, T)*v

= nli_)n;o(r — M) tn + [|[ROA, T v|| "ty = 0.
By the Banach-Alaoglu theorem, the dual unit ball of any Banach space is
weak*-compact. Therefore, the sequence (u,) has a weak*-cluster point p.
Clearly, u > 0. Since the operator » — T™ is weak*-continuous, it follows that
(r —T*)p is a weak™*-cluster point of the sequence ((r —T*)u,), and therefore
(r —T*)u = 0. Also, since K is compact, the constant one function 1 defines
an element of C'(K) and

Tl = (T, 1) = Jim (T 3) = Jim ([T, | = 1
This proves that u is non-zero.  ////

Theorem 3.5.6. Let T be a positive Cy-semigroup, with generator A, on
X = C(K) with K a compact Hausdorff space. Then the following assertions
are equivalent:

(i) s(A) <0

(ii) T is uniformly exponentially stable;
(iii) Nimy_ oo (™, T(t)y) = 0 for all y € D(A) and z* € X*.

Proof: In view of Theorem 3.5.4, all we have to prove is that (iii) implies (i).

(From the uniform boundedness theorem, for all z € D(A) there is a
constant M, such that that ||T(t)z| < M, for all ¢ > 0. Hence, s(A) =
w1(T) < 0. In order to prove that s(A) < 0, by Theorem 1.4.1 it suffices to
prove that 0 & o(A).
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Suppose, for a contradiction, that 0 € o(A4). By the spectral inclusion
theorem, 1 € o(T'(¢t)) for all ¢ > 0. We also have wo(T) = s(4) < 0 by
Theorem 3.5.4 and hence r(T'(t)) < 1. It follows that »(T'(t)) = 1 and therefore
by the Krein-Rutnam theorem there exists a non-zero p € M(K) such that
T*(t)u = p. Let f € D(A) be any function such that (u, f) # 0; such f exists
since D(A) is dense. Then, (u,T(t)f) = (T*(t)p, f) = {(u, f) and the latter
fails to converge to zero. ////

The equivalences (i)« (iii) and (i)« (iii) break down in the locally compact
case: the translation semigroup on Co(IRy) defined by (T'(¢)f)(s) := f(s+1) is
uniformly stable and therefore (iii) holds, but T is not uniformly exponentially
stable and we have s(A) = 0.

3.6. The essential spectrum

In this section we study the essential growth bound w§®**(T) of a Cp-
semigroup T with generator A and prove that

wo(T) = max{s(A),w;**(T)}.

Thus, the failure of the identity s(A) = wo(T) can be interpreted in terms of
the essential spectrum of T. We also give necessary and sufficient conditions for
a Cy-semigroup to converge uniformly to a rank one projection. This theorem
assumes a particularly nice form for irreducible positive Cy-semigroups, which
we discuss briefly.

We start with some definitions. The two-sided ideal in £(X) of all com-
pact operators is denoted by K(X). The Calkin algebra C(X) is the quotient
L(X)/K(X). With the quotient norm, C(X) is a Banach algebra with unit.

The essential spectrum, notation o¢**(T'), of a bounded operator T is de-
fined as the spectrum of T' + K(X) in the Banach algebra C(X). Explicitly, it
consists of the set of all A € € for which no bounded operator S can be found
such that (A —=T)S — I and S(A —T) — I are compact. The essential spectral
radius r¢°°(T') of T is defined as sup{|A| : A\ € 0°**(T")}. We shall need the fol-
lowing fact from Fredholm theory; the proof may be found in the book [CPY].
If res*(T) < r(T), then o(T) N {|A| > r°°*(T")} consists of at most countably
many isolated eigenvalues (each of which is a pole of the resolvent of T').

We define the essential growth bound w§®**(T) of a Cy-semigroup T as the
growth bound of the quotient semigroup T+/X(X) on C(X), i.e. as the infimum
of all w € IR for which there exists an M > 0 such that

IT() + K(X)lex) < Me", ¥t 0.
As in Proposition 1.2.2; for all ty > 0 we have

_logr ' (T(t) _ . T T() + K(X) ooy

€SS
T =
wi™(T) t Pt P

The following theorem describes the relation between w§**(T) and wo(T).
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Theorem 3.6.1. Let T be a Cy-semigroup on a Banach space X. Then
either w§* (T) = wo(T) or the line Re A = wo(T) contains an eigenvalue of A.
In particular,

wo(T) = max{s(A),w;**(T)}.

Proof: Assume that w§®*(T) < wo(T). Then also r°**(T'(1)) < r(T(1)). Let
A€ o(T(1)) with |A] = r(T'(1)) be arbitrary. Then X is an eigenvalue of T'(1)
and by the spectral mapping theorem for the point spectrum there exists a
w € op(A) such that e* = X. Clearly, Repp = wo(T). ////

We say that A has a strictly dominant eigenvalue if c(A)N{ReX = s(A)}
consists of a single point {w} which is an eigenvalue of A. An isolated point
A€ o(A) is called algebraically simple if the corresponding spectral projection
is a rank one operator.

The following theorem describes the asymptotic behaviour of a semigroup
with a strictly dominant, algebraically simple eigenvalue.

Theorem 3.6.2. Let T be a Cy-semigroup on a Banach space X and let
w € IR. Then the following assertions are equivalent:

(i) There exists a rank one projection P such that
tlim lle=“tT(t) — P|| = 0.

(ii)) w§** (T) < wo(T) and w is a strictly dominant, algebraically simple eigen-
value of A.

In this case, the rank one projection is the spectral projection corresponding
to {w}. Moreover, there are constants M > 0 and 6 > 0 such that

|e=“'T(t) — P|| < Me™®, t>0,
and o(A) N{Re X > w — ¢} = {w}.
Proof: Assume (i). Then,

T(t)P = lim e™**T(t +5) = et P
and similarly PT(t) = e“*P. Hence, T(t)P = PT(t) = e*'P, Px € D(A) for
all z € X and APx = wPx, showing that w is an eigenvalue of A.

Since P is a projection commuting with T, we have a direct sum decompo-
sition X = Xo® X;, where Xg = PX and X; = (I — P)X are T-invariant. Let
T; be the corresponding restrictions and let A; be their generators, i = 0, 1.
From

lim ||e_“’tT1(t)H = lim He_“’tT(t)(I— P)|| = lim ||e_“’tT(t) —P|=0
t—o0 t—oo t—o0
it follows that

lim e TV~ — Jigm e~ (T (¢)) < limsup e | T1(t)]| = 0

t—o0 t—o0 t—00
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and therefore wo(T;) < w. Hence there exists a § > 0 and a constant M =
Ms > 0 such that
Ty ()] < M=, ¢ >0.

This implies that
le”'T(t) = P|| = [l T1(t)|| < Me™".
Since P is rank one, hence compact, T'(t)P is compact for all ¢ > 0 and

1T(t) + K(X)llex) = 1T — P) + K(X)llex)
= [IT1(t) + K(X)lle(x)
< T (@) < Me@=9t ¢ >0.

This implies that w§**(T) < w — 4. On the other hand, wo(T) = w, and it

follows that w§®* (T) < wo(T). We claim that o(A) N {Re A > w — 0} = {w}.
Indeed, let A € o(A) with ReA > w—4§. Then e* € o(T(1)), [e}| > e* 0 >

r¢3(T(1)) and therefore e is an eigenvalue of T'(1). If y is an eigenvector, then

(—w+A)n

0= lim [e”*"T(n)y — Py|| = lim |l y — Pyl

n—oo
which is only possible if A = w (and y = Py). This proves the claim and at the
same time shows that w is strictly dominant.

It remains to prove that w is algebraically simple. For this it suffices to
prove that P = P,,, the spectral projection corresponding to w. To this end,
we fix 2 € X arbitrary. Let I' = I's , be the counterclockwise oriented circle
of radius g and centre w. By what we have already proved, I' C p(A) and the
only element of o(A) enclosed by I' is w. Since APz = wPx, for all A € T we
have R(A, A)Pz = (A — w)~ ' Pz. On the other hand, for all A\ € I' we have

R\, A)(I — P)x = R(\, Ay)(I — P)x = / e~ Ny () dt,
0
the integral being absolutely convergent since wo(T1) < w — d < ReA. There-

fore, by Fubini’s theorem and Cauchy’s theorem,

1
P,x=— [ R\ A)zd)\
21 T

1 P * /1
- x d)\+/ —,/e*”d/\ Ty (t)z dt
2mi Jr A —w 0 2mi Jr

= Px+ 0 = Px.

This concludes the proof of (i)=-(ii).
Conversely, assume (ii). We claim that there exists a § > 0 such that
w§**(T) < w — 9 and ReXA < w — 6 for all A € o(A)\{w}. Indeed, otherwise
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there would be a sequence (\,,) C o(A) such that Re A, T w. By the spectral
inclusion theorem, e*» € o(T'(1)) for all n. Since |e**| T ¥, it follows that the
circle with radius e* contains an accumulation point u of the sequence (e*»).
Since the spectrum of T'(1) is closed, we have p € o(T(1)). But o(T(1)) N
{IA] > r°**(T(1))} consists of isolated points, and therefore we must have
re**(T'(1)) > e* and hence w§®*(T) > w. Since on the other hand w is an
eigenvalue of A, e¥ is an eigenvalue of T'(1) and hence wy(T) > w. It follows
that wo(T) < w§**(T), contradicting the assumptions of (ii). This proves the
claim.

Let P = P,, the spectral projection corresponding to {w}; by assumption
this projection is rank one. We have a direct sum decomposition X = Xy @ X;
of T-invariant closed subspaces, Xg = PX, X; = (I — P)X. Let T; be the
restriction of T to X;, and let A; be its generator, ¢ = 0,1. Since w§**(T;) <
w§*(T) < w — ¢ and s(A4;) < w — 4 by the claim, Theorem 3.6.1 implies that

wo(T1) = max{s(A1),w**(T1)} <w — 0.

It follows that for all 0 < € < § there is a constant M = M, > 0 such that
|T1(t)|| < Me@=9)t ¢t >0, and hence

le="T(t) — Pl = [le” " Ty (t)|| < Me™".

Here we used the fact that T'(t)P = e*'P, t > 0; this follows from the fact
that the one-dimensional range of P is spanned by an eigenvector of A with
eigenvalue w.  ////

A positive Cy-semigroup on a Banach lattice X is called irreducible if X has
no proper T-invariant ideal other than {0}. Theorem 3.6.2 has the following
consequence.

Theorem 3.6.3. Let T be an irreducible semigroup on a Banach lattice X.
If wg**(T) < wo(T), in particular if T is eventually compact and wo(T) > —oo,
there exist 0 < zo € X, 0 < zf € X* and an § > 0 such that

e s (1) — 25 @ mo|| < e™%, t>0.

That Theorem 3.6.3 follows from 3.6.2 is far from obvious. We shall not
give the complete proof, which is beyond the scope of these notes, but only
sketch the main line of the argument. The detailed proof can be found in the
book [Na, Chapter C-III].

(From the assumption w§®*(T) < wo(T) it follows that s(A) = wo(T) and
ress(T(t)) < r(T(t)) for all t > 0. Hence by Fredholm theory, for all ¢ > 0,
r(T(t)) is a pole of the resolvent of the operator T'(t). This easily implies that
s(A) is a pole of the resolvent of A. Next, one shows that s(A) is a strictly
dominant eigenvalue. For this one uses the fact that o(A) N {Re A = s(A4)} is
additively cyclic if s(A4) is a pole of the resolvent. Thus, if s(A) is not strictly
dominant, there is an o > 0 such that s(A) + iaZ C o(A). The spectral
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inclusion theorem then implies that for all but countable many ¢ the circle
with radius r(7T'(t)) is contained in the spectrum of T'(¢t). In particular, non
of the points on this circle is isolated in o(T'(t)). By Fredholm theory, this
implies that r**(T'(t)) = r(T'(t)) and hence w§**(T) = wo(T), contradicting
the assumptions. Therefore s(A) is strictly dominant. Now the irreducibility
of T comes in to show that s(A) is an algebraically simple pole whenever it
is a pole, and that in this case the corresponding spectral projection is of the
form z§ ® xg with (z*, z9) = 1, where 0 < zy and 0 < zj are eigenvectors with
eigenvalue s(A) of A and A*, respectively.

Notes. Lemma 3.1.2 is taken from [NSW] but various forms of it have been
observed earlier by a number of authors.

R. Datko [DX] proved Corollary 3.1.6 for « = 1 and p = 2, and A. Pazy
[Pz] obtained the case a =1 and 1 < p < 0.

The general approach taken here to the Datko-Pazy theorem not only leads
to stronger results, but also has the advantage that it yields a unified approach
to Rolewicz’s theorem. A direct proof of the Datko-Pazy theorem is given in
[Pz, Theorem 4.4.1].

Theorems 3.1.4 and 3.1.5 are taken from [Ne2]. For E = [P, Theorem
3.1.4 is due to G. Weiss [Ws2]. Earlier, special cases have been obtained by J.
Zabezyk [Zbl] and K.M. Przyluski [P]].

Miiller’s theorem is proved in [Mii] and depends of Fredholm theory. The
proof is valid only for complex Banach spaces. An elementary proof for power
bounded operators, valid for real and complex Banach spaces, is given in [Ne3].
Related results can be found in the book [Be].

The first step of Lemma 3.1.7 was proved in [Ne2]; the technique to derive
the sharper result in Step 2 is used in [Ne3]. Theorem 3.1.8 seems to be new
and answers a question raised by Q. Zheng [Zh2]. It shows that the result
in [Tg] is not sharp, contrary to what is suggested by the title of that paper.
For Hilbert spaces, Theorem 3.1.8 follows from Gearhart’s theorem and the
following result of G. Weiss (see Section 4.6): Let T be a Cy-semigroup on a
Banach space X. If there exist 1 < p < oo and C' > 0 such that

/ [z*, T(t)x)|P dt < C||z||P||z*||P, VzeX, z"e X",
0

then so(A4) < —1/(pC). As we do not know whether Miiller’s theorem holds
in real Banach spaces, it is not clear whether Lemma 3.1.7 and Theorem 3.1.8
hold in real spaces.

Theorems 3.2.2 and 3.2.3 are taken from [Ne2]. Note that the proof of The-
orem 3.2.3 depends on Step 1 of Lemma 3.1.7 only. The special case of Theorem
3.2.2 for continuous ¢ is due to S. Rolewicz [Ro]. He actually proves a more
slightly more general result valid for so-called evolution families {U (¢, s) }+>s>0-



114 Chapter 3

A shorter proof of Rolewicz’s theorem is given by Q. Zheng [Zh1] who also re-
moved the continuity assumption. Another proof of (the semigroup case of)
Rolewicz’s result was offered by W. Littman [Li]. All these proofs are direct
and ad hoc. Theorem 3.2.3 with o = 1 leads to yet another proof.

The material of Sections 3.3 and 3.4 is taken from [Ne4]. A proof of Vitali’s
theorem is given in [HP, Thm 3.14.1].

Theorem 3.5.1 was proved by L. Weis [Wel], thereby extending the case
p = 1 which had been obtained earlier by W.B. Johnson and L. Jones [JJ].
Theorem 3.5.3 is also due to L. Weis [We2]. His proof is based on interpolation
between L (T, L (p14)) and L*°(T, L>°(p14)) and duality arguments. Some diffi-
culties in the proof can be avoided if one replaces the role of L>(I', L*(u4)) by
L*(T, L?(uy)). This was discovered by W. Arendt (unpublished manuscript);
we follow his modification of Weis’s proof here.

A second and much shorter proof of Weis’s theorem has been announced
by S. Montgomery-Smith [Mo]. He verifies the conditions of Theorem 2.5.4
directly by first approximating a function in LP(I", LP(u)) by stepfunctions and
then proving an inequality for LP-valued stepfunctions. At the moment this
book went to print, there was one subtle measure-theoretic difficulty in the
proof which had not been resolved yet.

The equality s(4) = wo(T) for positive semigroups on LP has been a
long-standing open problem; before its final solution partial results have been
obtained by J. Voigt [Vo] and M. Hieber [Hb].

The identity s(A) = wo(T) for positive Co-semigroups on L* () and L?(p)
is due to R. Derndinger [De] and to G. Greiner and R. Nagel [GNa], respectively.

For the spaces C(K) and Cp(2), the identity s(A) = wo(T) was proved by
R. Derndinger [De] and C.J.K. Batty and E.B. Davies [BD], respectively. U.
Groh and F. Neubrander [GNe] proved an extension to C*-algebras. W. Arendt
and G. Greiner [AG] proved that for positive Cy-groups on Cp(€2) the weak
spectral mapping theorem holds. This is no longer true for positive Cy-groups
on arbitrary Banach lattices; an example of an irreducible positive Cy-group
with s(A4) < wo(T) was given by M. Wolff [Wo].

An example of a positive Cy-semigroup on a Banach lattice X for which
X© is not a sublattice of X* was constructed by A. Grabosch and R. Nagel
[GN]. This cannot happen on X = Cy(2): by a result of B. de Pagter [Pa2],
in this case X© is always a projection band in X*. In particular, X© is a
sublattice of X™.

Theorems 3.6.1 and 3.6.2 are due to J. Priiss [Prl] and G. Webb [Wb],
respectively. Theorem 3.6.3 is due to G. Greiner and has applications, e.g., to
the theory of age-structured populations; see for instance [HK].



Chapter 4.

Boundedness of the resolvent

In this chapter we study to what extent the exponential type of certain
orbits of a Cy-semigroup is determined by boundedness properties of the resol-
vent in a given right half-plane. The prototype of such results has already been
proved in Section 2.2, where we showed that wo(T) = so(A) for Cy-semigroups
on Hilbert spaces. We shall prove a generalization of this result for semigroups
in arbitrary Banach spaces.

We start in Section 4.1 by introducing the fractional growth bounds w, (T),
a > 0. These are, roughly speaking, defined by the exponential growth of
orbits originating from the domains of the fractional powers of the generator.
We prove the convexity theorem of Weis and Wrobel, which states that the
function o — w,(T) is convex.

This result is applied in Section 4.2 to prove the inequality

wi_1(T) < so(A) (4.0.1)

1_1
P g

for Cyp-semigroups T on a Banach space with Fourier type p € [1,2]. Since
Hilbert spaces have Fourier type 2, the identity wo(T) = so(A) is recovered.
On the other hand, every Banach space has Fourier type 1 and we obtain the
inequality

wi(T) < s0(A)

for arbitrary Cp-semigroups. We also present an example which shows that
(4.0.1) is the best possible.

In Section 4.3 we prove the following individual version of (4.0.1): If A
generates a Cp-semigroup on a Banach space X with Fourier type p € (1,2]
and o € X is such that the map A — R(A, A)xg admits a bounded holomorphic
extension to {Re A > 0}, then for all a > % and Re Ao > wo(T) we have

Jim [7(2) (3o — A) ]| = 0. (4.0.2)

By modifying the proof, in Section 4.4 we show that this extends to the case
p =1 if X has the analytic Radon-Nikodym property.

In arbitrary Banach spaces, (4.0.2) is no longer true. Nevertheless, even
in the limit case a = 1 the norm of T'(¢)R(\g, A)xo cannot grow very fast: we
prove in Section 4.5 that there exists a constant M > 0 such that

|T(#)R(No, A)zo|| < M(1+1), t>0.
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In Section 4.6 we apply some of the results of the previous sections to semi-
groups enjoying certain scalar integrability properties. Under fairly general
assumptions it is shown that such semigroups have uniformly bounded resol-
vent. This leads to the theorem of Huang, Liu, and Weiss that a Cy-semigroup
T on a Hilbert space H is uniformly exponentially stable if and only if all orbits
are scalarly p-integrable for some 1 < p < o0, i.e.,

/ (2", T®))P dt < o0, Va,z" € H.
0

By means of an example we show that uniform boundedness of the resolvent
need not imply scalar p-integrability for any p > 1. Finally, we present some
results giving sufficient conditions for scalar p-integrability of the semigroup in
terms of the behaviour along vertical lines of both the resolvent and its adjoint.

4.1. The convexity theorem of Weis and Wrobel

In this section we introduce the fractional growth bounds w,(T) and study
their basic properties. For 0 < a < 1, these quantities interpolate between
wo(T) and wy(T). The relevant definitions and facts concerning fractional
powers and interpolation theory are collected in Appendices A.1 and A.2, re-
spectively.

Let A be the generator of a Cy-semigroup T on a Banach space X and let
Rew > wy(T). Then for A, := A—w we have ||R(\, A,)|| < M/(1+\) for some
M > 0 and all A > 0. Consequently, the fractional powers (—A,,)* are defined.
By Proposition A.1.2 in Appendix A.1, for real w the domains D((—A,)%) are
independent of w > wy(T). We will denote this common domain by X,.

For a > 0 we define the fractional growth bound w,(T) as the infimum of
all w € IR such that for all z € X, there exists a constant M = M, , > 0 such
that ||7(¢t)z|| < Me“! for all t > 0. Note that for « = 0 and o = 1 this reduces
to the definitions of wy(T) and wq(T) given before.

(From property (iii) in Appendix A.1 it follows that the map o — w4 (T)
is non-increasing. In fact, much more is true: this map is convez.

Theorem 4.1.1. The function o — w,(T) is convex on [0, c0).

Proof: Let 0 < ap < g and 0 < 6 < 1 be arbitrary, and put ag := (1 — ) +
fa;. We have to show that

Way (T) < (1 = O)way (T) + Owa, (T).
By Proposition A.2.1 of Appendix A.2, for all 0 < € < 6 we have a continuous

inclusion
D((-=A4)*) C [D((=A)*), D((=A)*")]p—e- (4.1.1)
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Fix a; > wq,(T), i =0,1, ap > ay. By definition of the growth bounds w (T),
for each x € D((—A)*) we have

T()IE S LI(IR+, 6iaitdt, X), 7= 0, 1,
and by the closed graph theorem the maps

T :D((—A)™) — LY (IR, e~ *'dt, X),
Tz :=T()x,
are bounded, i = 0, 1. Using Proposition A.2.3, by interpolation it follows that
T is bounded as a map
T :[D((-=A)*), D((—A)™")]o—e
- [Ll (R-H eia()tdta X)7 LI(IR+a eialtdtv X)}G—E = LI(IR-H eias_étdta X),
where ap_. = (1 — (6 — €))ag + (0 — €)ay. Therefore, by (4.1.1), T is bounded

as a map

T:D((—A)*) — LY(Ry, e *—<'dt, X).
This means that for all x € D((—A)*?) the map ¢t — T'(¢)z defines an element of
LY (IR, e~-<!dt, X). By Lemma 3.1.9 applied to the Co-semigroup T,, . =
{e=*=<'T(t) }4>0, this implies that the map ¢ — e~*—<!T'(¢)z is bounded for
all z € D((—A)*®). Hence,
Wap (T) < ap—e = (1 — (0 —€))ap + (0 — €)as.
Since this holds for all 0 < € < 6 and «; > w,, (T), i =0, 1, it follows that
Warg (T) < (1 = O)way (T) + bwa, (T).
1

Corollary 4.1.2. The map o — wo(T) is continuous on (0, c0).

4.2. Exponential stability and growth of the resolvent

In this section, as an application of the Weis-Wrobel convexity theorem
we will discuss the asymptotic behaviour of Cy-semigroups whose resolvent is
uniformly bounded in a given right half-plane.

In order to treat the Banach space case and the Hilbert space case simul-
taneously, we include the so-called Fourier type of the underlying Banach space
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into our considerations. Let 1 < p < 2. A Banach space X has Fourier type p
if the Fourier transform F extends to a bounded operator

1 1
f:Lp(IR7X)—>Lq<]R,X), 5-“5:1

In other words, it is assumed that the Hausdorff-Young theorem holds for
LP(IR, X). Trivially, every Banach space has Fourier type 1. Ounly a Hilbert
space has Fourier type 2 [Kw]. The Banach space LP(Q, u) has Fourier type
min{p, ¢}, % + % = 1 [Pe]. Every uniformly convex space has Fourier type p
for some p with 1 < p <2 [Bo]. If a Banach space has Fourier type p for some
1 < p <2, then it has Fourier type r for all 1 < r < p.

Let A be a linear operator whose resolvent is uniformly bounded in the
right half-plane. Then by Lemma 2.3.4, the resolvent is even bounded in
{Re A > —¢} for € > 0 small enough. For all w € (—¢,0), @ > 0, and z € D(A),
the integral

1

- At/ y\—o
57 Re)\zwe (=N)"*R(\, A)x dX (4.2.1)

(Sax)(t) :=
is absolutely convergent and independent of the choice of w. The absolute con-
vergence follows by writing © = R(u, A)y and applying the resolvent identity.

We also define
(Sa,wx)(t) := e (Saz)(t).

Lemma 4.2.1. Let X be a Banach space with Fourier type p for some
1 <p<2. Let A be the generator of a Cy-semigroup T on X whose resolvent
is uniformly bounded in the right half-plane. Then, for all o > % - é, e>0
small enough, and w € (—¢,0), Su,. extends to a bounded linear operator
Sew: X — LY (R4, X).

Proof: Let € > 0 be such that the resolvent is uniformly bounded in {Re A >
—e}. Fix w € (—¢,0) and = € D(A), and define g : R — X by

g(s) = (—w+1is)"*R(w — is, A)z.

Then g € L' (IR, X), and from the definition of S, ,z and (4.2.1) we have

(Sew)(t) = = / ity (s)ds = — Fo(t). (4.2.2)

~on oo 2

We are going to show that g € LP(IR, X). Choose M > 0 such that ||[R(\, A)|| <
M for all Re A > w. Let wy > max{0,wy(T)} be arbitrary and fixed. By the
resolvent identity, for all s € IR we have

|IR(w —is, A)x|| = |[(I + (wo — w)R(w —is, A))R(wo — is, A)z||
< (14 Mwo + €|) | R(wo — s, A)x]|.
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Since % = % — % < «, we can apply Holder’s inequality and obtain
[e’e} 1 o0 ™
(f oo as)™< ([ o sl 14 Mleo -+l as )
—0o0 —0o0

. (/_Z I[R(wo — is,A)x|qu> '

The first of the integrals on the right hand side is absolutely convergent; let
N denote its value. As to the second integral, since wy > wo(T) there exists a
constant C' > 0 independent of x such that

(/ |R(wo — is, A)x||? ds) f_ </ | R(wo + is, A)x||? ds) ’
<e ( / ||e—wofT<t>xpdt) " < ¢,Clall.
0

Here, ¢, is the norm of the Fourier transform as a map LP(IR, X) — LI(IR, X).
Summarizing, we find that g € LP(IR, X) and

lglly < NepCll])-

Using once more the Fourier type of X, from (4.2.2) we obtain

2
cpC

2

C
[1(Sawz)(Mlzor,,x) < 5-ll9lly < |-

Since D(A) is dense in X, the lemma follows from this. ////
We can express (Sq,z)(t) in terms of the semigroup:

Lemma 4.2.2. Let A be the generator of a Cy-semigroup T on a Banach
space X and assume that the resolvent of A is uniformly bounded in the right
half-plane. Then for all « > 0, € > 0 small enough, w € (—¢,0), and z € D(A?),
we have

(Saw)(t) = e T (t)(—A) *x, vt > 0.

Proof: Let € > 0 be as in Lemma 4.2.1. By Cauchy’s theorem,

1

At —a—1
— —A dh = 0. 4.2.3
ol (=) (4.2.3)

Using this and writing —A = (=\+ A) — A, we see that

(Sa)(t) = — /R NI A= AD) )

T 2w
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Since —Axz € D(A), we may differentiate under the integral sign and obtain

%(Saa:)(t) 1 /R NN TR A) () )

= omi

_ 1 e)\t _y\—a—1 —Ax _ T
= A [ N0 A An)ar) = A1)

2mi

To obtain the second identity we used (4.2.3) once more.

By the resolvent identity, |R(\, A)z|| = O(1 + |A])~! as |A| — oo in the
half-plane Re A > w. Therefore, by Cauchy’s theorem we can deform the path
of integration in (4.2.1) to the path in (A.1.2) of Appendix A.1. It follows that
(Sa2)(0) = (=A4) "z

We have shown that (S,x)(+) is a solution to the abstract Cauchy problem

du
prlt

By uniqueness of solutions, we must have (S,z)(t) = T(¢t)(—A)"*z. In view
of the definition of S, ,x, this proves the lemma.  ////

By an easy density argument it can be shown that the lemma actually
holds for all x € D(A); we will not need this fact.

Lemma 4.2.3. Let X be a Banach space with Fourier type p for some
1 < p < 2. Let A be the generator of a Cy-semigroup T on X and assume that
the resolvent of A is uniformly bounded in the right half-plane. Then for all
o> % — % and x € D((—A)®), the map t — T (t)x belongs to LY (R, X).

Proof: Let € > 0 be as before and fix w € (—¢,0).

Let z € D((—A)?) be arbitrary and put y := (—A)*z. Choose a sequence
yr — y with y, € D(A?) for each k. By Lemma 4.2.1, Sowle — Sawly
in LY (R4, X). By taking a subsequence if necessary, we may assume that
(Sa,wyr)(t) = (Sa,wy)(t) for almost all ¢ > 0. For any such ¢, by Lemma 4.2.2
we have

e T (e = e ' T (1) (-A) "%y
= lim e “'T(t)(—A) “yx

k—o0

= lim (Sa,wyr)(t) = (Sawy)(t).

k—o00
Therefore, e=“()T(-)x is equal a.e. to the function (Sa.y)(-) € LI(IRy, X).
Since w < 0, the lemma follows from this.  ////

We now come to our main stability result for semigroups on Banach spaces
with Fourier type.
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Theorem 4.2.4. Let1 < p < 2 and let X be a Banach space with Fourier
type p. Let A be the generator of a Cy-semigroup T on X. Then,

w

(T)SSO(A)v -+-=1

Q=
i
S

1
3

Proof: By rescaling it is enough to prove the following: if the resolvent of A is
uniformly bounded in the right half-plane, then w:_1(T) < 0.

q
If % — % = 0, then p = 2 and we are in the case of a generator on a Hilbert

space. By Corollary 2.2.5, in that case we have wo(T) = so(A). Therefore, in
the rest of the proof we assume that % — % > 0.

Let a > % - % be arbitrary and fix x € D((—A)%). By Lemma 4.2.3,
T()z € LRy, X). By Lemma 3.1.9, this implies that T'(-)x is bounded. As
this holds for all z € D((—A)%), it follows that we(T) < 0. Since o — wy,(T)
is continuous on (0, c0) by Corollary 4.1.2, the theorem is proved.  ////

Note that the Weis-Wrobel theorem was only used to improve the inequal-
ity
(T) < so(A), Va>+—1
w <s9(4), Va>--—-,
“ P oq

to

w < s0(A).

Q=

1
P

We record some interesting special cases of Theorem 4.2.4, using what is known
about Fourier type of the spaces in question.

Corollary 4.2.5. Let A be the generator of a Cy-semigroup T on a uniformly
convex Banach space. Then there exists 0 < € < 1 such that wi_(T) < so(A).

Corollary 4.2.6. Let A be the generator of a Cy-semigroup T on a space
LP(u), 1 < p <oo. Then wjr_1(T) < so(4).

Corollary 4.2.7. Let A be the generator of a Cy-semigroup T on an arbitrary
Banach space. Then w1(T) < so(A).

Corollary 4.2.8. Let T be a Cy-semigroup on an arbitrary Banach space. If
the resolvent of the generator A exists and is uniformly bounded in the right
half-plane, then there exists 0 < € < 1 such that wi_.(T) < 0. In particular,
T is exponentially stable.

Proof: By Lemma 2.3.4, s¢(A) < 0, so w1(T) < 0 by Corollary 4.2.7, and the
result follows from Corollary 4.1.2.  ////

Theorem 4.2.4 and its corollaries can be considered as analogues for Cy-
semigroups of the classical Lyapunov stability theorem for matrices.
The following example shows that Theorem 4.2.4 is the best possible.
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Example 4.2.9. Let 1 <p <2, % + % =1, and let T be the Cy-semigroup
on X := LP(1,00) N LI(1,00) defined by

(T)f)(s) = f(se'), s>1

Since both LP(1,00) and L%(1, co) have Fourier type p, so does their intersection
X. As we have seen in Section 1.4,

1 1
$(A) = w1 (T) = ——; wo(T) = —=.
(4) = wi(T) 5 o(T) .
We are going to prove that
1 11
—2—a, 0<a<:-—4
wa(T) = {_‘{’ 1_1cpel (4.2.4)
P p g —="=

Let f: (1,00) — € be a smooth function with supp f C (1,2). For n € IN we
define the function f,, € X by

f(3) ::{ﬂs—n), son>1;

0, else.

Then f, € D(A) for all n and supp f,, C (n+1,n+2). Since (Af,)(s) = sf}(s),

for all n we have
[Afall < (n+2)[Ifpll = (n+2) ]| < (n+2)[|Af].

Fix 0 < o < 1. By (A.2.5) in Appendix A.2 there is a constant C' > 0 such
that for all n > 1,

I fall =)y < Cllfall' =l ASall®
< Cn+2)|fII" | AfI
< 30| fIF T IAS]*

Since supp fr, C (n+ 1,n + 2), by (1.4.3) for all ¢t < logn we have

IT() full = max{[| T, (e) fullp, 174 () fallg} = max{e™ 7 | fullps e 7| fall}s

where T, and T, have the obvious meaning. By the uniform boundedness
theorem, for each w > w4 (T) there exists an M > 0 such that

IT(#) fall < Me“! || fullp((—a)), V€N
Hence for n > 1 and ¢ := logn we have

max{n”# || fullp,n” 7|l fullg} = [T (log n) full < 3CM n= 2| f]'= || Af||.
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Since this holds for all n > 1, it follows that w + o > —%. This proves that
1
we(T) > i a, O0<a<l (4.2.5)

Of course, by what is already known this also holds for « =0 and @« = 1. On
the other hand, since X has Fourier type p, by Theorem 4.2.4 we have

wi_1(T) < so(A).

11
P q
Forall 5 > %, the function f3(s) := 57 is an eigenfunction of A with eigenvalue
—f. It follows that e#* is an eigenvalue of T'(t) for all 3 > %, and therefore
we(T) > —1% for all @ > 0. In particular, using Theorem 1.4.1 we have

1 1
—— <wi_1(T) <sp(A) =s(A) =w(T) = —-.
p L p
This proves that
1 1 1
wo(T)=—=, V-—=-<a<l
p p q

Let 0 < 0 < 1. Then for ap := 0( % — %), by the Weis-Wrobel convexity theorem
and (4.2.5) we have

1
—— —ap Swe (T) < (1 —0)wo(T) + Owi_1(T)
q P q
1 1 1
=—(1-0)-—0-=———ayp.
q p
This proves that
1 1 1
wa(T)=——0a, VO<a<-——-
q p q
and the proof of (4.2.4) is complete.
By rescaling, for every 0 < a < % — 1 we obtain a positive Cy-semigroup

T for which sg(A4) = wi(T) < 0 and w,(T) > 0. This shows that Theorem
4.2.4 is indeed the best possible.

4.3. Individual stability in B-convex Banach spaces

Let A be the generator of a Cyp-semigroup on a Banach space X with
Fourier type p € (1,2]. In this section we prove that

tlggo 1T(t) (Ao — A)”“zol| =0
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for all @ > 0 with o > % and all Re g > wy(T), provided the local resolvent
A — R(\, A)zg extends to a bounded holomorphic function in the open right
half-plane. This result can be interpreted as an individual version of Theorem
4.2.4. The case p = 1 is more delicate and will be discussed separately in the
next two sections.

Actually we shall address the following slightly more general problem: de-
scribe the asymptotic behaviour of ¢t — PT(t)(\o — A)”“z( assuming bound-
edness of a holomorphic extension of the map A — PR(\, A)xg, where P is an
arbitrary bounded operator on X. Accordingly we assume that PX has Fourier
type rather than X itself. This enables us to treat the strong case and the weak
case simultaneously: weak analogues are obtained by considering the rank one
operators P = z* ® x (cf. Corollary 4.4.3 below). This extra generality may
also be relevant to applications, for instance to matrix semigroups arising from
higher order abstract Cauchy problems, in which case P could be a coordinate
projection.

For an non-negative real number « we let [a] denote the integer part of «,
i.e. the unique n € IN such that n < a <n+1.

Lemma 4.3.1. Let A be the generator of a Cy-semigroup T on a Banach
space X and let P be a bounded operator on X. Let xg € X be such that the
map A — PR(\, A)zy admits a bounded holomorphic extension F()\) in the
open right half-plane. Then for all & > 0 and Re Ao > max{0, wo(T)}, the map
A— PR(\ A)(M\g — A)~“z( admits a holomorphic extension G(\) in the open
right half-plane, and for all wy € (0,Re Ag) there exists an M > 0 such that

GOV < M(1 + |N)mex{-a—l-atlel} ) < Re X < wp. (4.3.1)

Moreover, G is PX-valued.

Proof: Fix Re A9 > max{0,wy(T)}; by rescaling we may assume that \g is real.
Also fix wg € (0, )\0)

Write « = n + ¢ with n € IN and 0 < 6 < 1 and put yg := R(Ao, A)"xo.
In view of the identity

/\Azo SR( A)k+lg

RO Ao = 5507 = 2 T e

k=0

the map A — PR(), A)yo admits a holomorphic extension F;(\) to {Re X > 0}
which satisfies

[F ()| < M1+ A==l 0 < Re < wp, (4.3.2)
for some constant M’ > 0. Consider the holomorphic function

G()\) :== PR\, A)(\g — A)"“zg = PR(\, A)(\o — A) o, Rel > wy(T).
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By the resolvent identity and the real representation of fractional powers, cf.
(A.1.3) in the Appendix, for Re A > wy(T) we have

Gy = S / 9 PR(\, A)R(Ao + £, A)yo dt
0

71'
sin wd /°° - PR(XN, A)yo — PR(X\o +t, A)yo
o t+ ho — A

dt.

™

Passing to the holomorphic extension, we see from (4.3.2) that

sinmd [ _sFi(A) — Fi(Ao+1)
. 4.3,
G(\) - /0 t v el (4.3.3)

converges absolutely and defines a holomorphic extension of G in the strip
{0 <ReX < X}

We claim that G takes values in PX. To see this, it is enough to show
that this is true for Fy. To this end let ¢ : X — X/PX be the quotient map.
Then ¢F} is a holomorphic extension of A — ¢PR(\, A)yo. Since the latter is
identically 0 in {Re A > wo(T)}, by analytic continuation we have ¢F; = 0 on
{Re X > 0}. This means that F;()\) € PX for all Re A > 0.

For w > 0 consider the functions G, : IR — X defined by

Gu(s) =Gw—1is), s€R.

Then G, (s) = PR(w — is, A)(Ag — A)"“xg for w > wo(T). In view of the
estimate ||R(\, A)|| < const - (ReX — wp)~! for all ReA > ), we see that
¢ = sup,o 7||F1(7)|| < co. Hence by (4.3.2) and (4.3.3), for all 0 < w < wy
and s € IR we have

1Gu ()l <

dt

sin o /Oo s M+ (@ + s2)z)max{=n—1} 4 (g + )~
0 ((t+ o —w)? +52)3
< const - (1 + %)z max{-n=0,-1-3}

= const - (1+ 52)%'“‘&"{*0"*1*6},

where the constant is independent of s € IR and w € (0,wp). ¢(From this
estimate the lemma follows.  ////

The main result of this section imposes no restriction on the Fourier type.

Theorem 4.3.2. Let P be a bounded operator on a Banach space X and
assume that PX has Fourier type p € [1,2]. Let A be the generator of a Co-
semigroup T on X and let xg € X be such that the map A — PR(\, A)xg
admits a bounded holomorphic extension F(\) in the open right half-plane.
Then for all o > % and all Re A\g > wo(T) we have

1 1
PT(-)(Ao — A) %o € LU (R4, X), 5 + e 1.
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Proof: Without loss of generality we may assume that wy(T) > 0. By rescaling
we may also assume that \g is real. Fix wy € (wo(T), Ag).

Lemma 4.3.1 shows that A — PR()\, A)(\o — A)~%zo has a PX-valued
holomorpic extension G(\) in the open right half-plane which satisfies (4.3.1).
Let G,(s) := G(w —is), s € IR. Then by (4.3.1) and the assumption o > %7
G, € LP(IR, X) for all w € (0,wp) and

o0 g
sup ||Gullp < C := const - (/ (1 4 |s])pmaxi-a,—1-0} ds) 7

O<w<wo —0o0

where § = a — [a]. Since PX has Fourier type p, the Fourier transform g, :=
~FG,, of G, defines an element of LI(IR, X), % + % =1.
Let w € (0,wp) be fixed. We claim that

go(t) = e “'PT(t)(\o — A) “z¢ for a.a. t > 0.

Because of the operator P we cannot proceed as in Lemma 4.2.2 and have to
rely more closely on Laplace transform techniques. Define, for each r > 0,

Gw,r = Gw * X[=rr]

Then lim, .o Gy » = G, in the norm of LP(IR, X), so for the Fourier transforms
Jo,r = %}—Gwm we have lim, o gu,r = gu in LY(IR, X). Let T be the rectangle
spanned by the points w —ir, w+ir, wy+ir, and wg—ir. By Cauchy’s theorem,
for all ¢ > 0 we have

1 wHir . 1 wo+1ir .
el IO /w_ G(2) dz + Ro(t)
(4.3.4)
' PR(z,A)(\g — A) *zodz + R,(t),

wo—1ir

1 wo+ir

" 2mi

where R,.(t) represents the integrals over the two horizontal parts of T'. From
(4.3.1) we see that lim,_,« || R-(t)|| = 0 for all ¢ > 0. By the complex inversion
theorem for the Laplace transform, the Cesaro means of the integral on the

right hand side in (4.3.4) converge to PT(t)(Ag — A)"“xg as r — oo; here we
use that wg > wo(T). It follows that for all ¢t > 0,

w+ir
lim — / e*'G(2)dzdr = PT(t)(Ao — A) ™ *x. (4.3.5)
0 27i we
On the other hand, for ¢t > 0 we have

T wtr
Jur(t) = i/ e G (w —is)ds = ie*“’t/ e*'G(2)dz  (4.3.6)
i w—i

2 J_,
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It follows from (4.3.5) and (4.3.6) that

1 m 1 m
lim <</ G, dr) (t)) = lim — G r(t) dr
m— oo m Jo m=—0eo I Jo
= e_thT(t)(/\o — A)_al’o

for all ¢ > 0. In the first identity we used the fact that the map r — g, , is
continuous as a map into Co(IR, X) by the Riemann-Lebesgue lemma. There-
fore the integrals with respect to r can be regarded as Bochner integrals in
Co(IR, X) and we may use the continuity of point evaluations.

We also have

1 m
lim (/ Go,r dr) = lim g, = gu
m— 00 m 0 7—00

in the norm of LY(IR,X). Since norm convergent sequences have pointwise
a.e. convergent subsequences, we see that g, (t) = e “*PT(t)(Ag — A)~%zq for
almost all t > 0 and the claim is proved.
It follows that t — e~ “'PT(t)(A\g — A)"*z¢ € LY(IR4, X) and
le=O9PT() 00— A) 20l < lally < 2 Gy < 25
= 1= on P=or’
where ¢, is the norm of the Fourier transform from LP(IR, PX) into L¢(IR, X).
By the monotone convergence theorem, upon letting w | 0 we obtain
o c,C
IPT() (Ao — A)™*z0lly < 2

21

i

For « = n € IN the use of fractional powers in the above proof can be
avoided by considering the function G(A) := PR(A, A)R(A\g, A)"xg. This sim-
plifies the proof.

In Section 4.6 we will show that, at least for p = 2, Theorem 4.3.2 is the
best possible in the sense that it fails for all a € [0, 3).

For P =1 and p € (1, 2], Theorem 4.3.2 has the following consequence:
Corollary 4.3.3. Let X be a Banach space with Fourier type p € (1,2], let
A be the generator of a Cy-semigroup T on X. Let o € X be such that the
local resolvent A — R(\, A)xo admits a bounded holomorphic extension F()\)
in the open right half-plane. Then for all a > % and all Re Ay > wo(T) we have

Jinn [[7(1) (Ao — 4) o] = 0.
Proof: By Theorem 4.3.2 applied to the case P = I we find that the function

f(t) :=T(t) (Ao — A)~ %z defines an element of LY(Ry, X), % + % = 1. Hence
by Lemma 3.1.9, lim; . || f(¢)|| = 0. ////
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A Banach space is said to be B-convex if it has non-trivial type p, i.e. type

€ (1,2]. By a result of J. Bourgain [Bo], every B-convex Banach space has

non-trivial Fourier type, and conversely it is not difficult to show that every
Banach space with non-trivial Fourier type is B-convex (cf. [BP, p. 354]).

Corollary 4.3.4. Let T be a Cy-semigroup on a B-convex Banach space X,
with generator A. If xqg € X is such that the local resolvent A — R(\, A)xg
admits a bounded holomorphic extension to the open right half-plane, then for
all Re A\g > wo(T) we have

tlim IT(t)R(Ao, A)zo]| = 0.
We next discuss the analogue of Corollary 4.3.3 for P # I. Although the

proof of Corollary 4.3.3 breaks down, for slightly larger values of a we can
prove:

Theorem 4.3.5. Let P be a bounded operator on a Banach space X and
assume that PX is B-convex. Let A be the generator of a Cy-semigroup T on
X and let g € X be such that the map A — PR(\, A)xq extends to a bounded
holomorphic function F()\) in the open right half-plane. Then for all a > 1
and Re A\g > wo(T) we have

tlim |PT(t)( Ao — A)"*zo|| = 0.
Proof: Let p € (1,2] be the Fourier type of PX. Choose § > 0 with § > ]% in
such a way that ¢ < f:=a —J < 1. Consider the functions
f(t) == PT(t)(\o — A)"°zq, t >0,

and
g(t) = PT(t)()\o — A)_al‘o, t> 0.

By Theorem 4.3.2, f € LY(IR4, X). For ¢ > 0 we have
g(t) = PT(t)(No — 4) " Pxq

PT()(Ag — A)~ (Sl”ﬁ /Oo sTPR(No + s, A)zo ds)
7T 0

sin(3 (4.3.7)

PN\ — A)_‘S/ 5_5/ e~ Cor I (t 4 )z dr ds
0 0

. ] oo
_ sin w6 / 5B / e~ Mo+ £ (¢ )2 drr ds.
0 0

™

/ e_()‘°+s)Tf(t + 7r)xo dr
0

* v N ([T RY
g(/o ¢ dr> (/O L+ )] dr>

- o (e’
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Combining this estimate with (4.3.7) yields

lg(t)]| < sinm 3 ws—ﬁ(xo ) ds- (/too ||f(7")qdr> !

mpr JO

Since % < 3 < 1, the first integral in the above expression is absolutely conver-
gent, and the second tends to 0 as t — oco. This proves that lim; . ||g(¢)|| = 0.

1

Theorem 4.3.5 is optimal in the sense that it fails for every 0 < a < 1.
Indeed, consider the case that the resolvent R(A, A) itself is uniformly bounded
in {ReXA > 0}. Then the assumptions of Theorem 4.3.5 are satisfied for all
rg € X and all operators P = x* ® x. Hence if the theorem holds for some
a > 0, then from the uniform boundedness principle we conclude that

sup [|T(t)(Ao — A) ™| < oo.
t>0

For 0 < o < 1, Example 4.2.9 shows that this need not be true.

In the next section we will give an example which shows that the results
of this section break down if no restrictions on the underlying Banach space
are imposed.

4.4. Individual stability in spaces with the analytic RNP

The case p = 1 of Theorem 4.3.2 implies that for each o > 1 the orbit
T(-)(Ag — A)~“x( is bounded provided the local resolvent at z; extends to
a bounded holomorphic function in the open right half-plane. This can be
improved in two ways: if X has the analytic Radon-Nikodym property, we
actually have strong convergence to 0, and if X is an arbitrary Banach space
we have weak convergence to 0. These results will be proved in the present
section.

We start by recalling some facts concerning vector-valued Hardy spaces
over the disc D ={z€ C: |z| < 1}.

For p € [1, 00] we let HP(D, X) denote the set of all holomorphic functions
f: D — X for which

27 %
| f|lzr» := sup (/ ||f(re“9)||pd9) < 0.
0<r<1 0

In case p = oo we interpret the above integral in terms of the supemum norm
in the obvious way. It is not difficult to see that H?(D, X) is a Banach space
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with respect to the norm || - [[g». We let HF (D, X) denote the subspace of
HP?(D, X) consisting of all functions f for which the radial limits

f(€) :=lim f(re®)

rTl

exist for almost all §. By Fatou’s lemma,
2 2m )
| 1R do < timint [ e do.
0 r 0

This shows that the boundary function f, if it exists a.e., belongs to LP(T),
where I' = {# € C : |2| = 1}. In this case, f can be recovered from f by the
Poisson integral

ety = o [ e
)T o o N 1—2rcos (0 —n)+1r2 '

Defining f,.(e?) := f(re'?), as in the scalar case it follows from this represen-
tation that

171?11 If = fellLe@y = 0.

A Banach space X is said to have the analytic Radon-Nikodym property if
H{(D,X) = HP(D,X). Equivalently, X has the analytic Radon-Nikodym
property if for all f € H?(D, X) the radial limits f(e?) := lim,1; f(re') exist
for almost all #, and in this case we have f, — f in the LP-norm.
The role of the exponent p needs some clarification: it can be shown that if
H{(D,X)= HP(D, X) holds for some p € [1, 00], then it holds for all p € [1, o0].
The following facts are well-known:

(i) If X has the Radon-Nikodym property, then X has the analytic Radon-
Nikodym property;
(ii) If X has the analytic Radon-Nikodym property, then X contains no closed
subspace isomorphic to cg;
(iii) A Banach lattice X has the analytic Radon-Nikodym property if and only
if X contains no closed subspace isomorphic to cg.

It follows from (i) that every reflexive Banach space and every separable dual
Banach space has the analytic Radon-Nikodym property. By (iii), the spaces
L'(u) have the analytic Radon-Nikoym property. The proofs can be found in
[Bu] and [BD].

By mapping a rectangle conformally onto the unit disc it is not difficult
to prove the following.

Proposition 4.4.1. LetT" andI',,, 0 < r < 1, be the rectangles in C spanned
by the points +a + ib and +ra & irb, respectively. Let f be a holomorphic
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X-valued function in the interior of I'. Assume that X has the analytic Radon-
Nikodym property and that

sup / 17(2)]l ldz] < co.
o<r<1Jr,

Then, the strong limits lim,1 f(rz) exist for almost all z € T' and define a
function f € L*(T"). Moreover,

hm/ 1f(2) = f(rz)| |dz] = 0.
I

Theorem 4.4.2. Let P be a bounded operator on a Banach space X and
assume that PX has the analytic Radon-Nikodym property. Let A be the
generator of a Cy-semigroup T on X. Assume that for some xq € X, the map
A — PR(\ A)xy admits a bounded holomorphic extension F()\) to the open
right half-plane. Then for all Re Ay > wo(T) and o > 1 we have

tlim |IPT(t) (Ao — A)"“xo|| = 0.

Proof: Without loss of generality we may assume that wo(T) > 0. Fix A\g >
wo(T); by rescaling we may also assume that Ag is real. Fix wgy € (wo(T), Ao).

By Lemma 4.3.1, the PX-valued functions G, (s) := PR(w — is, A)(Ag —
A)~%xq belong to L'(IR, X), uniformly for w € (0,wp). By the complex in-
version theorem for the Laplace transform and Cauchy’s theorem (the use of
which is justified by (4.3.1)), for all w € (0,wp) we have

1

PT(t)(\g — A)™¢ —_—
() (Mo — A) Yo = 2mi oo

MG(N) dX = 2i / WG, (s) ds,
™ — o0

L (4.4.1)
where G(A) = PR(A\, A)(A — A)"%zy. Since PX has the analytic Radon-
Nikodym property, we may apply Proposition 4.4.1 and conclude that the
boundary function G of G exists a.e., defines an element in L], (iR, X), and
that

T

lim |G (is) — G(w +is)||ds = 0

for all 7 > 0. But then (4.3.1) easily implies that we actually have G €
L'(iR, X) and

lirl% |G (is) — G(w +is)|| ds = 0.
Hence by passing to the limit w | 0 in (4.4.1), we obtain
PT()(/\O - A)iOéCCO = hm 67WtPT(')(AO - A)iaxo

gg%m i)

= - FG=0)0)
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Therefore, PT(-)(Ao—A) *z¢ € Co(IR+, X) by the Riemann-Lebesgue lemma.
1

Taking P := z{®z with x € X non-zero and 2§ € X*, and noting that the
one-dimensional space spanned by x has the analytic Radon-Nikodym property,
we obtain the following result.

Corollary 4.4.3. Let A be the generator of a Cy-semigroup T on a Ba-
nach space X. Assume that for some xop € X and zf; € X*, the map \ —
(x§, R(\, A)xg) admits a bounded holomorphic extension F(\) to the open
right half-plane. Then for all « > 1 and Re A\g > wo(T) we have

lim (x5, T(t) (Ao — A)"“xg) = 0.
t—oo

Of course, this can be proved without reference to the analytic Radon-
Nikodym property: just take P := x{; ® x in the proof of Theorem 4.4.2 and
apply the scalar version of Proposition 4.4.1.

The following example shows that the main results of this section and the
previous one fail in arbitrary Banach spaces.

Example 4.4.4. Let X = Cy(IR) and consider the left translation group T
on X. Let f € X be any non-zero function with support in [0, 1]. Then for all
ReA > 0 and s € R we have

[(B(X, A)f)(s)| =

/0 TN+ sy dt] < e

Consequently,

sup HR()‘vA)f”OO < ||f||007
Re A>0

«

but since T is isometric and (Ag — A) ™ is injective (cf. Appendix A.1) we see

that

Jim 17 (Ao = A)™ flloo = [(Ao = A)™ flloo # 05 Yar =0, Ao > 0.

4.5. Individual stability in arbitrary Banach spaces

In the preceding sections we proved that
thm HT(t)R()\o, A)$0H =0

if the local resolvent A — R(\, A)zo extends to a bounded holomorphic function
in the open right half-plane and the underlying space X is either B-convex or
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has the analytic Radon-Nikodym property, and by means of an example we
showed that this result fails if no restrictions on X are imposed. Also, for
arbitrary X we proved that

lim (x*, T(t)(Ao — A)"“x0) =0

t—oo
for all z* € X* and a > 1. It thus remains open what can be said for a = 1,

i.e. about the behaviour of T'(t)R(Ag, A)xo, in arbitrary Banach spaces. In this
direction, we will prove next that there exists a constant M > 0 such that

IT(t)R(Ao, A)zol| < M(141t), t>0.

We start with a simple lemma.

Lemma 4.5.1. Forallr >0 andt > 0,

Proof: Integrate z — 2~ 'e’* along the closed contour consisting of the semi-

circle T, of radius r in the upper half-plane, the interval [r, R], the semicircle
g, and the interval [—R, —r|. By letting R — oo, we find that

o0 3 izt ™
/ sin At d)\| < l/ ¢ dz| < 1/ e—rtsinedaS L’
. A 2i Jp, = 2 Jo 2rt

in the last estimate using the obvious facts that sin(r—6) = sin6 and sin ¢ > 2¢
for all 0 < 0 < 7. We also have

/oo Coi\/\t d)\‘ _ /00 sin(7 + g) dT‘

t T

T > T (1 1 T
<" o lsintr+5(=- ar< =~
TS [, fn 2)( )‘

T T+ 3 ot
(From these two estimates, the lemma follows.  ////

Theorem 4.5.2. Let A be the generator of a Cy-semigroup T on a Banach
space X and let P be a bounded operator on X. Let xo € X be such that the
map A — PR(X, A)zo admits a bounded holomorphic extension F'(X\) to the
open right half-plane. Let Re A\g > wo(T). Then there exists a constant M > 0
such that

[PT(t)R(Ao, A)wol| < M(1+1), t=0.
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Proof: Choose N > 0 and w > wo(T) such that |T(¢)|] < Ne*! for all ¢ > 0.
Choose K > 0 in such a way that supge x~¢ [|[F(N)| < K| P]| ||zol|-

First we assume that \g = w + 1; the case of a general Re Ay > wo(T) will
be reduced to this special case by a rescaling procedure.

Put A,41 := A—w —1 and let Fy(A) denote the bounded holomorphic
extension of PR(A, Ay41)zo to {Re A > —w — 1}.

Fix t > 0. By Theorem 1.3.3 and the resolvent identity, for all £ >
wo(Tyy1) we have

_ 1 _
PT, 1 (t) A 3o = 5P /£ " MR\, Awi1) AL 20 dA
§+e

1
- eMATHPAL L 0 + Fo(N)) dA.
27TZ E+iR

By Cauchy’s theorem, we may shift the path of integration to I' =Ty UT3 U
F3 U F4 U F5, where

Ii={z=in: n<—rk
Ty={s=¢+in: —0<£<0,n=—r}
Is={z=&+in: £=-6, —r<n<r}
My={z=&+in: =6<E<0,n=r}k
I's={z=in: n>r}
Here, 6 € (0,w + 1) is arbitrary and fixed, and r > 0 is to be chosen later. We
are going to estimate the integrals over I';, i = 1, ..., 5, separately.

We start with the integral over I'y. {From ||T(t)|| < Ne“t, for all 2* € X*
we have

1
o0 bl N
%, PT 1 (t)x0)|? dt < —||P|| llzoll ll=*]|.
([ 1 PronomiPar)” < Z1P faol e

Hence by the Plancherel theorem,

2

(57 [ Ha" PRl Ausa)oa) P dn)

2r ) o

N
< —||P|| ||lzoll [|=*]|-
< 1Pl ol ]
Therefore, by Lemma 4.5.1 and Hoélder’s inequality,
Aty —1 * —1
‘/ N (", PAZY o + Fo(N)) A
Ty

_ ‘/ AN (@, PAZL w0 + PRV, Aus o) d
Iy

IN

3 _ . . 1 H
SEIPIIAC ol 11+ N7 WP el el ([ 5 an)

3rN N7
Yp *
P ol o) +

IA

1P ol {21,

1
rz
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noting that || A_1, || = [|[R(w+1,A)|| < [;° Ne~tdt = N.
The same estimate holds for the integral over I's. Also, we have

and the same estimate holds for the integral over I'y. Finally, for the integral
over I's we have

<6 7 (N + K)|| Pl loll,

/ AT (PASL 2o + Fo(N)) d=
I

H/ oL (PASY wg + Fol ))dAH
I's
< N + K)||P| |Jzo] - / L
| — 0+ in|
2N + K)e~ og(1 + 5| P o].

Putting everything together, we find

(2", PToqa (¢ )A;ilfvoﬂ
3rN 2N N+ K 2(N+ K
< (BN, R BN | AV I
rt 7'2 T

log(1 + )) 1P 1 ol 2711

So far, r > 0 and z* € X* were arbitrary. For fixed ¢ > 0 we now take
r = €@t This yields

_ 3rN 2N/m  25(N + K)

1

[ PToqa (8)Ag 1ol < (teZ(w+1)t elwt1)t e2(w+1)t
2(N+K) 2(w+1)t

&
+ 2 log (14 “——) ) IP I ol
Letting 6 — w + 1, it follows that for all ¢ > 1 we have
IPT(t)R(w + 1, A)zo|| = V| PTpa (1) AL 2o
< (37TN AN VT 4 2(w + 1)(N + K)

2(w+1)t
+ 2N + K)log(1+ =) ) 1P lao]

< (13N +2(w + 1)(N + K) (1 +28))[|P|| [[o]-

This proves the theorem for A\g = w + 1.

The general case follows by rescaling: first we may assume that A\g € R
and then we apply the special case proved above to the semigroup T(€) =
{T(et) }+>0, where e = (Ao —w) L. ////

Note that an alternative proof of Corollary 4.2.7 is obtained by combining
Theorem 4.5.2 with the uniform boundedness theorem.
The following proposition gives a sufficient condition for boundedness of
R(\, A)xp in the right half-plane.
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Proposition 4.5.3. Let T be a Cy-semigroup on a Banach space X, with
generator A. Let P be a bounded operator on X. If, for some xy € X,

sup sup
w€eIR s>0

/ eI PT(t)xg dtH < 00,

0

then the map A — PR(\, A)xg admits a bounded holomorphic extension to
{Re A > 0}.

Proof: We use the technique of Theorem 3.3.1. For reasons of completeness we
give the details. Choose a constant K > 0 such that

sup sup / e Wt PT(t)xg dtH < K||P| ||zol|-
0

w€elR s>0

Consider the entire functions Fy(A) = [ e *PT(t)zo dt. By assumption, each
F; is bounded on the imaginary axis, with bound K| P|| ||zo||. Also, a simple
estimate shows that each F, is bounded on vertical lines. Choose constants
N > 0 and wy > 0 such that |[|T(¢)|| < Ne“o! for all ¢ > 0, and let & = wy + 1.
Then,

1F:(§ + i)l S/O e | PT(t)ao| dt S/O Ne || P| [lzol| dt < NP [lo]l-

Therefore, by the Phragmen-Lindel6f theorem, each F is uniformly bounded
in the strip S¢ := {0 < Re A < £}, with bound max{K, N}||P|| ||zo||. Moreover,
for Re A > wy we have
SILH;O Fs(\) = PR(\, A)xo.

By Vitali’s theorem, the limit lim,_. o, F5(\) exists for all A € Sg, the conver-
gence being uniformly on compacta. The limit function F' is analytic in the
interior of S¢ and coincides with PR(\, A)zo for wy < ReA < €. Moreover,
F' is uniformly bounded in S¢, with bound max{K, N}||P| ||zo||. This proves
that PR(A, A)zo admits a bounded holomorphic extension F' to the interior of
Se. By the Hille-Yosida Theorem, PR(A, A)xg is also uniformly bounded in
{Re A > &}. Therefore, F' is uniformly bounded in {Re X > 0}. ////

We recall from Theorem 1.2.3 that the growth bound w;(T) and the ab-
scissa of improper convergence of the Laplace transform of T coincide. The
following result is a quantitative version of this. The reader should compare
this result with Corollary 3.4.3 and the remarks following it.

Corollary 4.5.4. Let T be a Cy-semigroup on a Banach space X, with
generator A. If, for all x € X and z* € X*,

sup sup
w€elR s>0

/ e~ W a* T (t)x) dt| < oo,
0

then w(T) < 0.
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Finally we give and individual version of the identity s(4) = wy(T) for
positive Cy-semigroups. In order to treat the strong- and the weak case simul-
taneously, we formulate it in terms of a positive operator P.

Corollary 4.5.5. Let T be a positive Cy-semigroup on a Banach lattice X,
with generator A. Let P > 0 be a positive operator on X. If, for some 0 <
xg € X, the map A — PR()\, A)xg has a holomorphic extension to {Re A > 0},
then for all Re \g > wo(T) the map t — PT(t)R(\o, A)zo has exponential type
less than or equal to 0.

Proof: Let w1(P,zo) denote the abscissa of simple convergence of the Laplace
transform of the positive function ¢ — PT(t)zo. By the Pringsheim-Landau
theorem (Theorem 1.3.4), wi (P, z¢) is a singular point for the holomorphic

function
S

A+ lim e MPT(t)xq dt.

55— 00 0

Therefore, the fact that PR(X, A)xo has an extension F'(A) to {ReA > 0}
implies that wi(P,z9) < 0. Then it is evident that for all Ao, Ay € C with
Re A1 > Re g > 0,

|F(M)] =

lim/ e_AltPT(t)xodt’
0

§— 00

lim [ e RMIPT(t)adt

§— 00 0

IN

lim [ e RMIPT()zgdt = F(Re o).

§—00 0

IN

This implies that F'(A) is uniformly bounded in each half-plane {Re A > €}. It
then follows from Theorem 4.5.2 that ¢t — PT(t)R(\g, A)xo has exponential
type < e for each € > 0. ////

4.6. Scalarly integrable semigroups

In this section we study the stability properties of scalarly integrable semi-
groups.

We start by showing that the resolvent of the generator of a Cy-semigroup,
all of whose weak orbits belong to certain rearrangement invariant Banach
function spaces, is uniformly bounded in the right half-plane. The proof is based
on the following simple estimate for the Laplace transform in rearrangement
invariant Banach function spaces. We will use freely the results about this class
of spaces that are collected in Appendix A.4.
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Lemma 4.6.1. Let E be a rearrangement invariant Banach function space
over R;. Then the Laplace transform of elements of E converges absolutely
in the right half-plane {Re A > 0} and

e 1 1
“AF(E) dt| < : E, Re) > 0.
| e < == op (o5 ) 1/le. Ve B ReA>0

Proof: The absolute convergence of the Laplace transform in the open right
half-plane follows from the fact that £ C L' + L*>®. For u > 0, define the
function e, : Ry — R4 by e, (¢t) = e #t. Then for all s > 0 we have

0 <eu < X085+ €ulis,o0)-

Let E’ denote the associate space of E. By the rearrangement invariance of E’
we have

||eu|(s’00)HE’ =e "leulm-

Therefore,
leuller < rr(s) +e " lewll s

~1 we obtain |le, || < ¢p/(u™') + e |ley]| p and hence

By taking s = u
1

?WE'(NA)-

lealls < 7

Now fix f € F and A € C with Re A > 0 arbitrary. By Hoélder’s inequality,

oo 1
/o e M) dt‘ < llerealle Iflle < 1_76_1<PE/((R6>\)71)||fHE~

"

Theorem 4.6.2. Let T be a Cy-semigroup on a Banach space X, with
generator A. Let FE be a rearrangement invariant Banach function space over
R with limy,o0 pp(t) = co. If, for all z € X and x* € X*, the map t —
(x*,T(t)x) defines an element of E, then R(\, A) is uniformly bounded in the
right half-plane. In particular, T is exponentially stable.

Proof: Since the Laplace transforms of (x*, T(-)x) are holomorphic in {Re A >
0}, it follows from Lemma 1.1.6 that {Re A > 0} C o(A) and
(o)
(*, R\, A)z) = / e Mzt T(t)x)dt, x€X,z*€ X", Rel> 0.
0

By Lemma 4.6.1 this implies

C
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where C' > 0 is such that |[(z*,T()z)||g < C|z| ||z*| for all x € X and z* €
X*. Note that such C exists by virtue of Lemma 3.1.2. Since limy_. o, pp(t) =
00, there is a to > 0 such that g (ty') > 20(1 —e~')~1. Then by (4.6.1) and
the identity ¢ (t)pr (t) =t (A.4.1), for all s € IR we have ||R(to + is, A)|| <
(2tg)~t. Moreover, by the resolvent identity, for all 0 < ¢ < ¢, and s € R we
have

IR(t+is, A)|| = || > (to — )" Rito +is, A)F T <Yt g = —
P 00 (260)HFT T 4

(4.6.2)
By (4.6.1) and (4.6.2), the resolvent is uniformly bounded in {Re A > 0}. ////

By going through the above argument for ¢(¢) = t¥ and then applying
Lemma 2.3.4 (to @ = {Re A = to}, using the estimate (4.6.2), and observing
that the constant 2 in the lemma can be improved to 1+ €) one can prove that
the condition

1
([ 1 rwapra)” <clallel, voex.aex
0

implies s9(A) < —1/(pC). This is due to G. Weiss and can be considered as a
weak analogue of Theorem 3.1.8.

As an application of Theorem 4.6.2 we prove a weak analogue of Rolewicz’s
theorem. In contrast to the situation of integrability of ||T'(-)z|| with respect
to some function ¢, integrability with respect to ¢ of the weak orbits does not
imply their boundedness. Because of this we restrict ourselves to uniformly
bounded semigroups.

Theorem 4.6.3. Let ¢ : Ry — IR} be non-decreasing with ¢(t) > 0 for all
t>0.

(i) If T is a uniformly bounded Cy-semigroup on a Banach space X such that

/0 6@ T(0)2))) di < oo

for all norm one vectors x € X and z* € X*, then T is exponentially
stable.
(ii) If T is a uniformly Cy-semigroup on a Hilbert space H such that

/0 o T(0)a))]) dt < oo

for all norm one vectors x € H and z* € H, then T is uniformly exponen-
tially stable.

Proof: By Lemma 3.2.1, the maps t — (x*, T(t)x) define elements of an Orlicz
space E satisfying lim;_. . pg(t) = co. By linearity, the same holds for arbi-
trary x € X and z* € X*, resp. x € H and 2* € H. By Theorem 4.6.2, the
resolvent of A exists and is uniformly bounded in the right half-plane. There-
fore (i) and (ii) follow from Corollaries 4.2.7 and 2.2.5, respectively.  ////
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Condition in (i) does not imply uniform exponential stability, even if ¢(t) =
t, T is uniformly bounded, and X is uniformly convex. A counterexample is
obtained by rescaling the semigroup of Example 1.4.4 with eé; the resulting
semigroup S is uniformly bounded and wg(S) = 0. On the other hand, since
for its generator B we have s(B) = % - % < 0, Theorem 4.6.5 below shows that
S is scalarly integrable with respect to ¢(t) = .

The content of the following theorem is that a uniformly bounded Cpy-
semigroup whose growth bound wi(T) is non-negative has weak orbits that
decay arbitrarily slowly. It can be regarded as a weak analogue of Lemma
3.1.7.

Theorem 4.6.4. Let T be a uniformly bounded Cy-semigroup on a Banach
space X with wy(T) > 0. Then there exists an ¢ > 0 with the following
property. For each t > 0, there exist norm one vectors x € X and z* € X*
such that

meas{|{(z*, T(-)x)| > €} > t.

The same conclusion holds for uniformly bounded Cy-semigroups T on Hilbert
spaces with wo(T) > 0.

Proof: Assume the contrary. Then, for each n = 1,2, ... we have

= sup meas {7, 7)) = 7 ] <

where the supremum is taken over all norm one vectors x € X and x* € X*.
Note that 0 < pu1 < pe < .... Define the function ¢ : Ry — R4 by

pit t> 4
o) =S (n+1)2u by, 427 <t<(n+ 1) n=1,2,.
0, t=0.

Then ¢ is non-decreasing and strictly positive away from 0. Fix z € X and
2* € X* of norm one arbitrary and put Ey := {[(z*,T(t)z)| > 1}, E,
{n+2)7t < (", T(t)z)] < (n+1)"1}, n = 1,2,... Then meas E,, < i1,
n=0,1,2,..., and

/(be dtZ/qszT>\)d

1
< 4l - g < 00.
;)N A D

Therefore we can apply Theorem 4.6.3.  ////

For positive semigroups we have the following simple result.
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Theorem 4.6.5. For a positive Cy-semigroup on a Banach lattice X, with
generator A, the following assertions are equivalent:

(i) s(A) <0;
oo
(ii) For all x € X and z* € X* we have / {z*, T(t)x)| dt < 0.
0

Proof: If s(A) = w1(T) < 0, then Theorem 1.2.3 shows that for all z € X and
x* € X* we have

/Om (@ T(t)a)] dt < /0°°<|x*|,T<t>|x>dt = (J2*|, R(0, A)[z]) < oo.

Conversely, (ii) implies (i) by Theorem 4.6.2. ////

We call a Cy-semigroup T on X scalarly p-integrable if
/ [(z*, T(t)x)|Pdt < o0, VrelX, z*eX"
0

Instead of ‘scalarly 1-integrable’, we shall simply say ‘scalarly integrable’. Theo-
rem 4.6.2 shows that wy (T) < 0if T is scalarly p-integrable for some 1 < p < co.
In terms of the fractional growth bounds w,(T), this result can be improved.
To this we turn next.

Lemma 4.6.6. Let T be Cy-semigroup on a Banach space X with uniformly
bounded resolvent in the right half-plane. Let p € [1,2], & > 0, and Re Ao >
wo(T) be such that

/ [(z*, T(t)( Ao — A) )P dt < o0, VxelX,z"eX".
0

Then for all § > 1% we have

sup || T(t)(Mo — A)_O‘_L;H < 00.
>0

Proof: For z € X and z* € X* put

foar(t) = (2", T(t)( Ao — A)"“x), t>0.
Then fy o+ € LP(IR4) and by Lemma 3.1.2 there exists a constant C' > 0 such
that || fz.o |lp < C|lz|| ||z*|| for all z € X and 2* € X*. By the Hausdorfi-Young

theorem, s — (z*, R(is, A)(Ag — A)"“x) € L1(R), % + % = 1. Hence for all
8> % and w > 0, by Holder’s inequality the function

Gz (8) = (w+ is)_ﬁ@*, R(—is, A)(Ao — A)™“x)
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belongs to L' (IR). In particular, the Fourier transforms Fg,, ,, .+ are bounded.
We claim that

FGuwpa(t) = (*, T(t) (Mo — APy, aa. t>0.

Indeed, for £ > 0 we have, with A, := A — w,

1 _i > —ist s \N—B /% s _ —a
%}'gw,x@*(t)— 271_/ e wHis) P (z*, R(—is, A)(Ag — A)"“x) ds

— 00

L ot / MNPt RN A) (o — A)=2) dA
Re A=—w

" 2mi
If z € D(A?) = D(A2), then by Lemma 4.2.3 the right most hand equals
U T (1) (= Au) ™ (Mo — A) %) = (&%, T(t)(w — A) (Ao — A)"*x).

For general x € X we choose a sequence z,, — z with z, € D(A?) for all
n. Then fy, o+ — fzz+ in LP(IR4) for all 2* € X*, hence gy 2, 2 — Gw.z,a
in L'(R), and s0 Fgy z, o+ — FGuze in L2°(IR). Therefore, for almost all
t>0,

1 ) 1

= FGuwer(t) = lim ——Fgu o, 2= (t)

27T Py 27_(_ ) )

n—oo

= lim (&*, T(t)(w — A) (Ao — 4)"*a,)
= (%, T(t)(w — A) P (N — A)™%z).

This proves the claim. If follows that ¢ — (2, T(t)(w — A) 7P (A — A) %) is
bounded. The theorem follows from this by taking w = Ay and applying the
uniform boundedness theorem. ////

This lemma implies that, at least for p = 2, Theorem 4.3.2 is optimal in
the sense that it fails for all o € [0, %) Indeed, consider the case that the
resolvent R(A, A) is uniformly bounded in {Re A > 0}. If Theorem 4.3.2 holds
for p = 2 and some « > 0, then for all A\g > wo(T) we have

/ (@*, T(t) (Ao — A)"“x)|?dt < 00, VreX,z*e X"
0
Hence from Lemma 4.6.6 we see that

1
sup || T(t) (Mo — A) " P|| <00, VB> -.
t>0 2

It follows that wa4s(T) < 0 for all 5 > % By Example 4.2.9, this can only
be true for all semigroups with uniformly bounded resolvent if a + 3 > 1, and
therefore we must have oo > %
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Theorem 4.6.7. Let T be a Cy-semigroup which is scalarly p-integrable for
some 1 < p < c0. Then w,(T) < 0 for all « > max{%, 3} and Winax(2,1}(T) <
0. ’

Proof: We start by observing that sg(A) < 0 by Theorem 4.6.2 and Lemma
2.3.4. Hence, by the Weis-Wrobel convexity theorem and the fact that wq (T) <
0, it is enough to show that wg(T) < 0 for all 8 > max %, i} For1<p<2
this follows from Lemma 4.6.6 by taking o = 0. If 2 < p < o0, then for all
€ > 0 the rescaled semigroup T, is scalarly square integrable and we can apply
what we already know for p = 2 to see that wg(T) < so(4e) for all 3> 1. In
view of Proposition A.1.2 this implies wg(T) < so(A) for all 8> 3. ////

We saw in Theorem 4.6.5 that for a positive Cy-semigroup, uniform bound-
edness of the resolvent in the right half-plane implies scalar integrability; recall
that s(A) = so(A) for positive semigroups. Conversely, we have seen in The-
orem 4.6.2 that scalar p-integrability for some 1 < p < oo implies uniform
boundedness of the resolvent in the right half-plane. We are going to apply
Theorem 4.6.7 to construct a positive Cy-semigroup on a reflexive Banach lat-
tice X which has uniformly bounded resolvent in the right half-plane but fails
to be scalarly p-integrable for all p > 1. This shows that the converse of Theo-
rem 4.6.2 does not hold for ¢(t) =P, 1 < p < 0o, and that scalar integrability
in Theorem 4.6.5 cannot be replaced by scalar p-integrability, 1 < p < oc.

Example 4.6.8. Forn =1,2,... choose 1 < r, < 2 close enough to 1 in or-
1 1

der that — — — > e
rn  Th  n+1l

be the semigroup of Example 1.4.4 on X,, := L™ (1,00) N L™ (1,00). Since by

, where 7/ is the conjugate exponent of r,,. Let T™)

Example 4.2.9 the map o — w,(T() is linear and decreasing on [0, L — 1]
and constant on [T%L — —-,1], by rescaling with some )\, > 0 we obtain a

Co-semigroup T(f))\n = {e*'T(™M(t)};>0 with the properties that s(A(nA) ) =

—An

wl(T(n)zn) < 0 and wn/(nJrl)(T(fzn) > 0. By Theorem 4.6.7, T(f:)\n is not

scalarly (1 + 1)-integrable. Choosing €, > 0 so small that still s(A(_ngn_en) =
w1 (T(—n,in—en) < 0, Holder’s inequality implies that T(_"/in_en fails to be scalarly
p-integrable for all p > 1 + %
Let T be the positive Cy-semigroup on X,, defined by
Ty =T (ant),

n—€n

where «, 1= |\(A(_">)\n_€n)’1||xn. Then T fails to be scalarly p-integrable for

allp>1+ %7 0 € o(AlM), and
(A x, =1 (4.6.3)

by the choice of «,, using the Laplace transform representation of the the
resolvent of Theorem 1.4.1.
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Now let X be the Banach lattice of all sequences x = (zy,)n>1 with z,, € X,

o 3
]| := (Z ||$n|§<”> < o0,
n=1

Define the positive Cy-semigroup T on X coordinatewise by T = (T[n])nZI-
The generator A of T is given coordinatewise by A = (A[”])nzl with maximal
domain. By (4.6.3), the positive operator ((A")~1), >, is bounded on X and
agrees coordinatewise with the resolvent of T at the origin. It follows that
0 € o(A) and A~ = ((AM)~1),51, and Theorem 1.4.1 implies that so(A) =
s(A) < 0. Thus, A has uniformly bounded resolvent in the right half-plane. On
the other hand, it is obvious from the construction that T fails to be scalarly
p-integrable for all p > 1. Finally, X is reflexive, being the {2-sum of reflexive
spaces.

and

If we assume certain integrability properties of the resolvent and its adjoint
along vertical lines, then uniform boundedness of the resolvent does imply scalar
p-integrability of the semigroup for certain p. This is the content of the next
theorem.

Theorem 4.6.9. Let T be a Cy-semigroup on a Banach space X whose
resolvent is uniformly bounded in the right half-plane. Let 1 < ro,r; < 0o be
such that 1 < % =L 4+ L <1, If there exists an wy > wo(T) such that

To 71

/ |R(wo +is, A)z||"* ds < 00, Vz € X,

— 00

and -
/ |R(wo +is, A¥)x™ ||t ds < 00, Va* e X™,

—0o0

then T is scalarly r-integrable for all 2 < r < q, = +

w% (T) < 0.

% % = 1. In particular,
Proof: Fix r € [2, ¢| arbitrary.

Since wg > wo(T), the functions s — R(wg + is, A)x and s — R(wg +
is, A*)z* are bounded. Since they also belong to L™ (IR) and L™ (IR) respec-
tively, it follows that in the assumptions of the theorem we may replace rg and
r1 by larger values in such a way that % + % = %7 where % + % = 1. In other
words, without loss of generality we may assume that r = q.

For x € X and z* € X* we define

Ga,x* (S) = <.13*, R(_isv A)R((,UO - iS, A)JI>, s € R.
Since the resolvent is uniformly bounded in the right half-plane and

[1R(=is, A)z|| < (I +woR(—is, A))|| [[R(wo — is, A)zl],
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Holder’s inequality implies that g, .« belongs to LP(IR). By the Hausdorfi-
Young theorem, there exists a constant ¢, > 0 such that

H <x*, (c, 1)/ eis(')R(is, A)R(wo +is, A)x ds>

q

(4.6.4)
Also, by Theorem 1.3.3, for all £ > 0 we have

1 Rl
2—(0, 1) / e R(wo +is, A)x ds = e~ “°'T(t)z.
™ — 00

Since wg > wo(T), it follows that there is a constant C' > 0 such that

= 21 OT(all, < Cllall. (4.6.5)
q

H(C’, 1) / O R(wg + is, A)x ds

Multiply the resolvent identity
R(is, A) = R(wp +is, A) + woR(is, A)R(wg + is, A)

on both sides with e?** and integrate. Using Theorem 1.3.3, (4.6.4), and (4.6.5),
we obtain

2 (2™, T()x H (C,1) e (x*, R(is, A)z) ds

OO

q
< Ol 2" + cplwol [l gz,

p < OQ.

This proves that T is scalarly g-integrable. Moreover, Theorem 4.6.7 implies
that w1 (T) < 0. Applying this to the semigroup T. = = {e T (t)}+>0, where
¢ > 0 is so small that the resolvent of T, is still uniformly bounded in the right
half-plane, it follows that w, (T) < —e.  ////

Notice that the function R : s — ||R(wg +is, A*)z*| is always measurable,
even though the adjoint semigroup T* need not be strongly continuous. Indeed,
let (sn) be a countable dense set in IR. For ech n, choose a countable set
(Tnm) C X with ||zpm] <1 such that

|R(wo + i8n, A")z"|| = sup [(R(wo + iSn, A*)T", Tpm)|
melN
for all n. Then by the weak*-continuity of s — R(wg + is, A*)z*, for all s € IR
we have
|R(wo +is, A%)a™] = sup |(R(wo + 5, A )", Zm)]
n,meN
This shows that R is measurable, being the supremum of countably many
continuous functions.

If both X and X* have Fourier type % < p < 2, the assumption of the
corollary is satisfied and together with Theorem 4.6.2 we obtain:
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Corollary 4.6.10. Let T be a Cy-semigroup on a Banach space X. Assume
that both X and X* have Fourier type % <p<2and let % + % = 1. Then the
following assertions are equivalent:

(i) The resolvent is uniformly bounded in the right half-plane;

(ii) T is scalarly r-integrable for some 2 < r < g;
(iii) T is scalarly r-integrable for all 2 < r < q.

In the situation of this corollary, we have w 1 (T) < 0 by Theorem 4.6.9.
This, however, follows already if we only assume that X has Fourier type

% < p < 2. Indeed, since L_ é < % an application of Theorem 4.2.4 shows
that w1 (T) < so(A) <O0.
Theorem 4.6.9 applied to rg = r; = 2 gives the following continuous

analogue of Corollary 2.2.3.

Corollary 4.6.11. Let A be the generator of a Cy-semigroup T on a Banach
space X. Assume that there is an wy > wo(T) such that

/ |R(wo +is, A)z||* ds < 00, Vz € X,

— 00

and -

/ | R(wo +is, A¥)2*||?ds < 00, Va*e€ X*.
Then, wo(T) = so(A). In particular, if in addition the resolvent of A is uni-
formly bounded in the right half-plane, then wo(T) < 0.

Notes. Theorems 4.1.1 and 4.2.4 are due to Weis and Wrobel [WW]. Theorem
4.2.4 solved the problem whether w(T) < so(A) for arbitrary Cy-semigroups.
This had been open for quite some time. The following partial results into this
direction were known:

e M. Slemrod [Sl] showed that wy+2(T) < s,(A) for all n =10,1,...;

e V. Wrobel [Wr| showed that wy,+1(T) < s,(A) in uniformly convex Banach
spaces; n = 0,1, ...;

o G. Weiss [Ws3] showed that w,,(T) = s, (A) for Cp-semigroup on a Hilbert
space; n = 0,1, ...;

e It was shown in [NSW] that w,(T) < so(A) for all o > % - % At least for
p =1, it is shown in [NS] that this inequality generalizes to a wider class
of operators A.

In these results, the the quantities s, (A) are defined as the infimum of allw € IR
for which there exists a constant M = M,, > 0 such that {ReX > w} C o(4)
and ||[R(A, A)|| < M(1+ |A])™ for all Re X > w.

Example 4.2.9 is taken from [WW].
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The material of Sections 4.3 and 4.4 is taken from [HN] and the results of
Section 4.5 slightly extend those of [Ne5]. For Hilbert spaces, the case o = 1 of
Corollary 4.3.3 is due to S.Z. Huang [Hud]. Proposition 4.4.1 is a special case
of a result in [Ch]. For more information concerning B-convex spaces we refer
to the monograph [Pi].

The results of Sections 4.2, 4.3, 4.4, and 4.5 can be extended to resolvents
with polynomial growth in a right half-plane. Defining for real g > 0 the
abscissae sg(A) in the natural way, in spaces with Fourier type p we have the
inequality [WW]

wﬁ_,_;_%(T) < 85(14), 8>0,

P

if X has Fourier type p. Similarly, if in Theorems 4.3.2 and 4.3.5 we assume that
the function F is polynomially bounded of order § in a strip {0 < Re A < wp}
for some > —1 and wy > max{0,wy(T)}, then the conclusions of the theorems
hold for all @ > 0 with a > 5+ % and all & > max{0, 3+ 1}, respectively [HN].
In both cases, the proofs for the case 8 = 0 need only minor modifications.
Finally, from Theorem 4.5.2 and Lemma 4.3.1 it follows immediately that

|PT(t) (Ao — A) P lag|| < M(1+1t), t>0,

whenever zg € X and § > 0 are such that A — PR(), A)zy admits a holomor-
phic extension to the open right half-plane which is polynomially bounded of
order 8 in a strip {0 < Re A < wp} for some wp > max{0,wo(T)}.

That scalarly p-integrable semigroups have uniformly bounded resolvent
is proved by G. Weiss in [Wsl] (he actually proves the quantitative result men-
tioned after Theorem 4.6.2); a slightly simpler proof is given in [NSW]. Whether
scalar p-integrability is equivalent to uniform exponential stability in Hilbert
spaces was asked by A.J. Pritchard and J. Zabzcyk [PZ]. The affirmative an-
swer was obtained independently by Falun Huang and Kangsheng Liu [HL] and
G. Weiss [Ws1]; their proofs are essentially equivalent. Our approach general-
izes their arguments to the setting of rearrangement invariant Banach function
spaces. Results about (scalar) integrability have applications to control theorys;
cf. [Zbl], [PZ], [P]], [Wsl].

Most of Theorem 4.6.7 is proved in [NSW]: there it is shown that if T is
scalarly p-integrable for some 1 < p < 2, then w,(T) <0 for all a > %.

Example 4.6.8 provides a counterexample to Lemma 4 in [HF3]. In the
same paper, this lemma is used to prove that uniform boundedness of the
resolvent implies scalar integrability of the semigroup. Whether this is indeed
the case is left open by our results.

Corollary 4.6.11 is due to M.A. Kaashoek and S.M. Verduyn Lunel [KV].
The present proof simplifies their arguments somewhat.

We close with some open questions:

(i) Do some of the results of Sections 4.3 and 4.4 still hold in the limit case
(Theorem 4.3.2 for a = %, etc.)?
(ii) In the situation of Theorem 4.5.2, is T'(-)R(\o, A)xo necessarily bounded?
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(iii) Does there exist a Cp-semigroup with uniformly bounded resolvent in the
right half-plane which is not scalarly integrable?

(iv) If T is an arbitrary Cp-semigroup on a space Co(2) or LP(u), 1 < p < oo,
does it follow that so(A) = w(T)?

(v) Does the local version of Gearhart’s theorem hold, i.e., if T is a Cp-
semigroup on a Hilbert space and the map A — R(\, A)zp extends to a
bounded holomorphic function in {Re A > 0}, does it follow that lim;—, o || T(t) 20| =}
07

Question (iv) is motivated by the observation that on these spaces we always

have s(A) = wo(T) for positive Co-semigroups. The results of this chapter seem

to indicate that for general semigroups one should consider so(A) rather than

s(A); furthermore in Hilbert space the identity so(A) = wo(T) indeed holds.
The last question is based on the observation that, although Theorem 4.3.2

is in some sense optimal in its stated form, the example in Section 4.6 showing

this depends essentially on the use of finite rank operators P and the fact
that one-dimensional subspaces are ‘better’ than the space itself. Therefore it
cannot be ruled out for P = I the theorem may be improved.



Chapter 5.

Countability of the unitary spectrum

In this chapter we study sufficient conditions for certain orbits T'(-)z of a
Cy-semigroup T to be stable, i.e. lim;_, o ||T(¢)z| = 0.

We start in Section 5.1 with the theorem of Arendt, Batty, Lyubich, and
Vi a uniformly bounded Cp-semigroup is uniformly stable if the unitary spec-
trum o(A) N iR of its generator A is countable and contains no residual spec-
trum.

In Section 5.2 we apply this result to derive a theorem of Katznelson-
Tzafriri type for Cyp-semigroups: if T is uniformly bounded and f is of spectral
synthesis with respect to io(A) N 1R, then lim,_ o |T'(¢)f(T)|| = 0.

In both sections, we actually prove versions of these theorems for an in-
dividual orbit of a uniformly bounded semigroup. Instead of making global
spectral assumptions on the semigroups, we consider holomorphic extension
properties of the local resolvent A — R(A, A)xo.

In Section 5.3 we extend the results to individual bounded uniformly con-
tinuous orbits of a (possibly unbounded) semigroup.

In Section 5.4 we give an elementary semigroup proof of the fact that
closed subsets of IR with countable boundary are sets of spectral synthesis.
This result is needed in Section 5.5, where we derive an explicit expression for
im0 ||T'(¢)x|| for contraction semigroups with o(A4) N¢IR countable in terms
of the distance of = to the subspace X = {z € X : lim;_, [|T(¢t)z| = 0}.

In Section 5.6 the stability problem for semigroups is approached from the
Laplace transform point of view. An abstract Tauberian theorem for Laplace
transforms of bounded strongly measurable functions is proved and then ap-
plied to bounded orbits of semigroups to yield further individual stability the-
orems.

In the final Section 5.7 we prove the Glicksberg-DeLeeuw splitting theorem:
an almost periodic Cy-semigroup can be decomposed into a uniformly bounded
group and a uniformly stable semigroup. Moreover, necessary and sufficient
conditions for almost periodicity are given for a Cy-semigroup whose generator
has countable spectrum on the imaginary axis.

5.1. The stability theorem of Arendt, Batty, Lyubich, and Vi

In this section we prove the following stability theorem: if T is a uni-
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formly bounded Cy-semigroup such that the unitary spectrum o(A) N iR is
at most countable and 0,(A4*) NiR = 0, then T is uniformly stable, i.e.
lim; oo ||T(t)z|| = 0 for all x € X. The proof relies of a reduction to iso-
metric semigroups and then to isometric groups, which allows us to apply the
spectral theory of uniformly bounded Cy-groups of Section 2.4.

A bounded operator T on a Banach space X is called an isometry if || Tz|| =
||| for all x € X; we do not suppose T to be invertible.

Lemma 5.1.1. Let T be a Cy-semigroup of isometries on a Banach space X,
and let A be its generator.

(i) For all x € D(A) and X € € we have ||[(A — A)z|| > |[Re | ||z||;

(ii) If E C IR is closed and x € X is such that the map A\ — R(\, A)x has
a holomorphic extension F to a connected neighbourhood V of {Re A >
0}\iE, then for all A\ € V\ilR we have ||F(\)|| < [Re \|7!||z]|.

Proof: (1): We may assume that Re A # 0. From the identity
t
e MT () =z + / e (A= N)T(s)xds
0

we have
e MM lzf| = e RN T ()

t
< ol + / e RONT(5)(A — A)z| ds

~lall+ ( [ e s ) 10~ Ayl

—Re At __ 1
———||(A = A)z||.
— (A Ayl
This proves the lemma for Re A < 0. For Re A > 0 the inequality follows from
the Laplace transform representation of the resolvent.

(ii): This is proved in the same way, after first substituting R(\, A)x for
x in the first formula and passing to the holomorphic extension. ////

= [l +

Theorem 5.1.2. Let T be Cy-semigroup of contractions on a Banach space
X, with generator A. Then there exists a Banach space Y, a bounded operator
7w : X — Y with dense range, and a Cy-semigroup U of isometries on Y with
generator B such that:

(i) U(t)m = nT(t) for all t > 0. Moreover, tD(A) C D(B) and Brnx = nAx

for all x € D(A);

(ii) im0 |T(t)x| = ||7z|| for all x € X;
(iii) o(B) C o(A).
If o(A) NilR is a proper subset of iR, then U extends to a Cy-group of isome-
tries.
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Proof: On X we define the seminorm ! by I(x) := lim;_. || T(¢)z||. Since T
is contractive, this limit indeed exists. Let 7 : X — Y := X/kerl be the
quotient mapping. The seminorm [/ induces a norm [y on Y in the natural way
by lo(mzx) := l(x), and we have

lo(r2) = (@) = lim |[T(D)a].
For t > 0, we define Uy(t) : Yo — Yo by Ug(t)mx := «T(¢t)z. We have
lo(Uo(t)mx) = lo(nT(t)z) = U(T(t)x) = l(z) = lo(7x).

This shows that Uy(t) is isometric with respect to the norm ly. Let Y be the
completion of Y with respect to ly. Then each operator Uy(t) extends to an
isometry U(t) on Y. Strong continuity of the family U = {U(¢)};>o follows
from the denseness of 7X in Y, the contractivity of the operators U(t), and
the estimate

limsup ||U(t)rz — wz|| = limsup ( lim ||T(t+ s)xz — T(s)xH)
t10 t]0 §—00

<limsup ||[T(t)x —z|| =0, ze€X.
t10
If x € D(A), then

1 o1
lglrg)l Z(U(t)mc —mz) = Wltlllgl ;(T(t)x —1z) = 1Az,

proving that 7z € D(B) and Brz = mAx.

We have proved (i) and (ii). Next we prove (iii). Let A € o(A) be given.
We define the linear operator Ry on Yj by

Rymx := wR(\, A)z.
This operator is well-defined and

lo(Ryra) = Jim [ T()R() A)e]
< IRO. A Jim [T(0)] = RO )] o).

Therefore, Ry extends to a bounded operator on Y and ||R,|| < ||R(A, A)||. For
all x € X we have Rymx = nR(\, A)x € m1D(A) C D(B) and (A — B)Rymz =
(A=B)rR(\, A)x = 71(A— A)R(\, A)x = x. Similarly, for all z € D(A) we have
mx € D(B) and Ry\(A— B)mz = Ryn(A—A)x = 7R(\, A)(A— A)x = x. There-
fore, to prove that R is a two-sided inverse of A — B, in view of the closedness
of B it remains to prove that 7 D(A) is dense in D(B) with respect to the graph
norm. So let y € D(B) be arbitrary. Fix g > 0 arbitrary and choose z € Y
such that y = R(u, B)z. Pick a sequence (z,,) C X such that 7x,, — zinY and
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put y, := 7R(p, A)zy,. Then y,, € 7D(A), yn, = R(u, B)wz, — R(u, B)z =y,
and By, = BR(u, B)rx, — BR(u, B)z = By. Here we used that 7R(u, A) =
R(u, B)m by the Laplace transform representation of the resolvents and that
BR(u, B) = uR(p, B) — I is a bounded operator on Y. Thus, y, — y in D(B)
with respect to the graph norm. This concludes the proof of (iii).

Suppose o(A) NilR is properly contained in iIR. We have to prove that U
extends to a Cp-group of isometries. By Lemma 5.1.1 (i), for all y € D(B) and
Re A < 0 we have

(A= B)yll = [Re Al ly]l-

It follows from this that the open left half-plane C_ contains no approximate
eigenvalues for B. In particular, C_ contains no elements of the boundary of
o(B). Hence, either C_ C o(B) or C_ No(B) = 0. But in the first case, also
iIR C o(B) since o(B) is closed. This contradicts the assumption, so we must
have the second alternative.

It follows that o(B) C iIR. For Re A > 0 we have

1 1

IR(\, —B)| = ||R(—=\, B)|| < ] = BeX

By the Hille-Yosida theorem, —B is the generator of a Cy-semigroup V of
contractions on Y. We check that U(t) is invertible for all ¢ > 0 with inverse
V(t). For all z € D(B) = D(—B), the maps ¢t — U(t)V(t)z and t — V (¢)U(¢)x
are differentiable with derivative identically zero. It follows that the maps are
constant, and by letting ¢ | 0 it follows that U(¢)V(t) = V(¢t)U(t) = I on the
dense set D(B), hence on all of Y. Finally, each operator V() is an isometry,
being the inverse of an isometry.  ////

The condition o(A)NiIR # IR cannot be omitted from the last statement.
Indeed, let X = L?(IR.+) and consider the right translation semigroup on X:

s >t
else.

e ={ 4o "

Then T is isometric, o(A) N¢{R = IR, and T does not extend to a Cy-group.
The triple (Y, n, U) will be called the isometric limit (semi)group associ-
ated to T.

Corollary 5.1.3. If T is an isometric Cy-semigroup on X with o(A) NiIR #
1R, then T extends to an isometric Cy-group.

Proof: By the isometric nature of T we have [(z) =z forallz € X, s0Y =X
and T = U. But U extends to a Cy-group since o(A) NiR #{R.  ////

An invertible operator is called doubly power bounded if

sup ||T%| < oo.
keZZ

Lemma 5.1.4. Let T a doubly power bounded operator on a Banach space
X with o(T) ={1}. Then T = 1.
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Proof: Since log z is holomorphic in a neighbourhood of z = 1, by Dunford
calculus we may define the bounded operator S := —ilog T. Then T = ¢ and
the spectral mapping theorem implies that o(m.S) = {0} for all m € IN. Also,
for all m € IN we have o(sin(mS)) = sin(o(msS)) = {sin 0} = {0}, and

< sup ||T"].

Tm™ — T—m ) n
/4

2

JsinGms)") = |

Let > 77, cnz™ be Taylor series of the principle branch of arcsin z at z = 0. As
is well-known, ¢, > 0 for all n and )", ¢, = arcsin(1) = Z. Consequently,

ImS|| = [arcsin(sin(mS)| < 3 eallsin(mS))")| < T sup [T,
n=0 2 keZl

Since this holds for all m € IN, it follows that S =0 and T =¢* =1.  ////

Now we are in a position to prove the theorem of Arendt, Batty, Lyubich,
and V.

Theorem 5.1.5. Let T be a uniformly bounded Cy-semigroup on a Banach
space X, with generator A. If
(i) o(A) NiIR is countable, and
(i) op(A*)NiR = 0,
then T is uniformly stable, i.e. lim;_ o, ||T(¢)z|| =0 for all x € X.

Proof: By renorming with the equivalent norm ||z|| := sup,~ [|7'(¢)x]||, we may
assume that T is contractive. Let (Y, 7, U) be the isometric limit semigroup
associated to T, and let B be the generator of U. By (i), 0(A4) NiIR cannot be
all of /IR, and therefore U extends to an isometric group on Y. Assuming that
T is not uniformly stable, we shall prove that (i) implies o,(A*) NiIR # 0.

Since T is not uniformly stable, the definition of ¥ implies that ¥ # {0}.
By Lemma 2.4.3, o(B) # 0. Also, since o(B) C o(A), it follows that o(B)
is countable. In particular, by a well-known result from point set topology, it
contains an isolated point, say iw. Let P, be the associated spectral projection
in Y, let U, be the restriction of U to P,Y and let B, denote its generator.
Since o(B,,) = {iw}, Theorem 2.4.4 implies that o(U,(t)) = {e*!} for all
t € R. By Lemma 5.1.4, this implies that U, (t) = e!“*I. Hence, for all y € Y’
we have U, (t)P,y = e“'P,y, so P,y € D(B,) and B, P,y = iwP,y. Fix an
arbitrary non-zero y, € (P,Y)* and define z* € X* by

(x*,z) == (y}, Pomz), z€X.
Then a* # 0. For all 2 € D(A) we have ma € D(B), Brz = wAx, and

(x*, Az) = (y., PymAx) = (y,,, P,Brz)

= (y, By P,mx) = iw(yl, P,mx) = iw(z”, x).

Hence, z* € D(A*) and A*z* =dwz*.  ////
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The following example shows that the countability assumption in Theorem
5.1.5 cannot be relaxed.

Example 5.1.6. Let E C IR be uncountable and let u be a positive diffuse
measure (i.e. a measure without atoms) supported by E. Let X = L%(FE, p)
and define

(TA)f)(s) =€ f(s), s€ B, 1>0.
This defines a Cy-semigroup T on X, each operator T'(¢) is unitary, and hence
IT@) f|| = ||f]] for all ¢ > 0. On the other hand, one checks that o(A) C iF
and 0,(A*) = 0,(A) = 0.

Example 5.1.12 below shows that also the uniform boundedness assump-
tion cannot be omitted from Theorem 5.1.5.

The condition o,(A*) N{IR = () is necessary for T to be uniformly stable.
Indeed, if A*z* = jwz* for some non-zero x* € D(A*), then the identity

¢
(e7 ™t T*(t)x* — 2%, z) = / (A" —iw)x* e " T(s)z)ds =0, z€ X,
0

shows that T*(t)z* = e'“!z* for allt > 0. Choosing g € X such that (z*, x¢) #
0, we have

(@, T(t)zo) = (T*(t)z", x0) = ™" (2", o),
proving that T is not even weakly uniformly stable.

Similarly, a necessary condition for uniform stability is o,(A) N R = 0.
Interestingly, the latter is actually implied by the first, and in certain situations
the two conditions are actually equivalent. This is will be proved at the end of
this section.

Countability of the unitary spectrum is by no means necessary for uniform
stability: the Cp-semigroup T on Cy[0,00) defined by T'(t)f(s) := f(s + t)
is trivially seen to be uniformly stable, but o(A) = {ReA < 0}. For this
semigroup, however, it is easy to see that there is a dense subspace Y with the
property that for each y € Y, the map A — R()\, A)y extends holomorphically
across the imaginary axis. Indeed, for Y we may take the set of all f € Cy[0, 00)
such that sup,~ e’|f(t)| < co. We shall show below that a bounded semigroup
is uniformly stable whenever such a dense subspace can be found. To prepare
for these developments we start with a lemma about holomorpic extensions of
the local resolvent.

In the rest of this chapter, X, denotes the closed linear span of the orbit
{T'(t)xo : t > 0}. The restriction of T to X,, is denoted by T,, and its
generator by Ag,.

Lemma 5.1.7. Let T be an isometric Cy-semigroup on a Banach space
X. Let E C IR be a closed subset and let xy € X be such that the map
A= R(A, A)xg admits a holomorphic extension to a connected neighbourhood
V of {Re A > 0}\iE. Then there exists a connected neighbourhood W C V of
{Re A > 0}\¢E with the following property: for each v € X,, the map A\ —
R(\, A)x admits a holomorphic extension to W. Moreover, these extensions
are X,-valued.



Countability of the unitary spectrum 155

Proof: Let Y denote the linear span of the orbit of xy. Fix y € X,, =Y
and choose a sequence (y,) C Y with y, — y. The first thing we observe
is that each R(\, A)y, admits a holomorphic extension to V: this follows by
linearity and the fact that for each ¢ > 0, T'(t)F(\) extends R(\, A)T(t)zo if
F(X) extends R(\, A)xo.

For each Ag € iIR\iE we choose r(\g) > 0 such that the closure of the open
ball B(Ag,7(Ag)) of radius r and centre \g is contained in V. Let B denote the
union of all balls B(Ag, 37(X)) and put W = {ReX > 0} UB. Then W C V
and W is a connected neighbourhood of {Re A > 0}\¢E. In order to prove that
R(\, A)y extends holomorphically to W, it suffices to show that it extends to
each B(Xg, 37).

So let A9 € iR\iE and r = r(\g) as above be fixed. By rescaling T,
we may assume that \g = 0. For each n, let F,,()\) denote the holomorphic
extension of R(\, A)y, to V. We claim that the functions F, are bounded
on B(0, %r), unifomly in m. Once this has been shown, from the fact that
RN Ay, — R\ A)y for ReX > 0 it follows by Vitali’s theorem that the
functions F),, converge, uniformly on compacta, to a holomorphic function F'
on B(0, 37). This F is the desired extension of R(A, A)y.

Define the continuous functions f,, : B(0,7) — X by

fn(A) = <1 + ij) F,(\).

Each f,, is holomorphic on B(0,7). By virtue of Lemma 5.1.1 (ii), for A =
re? € 9B(0,7)\ilR we have
2

A 1
12000 < |14 %]

[Re Al A\

[

: 2
= |1+ 2. =- .
1 2] el = = ]
Therefore, by the maximum modulus theorem,

2
sup | fa(MI < =[lyall-
AeB(0,r) r

It follows that
2

sup sup [[Fp(A)[| =sup sup [ fa (Ml
n A€B(0.5) n aeB(,z) %+ X"
2r 8
< su su su
< npAGB(L))V E 2+)\2|”ynH <3 pllynl\

This proves the claim.

It remains to prove that F' takes values in X,,. To see this, we consider
the quotient space X/X, . If ¢ : X — X/X,, is the quotient mapping, then
gF ()) is a holomorpic extension of ¢R(\, A)y to W. Moreover, ¢F'(\) = 0 for
all ReA > 0 since R(\, A)y € X, for these A\. Therefore, ¢F' = 0 on W by
uniqueness of analytic continuation.  ////
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As a consequence of this lemma we have
0(Aqg,) NiR C iE, (5.1.1)

where A;, denotes the generator of the restriction of T to X,,. Indeed, if
iw € o(Ag, )NIR, then lim, | || R(iw+e, Az, )| = oo by Proposition 1.1.5, and by
the uniform boundedness theorem there exists x € X, such that lim. o || R(iw+
€, Ay, )z|| = 0. Then Lemma 5.1.7 shows that iw € iE.

In Section 5.3 we will give an example which shows that Lemma 5.1.7 is
false for contraction semigroups. Thus, the assumption that T be isometric is
essential.

Our next objective is to prove an individual version of the Arendt-Batty-
Lyubich-Vi theorem. The countability of 0(A4)NiIR will be replaced by count-
ability of the set of singular points of the local resolvent R(A, A)xgy on the
imaginary axis. In the next three lemmas we show how the other global spec-
tral assumption, viz. ¢,(A*) NiIR, can be localized to an individual = € X.

Lemma 5.1.8. Let T be a uniformly bounded Cy-semigroup on X, with
generator A. Let vg € X and let iw € o,(A} ) NilR. Then the map A —
R(\, A)xy cannot be holomorphically extended to a neighbourhood of iw.

Proof: Without loss of generality we may assume w = 0. Let 0 # y* € D(A} )
be such that A} y* = 0. Then T (t)y* = y* for allt > 0. Hence if (y*, z9) = 0,
then also (y*,T'(t)zo) = 0 for all £ > 0, so y* = 0. Since the linear span of the
set {T(t)xp : t > 0} is dense in X,,, this leads to a contradiction. It follows
that (y*,zg) =: a # 0. Then for all Re A > 0 we have

= <A;0y*7 R(/\’ A)Qjo) = <y*7 AR(Aa A)I0> = <y*’ )‘R(/\’ A)xO - 330>.

Hence,
(v RO\, Aao) = 5. VRed > 0.

This shows that limy o ||R(\, A)zo|| = c0.  ////

Lemma 5.1.9. Let T be a uniformly bounded Cy-semigroup on X, with
generator A. Then the following two assertions are equivalent:

(i) 0 & op(A%); )
/ T(s)x ds
0

1
(ii) For all x € X, tlim n ‘
Proof: Assume (i). By the Hahn-Banach theorem, the set {Ay : y € D(A)} is
dense in X. For all z = Ay in this set we have

/Ot T(s)xds

using that T is uniformly bounded. Since the operators (Si)i=o, Siz =

=0.

1 1
lim — = tlim ¥||T(t)y —yl|=0

t—>oot‘

t1 fot T(s)x dt, are uniformly bounded, (ii) follows from this by denseness.
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Conversely, assume (ii) and let 2* € D(A*) be such that A*z* = 0. Then
T*(t)x* = z* for all t > 0 by the remark following Proposition 2.1.6. Hence
for all x € X,

¢

t
(z*,z) = lim 1 (T*(s)x™,x)ds = lim %(a:*,/ T(s)x ds) = 0.
0

t—oo t 0 t— 00
Therefore, * =0 and 0 & o,(A*).  ////

If T is uniformly bounded and for some zy € X we have

t
lim — ‘/ T(s)xo ds|| = 0,
t—oo t 0
then by a density argument
1 t
tlim - ‘ / T(s)zds|| =0, VreX,.
—00 0

Hence by the previous two lemmas applied to X,, we obtain:

Lemma 5.1.10. Let T be a uniformly bounded Cy-semigroup on X, with
generator A. For a given xg € X the following are equivalent:

() op(A7,) = 0;

t

1 ,
(ii) tlim 7 / e “*T(s)xg ds|| = 0 for all iw € iR to which R(\, A)xy cannot
—00 0

be holomorphically extended.

Theorem 5.1.11. Let T be a uniformly bounded Cy-semigroup on a Banach
space X, with generator A. Let o € X and a countable closed set E C IR be
given such that:

(i) The map A\ — R(\, A)xo admits a holomorphic extension to a neighbour-
hood V of {Re A > 0}\iE;

¢

/ e ST (s)wo ds
0

Then, lim;_, o ||T(t)zo|| = 0.

1
(ii)) For allw € E, lim — ‘ = 0.
t—oo ¢

Proof: Consider the isometric limit semigroup (Y, , U) associated to the re-
striction Ty, of T to X,,; let B denote the generator of U. We shall prove
that Y = {0}.

By shrinking V', we may assume V to be connected. Since mR(\, A)xo =
R(\, B)mzg for Re A > 0, we see that R(\, B)mzo can be holomorphically ex-
tended to V. Since the orbit of mz( spans a dense subspace of Y, (5.1.1) implies
that o(B) C ¢E. Hence o(B) is countable. Furthermore by (ii), for all w € F
we have

t
/ e sy (s)mwo ds|| = 0,
0
s0 0,(B*) = () by Lemma 5.1.10.
It follows that U is uniformly stable by virtue of the Arendt-Batty-Lyu-
bich-V1u theorem. Since U is also isometric, we conclude that Y = {0}.

lim ’
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By Lemma 5.1.9, the theorem remains true if we replace condition (ii) by
the global assumption o,(A*) N¢R = (. In this form, the theorem can also
proved alternatively by mimicking the proof of Theorem 5.1.5.

It turns out that Theorem 5.1.11 can be further generalized: the uniform
boundedness assumption may be replaced by boundedness and uniform conti-
nuity of the orbit T'(-)xo. This will be proved in Section 5.3.

Another generalization of Theorem 5.1.11 is obtained by developing the
assumption (ii). This assumption is an ergodic one, and a version of Theorem
5.1.11 can be formulated in which the limit in (ii) is assumed to exist but
allowed to be different from zero. This point is taken up at the end of Section
5.7.

The next example shows that the uniform boundedness assumption in
Theorem 5.1.5 cannot be omitted and that in Theorem 5.1.11 it is not enough
to assume only boundedness the orbit T'(-)xg, even if X is a Hilbert space and
To € D(A)

Example 5.1.12. Let X =[? and define the Cy-semigroup T on X by

. 2
(T(t)m)2n71 = e/nt=t/n (2n—1 + tx?n)’
(T(t)x)2n = €™/ 29,

Then, by the triangle inequality, for all z € X we have

(Z ‘-rQn—l + t$2n|2> + (Z |x2n2>
n=1 n=1
(Z 1‘2n—1|2> +(t+1) (Z |$2n|2>

n=1 n=1

Nl

1T ()]

IN

N

IN

< (t+2)[|]-
It follows that ||T°(¢)|| < ¢+ 2 for all ¢ > 0. The generator A is given by
DA)={zeX: (nz,) € X}

(A$)2TL—1 = Top + (Z’I’L - 1/712)1:271—1’

(Az)a, = (in — 1/n*)xa,.
Hence, o(A) = {in —1/n?: n =1,2,...} and o(A) NiR = . Define y € X by

Yon—1 =0,

Yon =N

[V

A simple calculation shows that y € D(A). Moreover,

(T(£)y)2n—1 = tn~Fem=t/m"
(T(t)y)an = n~ 3=t/
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By taking the Riemann sums of s — s75¢2/5" in the points nt_%, n=12,..,

applying the dominated convergence theorem, and noting that

oo

lim Y e 2/"" =
t—o0 n
=1
we obtain .
1+ t2 2
. 2 _ 1 —2t/n
Jan IO = i, > = e
n=1
oo
= lim 22t/
t—oo n5
n=1

e 2
= / s %72/ (s
0

1 oo
= 7/ ue 2% du = 1

Thus, [|T'(-)y|| is bounded but fails to converge to zero.

A sufficient condition for uniform stability is the existence of a dense subset
of elements with countable local spectrum on the imaginary axis:

Corollary 5.1.13. Let T be a uniformly bounded Cy-semigroup on a Banach

space X, with generator A. Assume

(i) op(A*) NiR = 0;

(ii) There exist a dense subspace Y C X with the following property: for each
y € Y there is a countable closed subset ' C IR such that for ally € Y the
map A — R(\, A)y admits a holomorphic extension to a neighbourhood of
{Re X > 0}\iE.

Then T is uniformly stable.

Indeed, we apply Theorem 5.1.11 and the remark following it.

One may wonder whether the conditions of Theorem 5.1.11 and its corollar-
ies are necessary for uniform stability. Unfortunately this is note the case: the
following is an example of a uniformly stable Cp-semigroup with the property
that whenever A — R(\, A)z admits a holomorphic extension to a neighbour-
hood of some iw € IR, then x = 0.

Example 5.1.14.  Let X = L*(IR,,w(t)dt), where w : IRy — IR, satisfies
(i) w is non-increasing;
(ii) limy— oo w(t) = 0;
(iii) For each a > 0 there exists a constant ¢ > 0 such that w(t) > ce™** for all
t>0.

Let T be the Cy-semigroup on X defined by

Tﬁﬁ@%:{f“U’OSfS&

0, else,
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and let A denote its generator. By (i) and (ii), for all f € X we have

oo

hm IT@) f] = hm / f(s—t)|w(s)ds = lim [f(8)|w(s+1t)ds=0,

t—o0 0

so T is uniformly stable. We will prove that 0 is the only element in X whose
local resolvent can be extended across some point of the imaginary axis.
By (ii), for Re A < 0 the function

6)\5
= >
gx(s) W)’ s>0
is bounded, so hy(s) := e** defines an element of X*. For all f € X and t > 0
we have
(hx, T / f(s—t)er ds
:/ F(s)eret ds
/ f )\s ds
)\t h)w f>
Thus,

T*(t)hy = eMhy, t>0,

so hy € D(A*) and A*h,\ = A\h,.

Now suppose f € X is such that the map A — R(A, A) f has a holomorphic
extension F' to a connected neighbourhood V' of some point iw € ¢IR. ;From
the identity R(1,A)f = (I+ (A —1)R(1, A))R(A, A) f, by analytic continuation
we obtain

R(1,A)f = (I + (A — 1)R(1, A)F(X\) = (A — AR(1, A)F())

for all A € V. Hence, for all A € V with Re A <0,
/ M (R(1,A)f)(s) ds = (hx, R(1, A) f) = (A = A")hy, R(1, A)F (X)) = 0.
0

As a function of A, the first of these expressions is holomorphic on {Re A < 0}
and vanishes in {Re A < 0} N V. Therefore,

/Oo M (R(1,A)f)(s)ds =0,  VReA<O.
0

By the uniqueness of the Laplace transform, this implies that R(1, A)f = 0 a.e.
Hence f = 0 by the injectivity of R(1, A).
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We close this section with some propositions about the point spectra of A
and A*. We use the existence of left invariant means on BUC(IR, ), that is,
positive linear functionals 0 < ¢ € (BUC(IR))* such that

(i) <¢7 1> =1,

(i) (¢, f(-)) = (&, f(- +5)) for all s > 0.
In (i), 1 denotes the constant one function. The existence of such ¢ is easily
proved as follows. Fix an arbitrary 0 < ¢¢ € (BUC(IR+))* such that ¢o(1) = 1.
For n =1,2,... define 0 < ¢, € (BUC(IR4))* by

Onsd)i= 3 [ {60, 1C+ ) ds.

nJo

Clearly, ||¢n]l < ||dol and (¢n,1) = (¢o,1) = 1 for all n. By the Banach-
Alaoglu theorem, the unit ball of a dual Banach space is weak*-compact.
Therefore, the sequence (¢,) has a weak*-cluster point ¢. This is the left
invariant mean we are looking for: clearly, ¢ > 0 and (¢,1) = 1. For an
arbitrary f € BUC(IR4) and s > 0, let (ng) be a subsequence such that

khigo<¢nkaf> = <¢v f>
and
Then, g
@16+ = Jim [ gn, 0 +5+ )do

= lim 1/Onk<¢0,f('+0)>d0= (0, ).

This proves that ¢ is a left invariant mean.
A Cy-semigroup T is weakly almost periodic if for all € X the set {T'(¢)x :
t > 0} is relatively weakly compact in X.

Proposition 5.1.15. Let T be a uniformly bounded Cy-semigroup on a
Banach space X, with generator A. Then o,(A) Ni{R C o,(A*) N{R. If in
addition T is weakly almost periodic, then o,(A) N iR = o,(A4*) NiIR.

Proof: Let iw € 0,(A) NilR. By rescaling we may assume that w = 0. Let
zo € D(A) be an eigenvector with eigenvalue 0. Then T'(t)zo = zo for all
t > 0 by Proposition 2.1.6. Let y} € X* be such that (yg§,zo) = 1. Let
¢ € (BUC(IR4))* be a left invariant mean and define zj; € X* by

(x5, ) := ¢({yo, T()x)), =z € X,

noting that (z*,T'(-)x) € BUC(IR4) for all € X and z* € X*. Then, for all
z € X we have

(T* ()5, 2) = ¢((yo, T(t + -)x)) = (w5, T()2)) = (w5, ).
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Hence, T*(t)x§ = «f for all t > 0, so z§ € D(A*) and A*zf = 0. Also,

(x5, 20) = o((yo, T()x0)) = ¢({yp, z0)1) = ¢(1) = 1,

which shows that xf; # 0. This proves that x{ is an eigenvector of A* with
eigenvalue 0.

Next assume that T is weakly almost periodic. Let 0 € o,(A*) NiIR and
let x5 € D(A*) be an eigenvector and let yo € X be such that (z{,y0) = 1.
Define z§* € X** by

(237, 2%) = o((z" T()yo),  a* € X*.

We claim that z{* € X. To see this, let y* € X* and o € IR be such that
Re (y*, T (t)xo) > a for all t > 0. Then also Re (z*,y*) = Rep({y*, T(-)xzo)) =
o(Re (y*, T(-)xo)) > ¢(a) = a. By the Hahn-Banach separation theorem this
implies that x§* lies in the weak*-closure of the convex hull of jH, where
H :={T(t)xo: t >0} and j : X — X** is the canonical embedding. But the
weak*-closure of j(co H) in X** is j (ﬁweak): since H is relatively weakly

compact in X, so is its convex hull co H by the Krein-Shmulyan theorem, and
since j : (X, weak) — (X** weak™) is continuous, it maps the weakly compact

— k . —F k
set coH " onto the weak*-compact (hence weak*-closed) set j (co H e

We have proved that z§* = jxo for some z in the weak closure of co H.
As in the first part of the proof, we check that x¢ # 0 and that T'(¢t)xo = g
for all ¢ > 0. Hence, z is an eigenvector of A with eigenvalue 0. ////

As a consequence of the second part of this proposition and Theorem
5.1.11, we have:

Corollary 5.1.16. Let T be a weakly almost periodic Cy-semigroup on a
Banach space X, with generator A, and assume that o,(A) NiR = 0. Let
FE C IR be closed and countable, and let ©o € X be given such that the
map A — R(\, A)xg admits a holomorphic extension to a neighbourhood of
{Re X > 0}\¢E. Then lim;_ ||T(t)xo| = 0.

This corollary will be developed further in Section 5.7.

Clearly, uniformly bounded semigroups in reflexive Banach spaces are
weakly almost periodic. More generally, we shall prove now that uniformly
bounded ®-reflexive semigroups are weakly almost periodic. Recall that a Cy-
semigroup T is ®-reflexive if the canonical map j : X — X©© defined by

(jo,2®) == (2®,2), x€ X, 2® € XO,
maps X onto X®©. By a theorem of de Pagter, T is ®-reflexive if and only if
R(\, A) is weakly compact for some (and hence for all) A € p(A).

In the next proposition we use Grothendieck’s lemma: a set H C X is
relatively weakly compact if for all € > 0 there exists a weakly compact set K
such that H C K + eBx, where Bx is the unit ball of X.
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Proposition 5.1.17. Let T be a uniformly bounded ®-reflexive Cy-semi-
group. Then T is weakly almost periodic.

Proof: Since T is uniformly bounded, for all A € g(A) and x € X the set
Oxg = {T({#)(AR(A, A)x) : t > 0} is relatively weakly compact by de Pagter’s
theorem. Let z € X be arbitrary, let € > 0, and choose A € IR so large that
AR, A)z — z|| < eM~!, where M is the boundedness constant of T. Then,
for all ¢ > 0 we have ||T(¢)(AR(X, A)x) — T(t)x|| < e. It follows that the orbit
O, = {T(t)x : t > 0} is contained in Oy, + eBx. Therefore, O, is relatively
weakly compact by Grothendieck’s lemma.  ////

5.2. The Katznelson-Tzafriri theorem

In this section we apply the isometric limit semigroup construction to prove
a Katznelson-Tzafriri type theorem for Cy-semigroups.

A function f € L'(IR) is said to be of spectral synthesis for a closed set
E C R if f can be approximated in the norm of L!(IR) by a sequence (f,) of
functions, each of which has the property that its Fourier transform fn vanishes
in a neighbourhood of E. If f is of spectral synthesis for F, then the Fourier
transform of f vanishes on E. Upon identifying L'(IR; ) in the natural way with
a closed subspace of L'(IR), we say that f € L'(IR) is of spectral synthesis
with respect to E if f is so when regarded as an element of L'(IR). The set £
is called spectral if every f € L'(IR) whose Fourier transform vanishes on E is
of spectral synthesis for F.

For f € L'(IR4) and a uniformly bounded Cy-semigroup T we define the
bounded operator f(T) by

f(T)z = /000 fOT(t)xdt, ze€X.

If T is a Cy-group, this definition is consistent with that in Section 2.4.

Theorem 5.2.1. Let T be a uniformly bounded Cy-semigroup on a Banach
space X, with generator A. Let E C IR be closed and let f € L'(IR.) be
of spectral synthesis with respect to —FE. If, for some xy € X, the map \ —
R(\, A)xg extends holomorphically to a neighbourhood of {Re A > 0}\iFE, then

Jim [[T(t)(T)|| = 0.

Proof: By renorming X we may assume that T is a contraction semigroup.
For A > 0, let K\ denote the Fejér kernel for the real line, K (t) := MK (At),

where ) )
1 in(t/2 1 .
Kt = 4 (S22 L[ gyt s,
2 t/2 2 1
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As is well-known (see, e.g., [Ka]), Kx(s) = max{1 — A"!|s|,0}, so Ky is com-
pactly supported, and for all g € L'(IR) we have limy_ ||Kx * g — g|j1 = 0.

If £ = 1R, then f is identically zero, hence f = 0 and there is nothing to
prove. Therefore, we may assume that E is a proper subset of IR. Choose a
sequence (f,) C L'(IR) such that limy, . || f — fn|l1 = 0 and each f,, vanishes
in a neighbourhood of —FE. By replacing f,, by K, * f, for large enough A,
we may assume that the Fourier transform of f, is compactly supported.

Let X,, denote the closed linear span of the orbit of xg, let (Yo, mo, Up)
be the isometric limit semigroup associated to the restriction T,, of T, and
let By be the generator of Uy. The Ug-orbit of myz is dense in Yj. Since
R(\, B)moxg = moR(\, A)xg extends holomorphically to a neighbourhood of
{Re A > 0}\iE, it follows that o(By) NR C ¢F by (5.1.1). By Corollary 5.1.3,
U, extends to an isometric Cy-group. Each fn vanishes in a neighbourhood
of io(By) = io(By) N R, hence f,(Ug) = 0 by Lemma 2.4.3. Since the map
g — §(Uyp) is continuous from L' (IR) into £(Yp), it follows that also f(Ug) = 0.
But then

t—o0

_ ‘ / " F()Un(s)momo ds

= ||/ (Uo)momo|| = 0.

Jin () (D)ool = fi |70 [ 167 (G)an s

0 /000 f(8)T(s)xods

i

It will be shown in the next section that the uniform boundedness as-
sumption on T is unnecessarily strong; it is enough to know that T'(-)z¢ is
bounded.

If f is of spectral synthesis with respect to io(A) N IR a global version of
Theorem 5.2.1 holds. In this case we even obtain convergence to 0 in the norm
topology. The proof of this is based on the following construction.

Let T be a Cy-semigroup on a Banach space X and let £(X) be the closed
subspace of £(X) consisting of all operators S such that lim, o [|T'(¢)S — S|| =
0. On Ly(X), T induces a Co-semigroup 7 by the formula 7 (¢)S := T(t)S,
S € Lo(X). Let A denote its generator.

Lemma 5.2.2. Let T be a Cy-semigroup on a Banach space X, with gener-
ator A. Then o(A) C o(A) and their peripheral spectra agree.

Proof: For A € p(A) we define the bounded operator Ry on Lo(X) by Ra(S) :=
R(\, A)S. Then Ry defines a two-sided inverse for A — A: from the identity

<1(T(t) — DR\ A) — AR(A, A) + I) S= (RO A)—1)- /t T(s)S — S ds,
t t Jo
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valid for all S € Lo(X), it follows upon letting ¢ | 0 that Ry € D(A) and
(A—=A)RLS = S. Also, if S € D(A), then Sz € D(A) and ASz = ASz
for all x € X, so Ry(A — A)Sz = Ry(A — A)Sx = Sz. Hence A € p(A) and
R(X,A) =R

For the proof of the second assertion we may assume that s(A) = 0. Let
iw € o(A) NiR. By Proposition 1.1.5 and the uniform boundedness theorem
there exists an € X of norm one such that lim. o [|R(iw + €, A)z|| = co. By
what we just proved, for all € > 0 we have iw + ¢ € 9(A) and R(iw + ¢, A)S =
R(iw+e, A)S. Let * € X* be such that (z*, ) # 0 and consider the rank one
operator S :=z* @ . Then S € Lo(X) and

[R(iw + €, A) Szl = [ R(iw + €, A)z| - [(2", )]

This proves that lim g || R(iw + €, A)|| = co. But this implies that iw € o(.A).
Hence o(A) NilR D o(A) NiR and the lemma is proved.  ////

Theorem 5.2.3. Let T be a uniformly bounded Cy-semigroup on a Banach
space X, with generator A. If f € L'(IR, ) is of spectral synthesis with respect
toic(A) NIR, then
Tim |70 ()] = 0.
Proof: By renorming X we may assume that T is a contraction semigroup.
By Theorem 5.2.1,

Jim |T#) f(T)z|| =0, VzeX.

By Lemma 5.2.2, we can apply this to the semigroup 7 on Lo(X). It is easily
checked that L£o(X) contains the closure with respect to the uniform operator
topology of the set {G(T): g € L*(IR4)}: in fact, if g € L'(IRy), then

IT(#)g(T)z—g(T)z|| = H/OOO 9(s)(T(t+s) = T(s))zds

S ’

/ g9(s)T(s)x ds
0 0

< ([T 100 -ats+ 01+ [ gt ) fal

Since translation on L*(IR.) is strongly continuous, the assertion follows from
this.
We conclude that

Jim | T(6) /(T)3(T)| = Jim | T()/(T)(T)]| =0, VgeL'(Ry). (52.1)

/ (g(s) —g(s+t)T(s+t)xds

"

Finally, let (h,) C L*(IRy) an approximate identity, i.e. ||h,|;1 = 1 for all n
and lim,, . [|g * hy, — g|l1 = 0 for all g € L*(IR4). For all n we have

IT@)FT) < NT @S b)) (T + TS = f 5 ha) (T
ST @S # hn) (T A+ 1 = f 5 |1
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Hence by applying (5.2.1) to g = h,, and noting that (f*h,) (T) = f(T)h,(T),
it follows that

lim sup [|7°(£) f F(T)|| < Lo ([T@)(f o+ ha) (D) + N = forhnlly = 1F = f bl

Since this holds for all n, we conclude that limy_.o |T(t) f(T)|| = 0.  ////

Since we derived Theorem 5.2.3 from 5.2.1 it depends implicitly on Theo-
rem 5.1.11 and hence on Lemma 5.1.7. If f is of spectral synthesis with respect
to io(A) N IR, this can be avoided by invoking the Arendt-Batty-Lyubich-Va
theorem 5.1.5 instead.

Our next result is a partial converse of Theorem 5.2.3. We start with a
lemma.

Lemma 5.2.4. Let T be a uniformly bounded Cy-semigroup on a Banach
space X, with generator A. Then, for all A\ € 0,(A) and all f € L*(IRy) we
have

[ e dt‘ < IF(m).

Proof: Choose a sequence (z,,) of norm one vectors in X, z,, € D(A) for all
n, such that lim,_ |4z, — Az,|| — 0. By Proposition 2.1.6, (z,) is an
approximate eigenvector of T'(t) with approximate eigenvalue e**.

Let f € L'(IR,). By the dominated convergence theorem,

lim
n—oo

T(t)z, — eMz,) dtH =0.
Thus, using that [|z,]| = 1,
7 > Ji 1 D)anl = i | [ 507000, ] =
i

/Oo M f(t) dt‘.
0

Theorem 5.2.5. Let T be a uniformly bounded Cy-semigroup on a Banach
space X, with generator A, and let f € L*(IRy). If limy_o |T() f(T)|| = 0,
then f vanishes on iog(A) N1R.

Proof: Let iw € o(A)NilR be such that f(—w) # 0. Without loss of generality
we assume that f(—w) = 1. For s > 0, define f; € L'(IR;) by

_ f(t - 8)7 t>s;
Fs(t) = {O, else.

/OOO et (t) dt = /:o et —s)dt

= /DO WS £(1) dt = e f(—w).
0

Then,
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Similarly,
Therefore, by Lemma 5.2.4,
IT() A = /(D)) = \ [ e dt\ e f(—w)| = 1.

i

An interesting consequence is the following result.

Corollary 5.2.6. Let T be a uniformly bounded Cy-semigroup on a Banach
space X, with generator A. Then the following assertions are equivalent:
(i) lim; oo || T(#)R(A, A)|| = 0 for some A € p(A);
(ii) limy— oo ||T(t)R(N, A)|| = 0 for all X € o(A);
(iii) o(A) NiR = 0.

If one of the equivalent conditions holds, then T is uniformly stable.

Proof: Assume (iii). Since all f € L!(IR, ) are of spectral synthesis with respect
to the empty set, this is in particular true for f(t) := e™, t > 0, Re X > 0.
Since fA(T) = R(), A), for ReA > 0 (ii) follows from Theorem 5.2.3. For
arbitrary A € p(A), (ii) follows from this special case via the resolvent identity.
(ii) Trivially implies (i).
If (i) holds, then

tim [7(0)f(T)] = Jim TR 4)] =0

t—o0

and therefore fy vanishes on ioc(A) N IR by Theorem 5.2.5. But,

o ; 1
ist At
f = dt =
A (S) A (& e N+ is

which does not vanish for any s € IR. Therefore, we must have o(4) NilR = ().
The last statement is an obvious consequence of (i) and the denseness of

D(A).- i)/

5.3. The unbounded case

In this section we shall generalize the main results of Sections 5.1 and 5.2 to
individual bounded uniformly continuous orbits of a possibly unbounded semi-
group. The idea is to consider a bounded uniformly continous orbit go := T'()zq
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as an element of BUC(IR4, X), the space of bounded, uniformly continu-
ous X-valued functions on IRy. Letting U denote the left translation semi-
group on BUC(IR4, X), (U(t)h)(s) := h(s +t), s,t > 0, it is obvious that
lims oo ||T(t)z0]| = 0 if and only if lim; o [|[U(t)go]| = 0. Thus, in order to
obtain results on the asymptotic behaviour of T'(t)xo, we will try to apply the
individual stability results of the preceding sections to the (uniformly bounded)
semigroup U.

There is an obvious obstruction to this programme: if the map A +—
R(\, A)xo has a holomorphic extension to certain parts of the left half-plane, it
is not a priori clear that the same should be true for the map A — R(\, B)go,
where B denotes the generator of U. This problem will be addressed in a series
of lemmas.

Lemma 5.3.1. Let g € BUC(IRy,X). For each s > 0, denote by G, the
Laplace transform of the translated function gs(t) :== g(s+t),t > 0. f EC R
is such that Gy admits a holomorphic extension to a connected neighbourhood
V of {Re XA > 0}\iFE, then so does each Gs. Moreover, for all A € V and r > 0
such that the closure of the ball B(\,r) with centre A and radius r is contained
in V we have

sup sup [|Gs(N)| < oo. (5.3.1)
520 zeB(A\,r)

Proof: For all Rez > 0 we have

Gs(z) = /OOO e "g(s+t)dt. (5.3.2)
JFrom this, a simple calculation leads to
Ga(2) = G (2) — €= /O T e () dt. (5.3.3)
This identity defines a holomorphic extension of G to V. It remains to prove
(5.3.1). To this end fix A € V arbitrary.

Case 1: If Re A < 0and 0 < r < |Re A|, (5.3.1) is an immediate consequence
of (5.3.3): for all s > 0 and z € B(\,r) we have

IGs(2)]| < €= Go(2)| +€R”S/ e gl dt
0

1— eRezs
< |Go(2)| + WHQHM
< sup [|Go(Q)] + (IRe Al =) Hlglloo-

¢eB(Ar)

Case 2: Assume that ReA = 0. By rescaling we may assume that A = 0.
Let r > 0 be such that B(0,2r) C V and define, for s > 0, the functions
H,: B(0,2r) — X by

22

Hy(z) = (1 + 47~2> G.(2).
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Let z € 9B(0,2r)\{2ir, —2ir} be arbitrary; say z = 2re’. If =2 <0 < Z, we
have, using (5.3.2),

. > 1 1
o <1 2160 / —2tr cos 0 dt =2 9. J— .
IH < L+ e [ 2Ot = 200 5lalle = gl

If 2 <0< 3T we have, using (5.3.3),

s
||Hs(Z)|| < |1+6219| (eQSTCOSGHGO(z)H +/() 62(s—t)rcose||g||oodt>

1
<2 0 9l
< 2cost)] (1G] + 5 oeglole )

1
< 2[Go(2)ll + llglloo-
Hence, by the maximum modulus principle,

1
[Hs(z)[ <2 sup [|Go(Oll + =llgllee, V2 € B(0,2r).
(eB r

)

For all s > 0 and all z € B(0,r), this implies

472

1Gs(2)]] = 2rae

4
1) < 5§ (2
CEB(A,r)
This proves (5.3.1) for Re A = 0.
Case 3: If ReA > 0 and 0 < r < Re A, (5.3.1) follows immediately from
(5.3.2).
Case 4: f A € V and r > 0 with B(\,r) C V is arbitrary, (5.3.1) follows

from the previous three cases.  ////

1
sup  [|Go(Q)l| + Igloo> -
A, r

Lemma 5.3.2. In the situation of Lemma 5.3.1, for each A\ € V the map
s — G5(A) is uniformly continuous.

Proof: Fix A e V.

Case 1. First let ReA < 0. In the right hand side of (5.3.3), the first
term e**Gy(A) is uniformly continuous as a function of s, so in order to prove
uniform continuity of s — Gg4()), it suffices to prove that the second term is
uniformly continuous. Let 0 < sy < s1. Then,

S1 S0
e)‘sl/ e Mg(t) dt—e’\so/ e Mg(t) dtH
0 0
S0 S1
(e’\s1 —e)‘so)/ e_/\tg(t) dt+/ e’\(sl_t)g(t) dtH
0

S0

S0 S1
< Jers — 6A50|/ efRe)\tHgHOOdt#»/ gl dt
0 5o

efRe Aso __ 1

< eReAso|A(s1—s0) _ | =
S etle T
|e)\(sl—so) _ 1|

- |Re A|

19lloo + (51 = 50)llglloo

1glloc + (51 = 50) 19l
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This proves uniform continuity of s — G4(X) for Re A < 0.

Case 2. If Re A = 0, then both terms in the right hand side of (5.3.3) are
clearly uniformly continuous, and hence so is the map s — G4()\).

Case 3. If Re A > 0, then from (5.3.2) we have

Gs(\) = /OC e =) g(t) dt.

S

Let 0 < sg < s1. Then,
[Gs, (A) = Gso (A

= ’ / (e_)‘(t_sl) - e_A(t_S°)> g(t) dt —/ e_A(t_SO)g(t) dtH

S1 S0
o
< L= Nermen) [ e A gt (51 so) g
S1

|1 — e~ As1=50)]
= THQH@ + (51— 50) |9l co-

This proves uniform continuity for ReA > 0.  ////
Lemma 5.3.3. In the situation of Lemmas 5.3.1 and 5.3.2, the map A —
G(y(X) is a holomorpic BUC(IR., X)-valued function on V.

Proof: Let A € V and r > 0 be fixed such that (5.3.1) holds. By Cauchy’s
theorem, for any two zg, z; in (the open set) B(A,r) we have

L (e ey,
210 Joa=r \Z—20 Z— 2

1 1

1G5 (20) = Gs(z1)ll =

<r- sup ||Gs(2)||- sup

[z—X|=r l[z—Al=r | # — 20 2=z

By Lemma 5.3.1, the first of these suprema is finite, uniformly in s > 0, say
< K. It follows that

1
Z— 20 zZ— 21

sgp |IGs(z0) — Gs(z1)|| < rK  sup
s>0

|z=X|=r

This proves that the map z — G(.)(2) is continuous from V' to BUC(IR4, X).
For each s > 0, the map z — G,(z) is holomorphic as a map V' — X.
Hence, if T" is any closed simple Jordan curve in V', then

</F Gy(2) dz> (5) :/FGs(z> 0

by Cauchy’s theorem. It follows that

/FG(.)(z) dz=0

for all such I". Therefore z — G/.y(z2) is holomorphic by Morera’s theorem. ////
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In terms of the left translation semigroup U on BUC(IRy,X) and its
generator B, the preceding lemmas can be summarized as follows.

Theorem 5.3.4. For w € R and g € BUC(IR4, X) the following assertions
are equivalent:

(i) The Laplace transform of g admits a holomorphic extension to a neigh-
bourhood of iw;

(ii)) The local resolvent A — R(\, B)g admits a holomorphic extension to a
neighbourhood of iw.

We obtain the following stability result for BUC(IR, X )-functions:

Theorem 5.3.5. Let g € BUC(IR4, X) and let E C IR closed and countable
be given, and assume that the Laplace transform of g admits a holomorphic
extension to a neighbourhood of {Re A > 0}\iE. If

IR
lim (sup 7/ e “rg(r +s)dr ) =0, YweF,
0

t—o00 \ 5>0

then tlim llg(t)|| = 0.

Proof: By Theorem 5.3.4, we can apply Theorem 5.1.11 to the left translation
semigroup U on BUC(IR4). It follows that lim; .o ||U(t)g]| = 0 and hence

also lim; oo [lg(0)[| = 0. //J/

By taking for g the orbit of a semigroup, we have proved the following
generalization of Theorem 5.1.11.

Theorem 5.3.6. Let T be a Cy-semigroup on a Bananch space X, with
generator A. Let xyg € X and E C IR closed and countable be given, and
assume that:

(i) t — T(t)xo is bounded and uniformly continuous;
(ii)) A — R(\, A)zy admits a holomorphic extension F(\) to a neighbourhood
of {Re X > 0}\iE.
)-o

Corollary 5.3.7. Let T be a Cy-semigroup on a Banach space X and let
xo € X be such that T(-)zq is bounded and uniformly continuous. If the map
A= R(\, A)xy admits a holomorphic extension across the imaginary axis, then
lim; o ||T(t)20]| = 0.

1t
(iii) For allw € E, 75lim (sup f/ e M (T + 8)xo dT
7 \s>0 0

Then lim;_, o ||T(t)zo| = 0.

This corollary admits a considerably simpler proof which will be presented
in Section 5.6.

Also in the Katznelson-Tzafriri theorem 5.2.1 the uniform boundedness
assumption can be relaxed. For the proof of this we need the following lemma.
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Lemma 5.3.8. Let T be a Cy-semigroup on a Banach space X. Let xq € X
be such that T(-)xo is bounded and let E C IR be such that A — R(\, A)xg
admits a holomorphic extension F(\) to a connected neighbourhood V of
{ReX > O}\iE. Then, for all f € L'(R,) the map A\ — R(X\ A)f(T)xo
admits a holomorphic extension to V.

Proof: For Re A large enough we have

R(\, A)f(T)zo = / e NT(1) / F(5)T(3)zo disdt
/

/ f(s e MT(t)xg dt ds
/ f(s R(A\, A)xgds

- /O F(s)T(s)F(\) ds.

By Theorem 5.3.4, for all A € V the map s — T'(s)F()) is bounded; moreover,
for all s > 0 the map A — T(s)F(X) is holomorphic. Therefore, the last term
n (5.3.4) defines a continuous extension of A — R(\, A) f(T)zo to V, which is
holomorphic by Morera’s theorem. ////

(5.3.4)

Theorem 5.3.9. Let T be a Cy-semigroup on a Banach space X. Let xq € X
and let E C IR be such that
(i) The orbit t — T (t)xo is bounded;
(ii)) The map A — R(\, A)zo admits a holomorphic extension to a neighbour-
hood V of {Re A > 0}\iE.

If f € L*(R,) is such that f vanishes on —E, then
Tim [T (D)o = 0.

Proof: Step 1. First we prove the theorem under the additional assumption
that T'(-)zq is uniformly continuous. Then g := T(-)zg € BUC(IR4, X) and
f(T)zo = f(U)go, where U is the left translation semigroup on BUC(IR, X).
By Theorem 5.3.4, we can apply Theorem 5.2.1 to U and obtain that

Jim [[U()f(U)gol| = 0.

For this the desired result immediately follows.

Step 2. The general case is deduced from this as follows. If T'(-)xq is
bounded, then for all g € L*(IR;), the map t — T(t)g(T)xo is bounded and
uniformly continuous. Indeed, for all ¢ > 0 we have

1) xon—H/ T(t + )0 ds|| < Mllgll,
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where M := sup,sq || T(s)xo||. Let € > 0 be arbitrary and choose ¢ > 0 so small
that -

/ lg(r + ) —g(r)|dr <e, WO<s<5,
0

5
/ l9(r)] dr <.
0

Then for all £t > 0 and 0 < s < § we have

and

1T'(t + 5)g(T)zo — T)zol| = H/ Tt+s+7)—T(t+7))zdr

i

/0 (g(r) —g(r+8)T(r+t+ s)xodr

/L g(T)T (T + t)xo dr
0
< 2eM.

This proves the boundedness and uniform continuity of T'(-)§(T)xo.
The local resolvent R(\, A)g(T)zo admits a holomorphic extension to a
neighbourhood of {Re A > 0}\iE by Lemma 5.3.8. Hence by the first step,

Tim [T f(T)3(T)aol] = 0.
Choosing an approximate identity (g,,) C L'(IR4 ), we observe that

1T F(T) (G (T)0 — 20)]| = [T (gn * f — ) (o
H/ (g% | — )Tt + 5)ao ds

< Mlgn * f = flh-

Hence by choosing n large enough we have

sup IT(t)f (T)(Gn(T)ao — zo)| < €

and therefore

tisup [7(0)f(T)zol| < limsup |70) F(T)g(Thao| + € = e

t—oo

"

Theorem 5.3.9 trivially implies the following result.



174 Chapter 5

Corollary 5.3.10. Let T be a Cy-semigroup on a Banach space X and let
xo € X be such that T(-)xq is bounded. If the map A — R(\, A)xg admits a
holomorphic extension across the imaginary axis, then for all f € L*(IR.) we
have R

Tim |[7()F(T)ao | = 0.

In particular, we may take f(t) = e7#* with Re 1 > wo(T), and obtain that
Jim || T(8) R(p, A)ol| = 0. (5.3.5)
—00

This also follows from Corollary 5.3.7. In fact, from the identity

t1
()Rl A)zo ~ T(t0)R(s Ajao = [ T(9)AR(s, A)o ds
to
it follows that the map ¢ — T'(t)R(u, A)zo is uniformly continuous. Moreover,
along with R(A, A)zg the map R(A, A)R(u, A)xg = R(p, A)R(A, A)zy admits
a holomorphic extension across the imaginary axis, so that Corollary 5.3.7
applies.
We note the following simple consequence of (5.3.5):

Corollary 5.3.11. Let T be a Cy-semigroup on a Banach space X, let
xo € X be such that T(-)xg is bounded. If the map A\ — R(\, A)zy admits
a holomorphic extension across the imaginary axis, then for all z© € X© we
have

lim [, T(t)ao)] = 0.

Proof: Fix Re i > wo(T) arbitrary. For all z* € X* we have
Jim [(R(n, A)'a" T(Oa0)] = Jim (2", T(O) R, A)ao)] = 0

by (5.3.5). Since the range of R(u, A)* is dense in X, the result follows from
this and the boundedness of T'(*)zo.  ////

We conclude this section with an example which shows that Theorem
5.1.11 is a genuine extension of Theorem 5.1.5 and that in Lemma 5.1.7 the
assumption that T be isometric cannot be omitted.

Example 5.3.12. Let X = Cyo(IR4 ), the subspace of all f € Cy(IR4) with
f(0) =0, and let U be the left translation semigroup on X with generator B.
Choose a sequence (fi) of functions in the unit ball of X whose linear span is
dense in X in such a way that fi has compact support contained in [0, 2*]. Let
f € X be defined by
F(8) = exp(— (2" + 292 f(t — 27 — 28,
te2n 42k 2 4281 k=0,...,n—1;n=0,1,2,..,

and f(t) := 0 for the remaining ¢t > 0. It is easy to check that f decays fater
than any exponential. Therefore, the Laplace transform of f extends to an
entire function. By Theorem 5.3.4, the same is true for the local resolvent
A= R(A\ A)f. On the other hand, f is constructed in such a way that each fj

is contained in the closed linear span of the orbit of f. Hence the closed linear
span of U(-)f is Coo(IR4) and o(By) = 0(B) = {Re A < 0}.
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5.4. Sets of spectral synthesis

As a corollary to (a special case of) the Arendt-Batty-Lyubich-Vu theorem,
in this section we prove the classical result that closed subsets of IR whose
boundary is countable are spectral. This fact plays an important role in Section
5.5 below.

We start with the introduction of the so-called Arveson spectrum of a
uniformly bounded Cp-group T. As in Section 2.4, for f € L'(IR) we define

the bounded operator f(T) by

F(T)e = /}R FOTWzdt, =€ X.
We define the kernel of T as
It :={f e L'(R): f(T)=0}.
The Arveson spectrum, notation Sp(T), is the hull of I, i.e.,
Sp(T) :={weR: f(w)=0forall felr}.

Theorem 5.4.1. Let T be a uniformly bounded Cy-group on a Banach space
X, with generator A. Then Sp(T) = ioc(A).

Proof: First let w ¢ io(A). Noting that o(A) C IR, we choose a function
f € L*(IR) whose Fourier transform is compactly supported and vanishes in a
neighbourhood of io(A) but not on w. By Lemma 2.4.3 (ii), f(T) = 0. But
then f(w) # 0 implies that w ¢ Sp(T).

Conversely, for all f € L}(IR) and ) € o(A) = 0,(A),

\Af”ﬂwﬁ}gMMML (5.4.1)

The proof of this follows that of Lemma 5.2.4 verbatim and is therefore left to
the reader. If w € i0(A) = io,(A), then (5.4.1) shows that

fw>=yéf%wad4snﬂTw,

so f(w) =0 for all f € I'p. Therefore, w € Sp(T). ////

Let U be the right translation group on L!(IR), i.e.

U)f(s):= f(s—1), teR, aa. s €.
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Note that g(U)f = g=* f for all f,g € L'(IR). Indeed, if both f and g are
continuous and compactly supported, then for all s we have

gWﬁ@z(memﬁﬁyﬁ

= ([ st -na)

— [ s0f(s -ty
R
— (g 1))

and the general case follows from this by a densitiy argument. By Theorem
5.4.1 and Lemma 2.4.3, the Arveson spectrum of a bounded Cy-group on a
non-zero Banach space is always non-empty. This leads to the following simple
proof of Wiener’s general Tauberian theorem for the real line.

Theorem 5.4.2. If the Fourier transform of a function f € L'(IR) vanishes
nowhere, then the linear span of the set of all translates of f is dense in L' (IR).

Proof: Let X := span{U(t)f : t € R}. We have to prove that X = L!(IR).
Consider the quotient space Y := L'(IR)/X and let Uy denote the associated
quotient translation group on Y. Then Uy is strongly continuous and bounded,
and for all g € L*(IR) we have f(U)g = fxg = g=f = §(U)f. By the translation
invariance of X, §(U)f € X. Hence f(U)g € X, so f(Uy)(g + X) = 0 for all
g € L'(R). It follows that f(Uy) = 0, so f belongs to the kernel Iyy,.. On the
other hand, by assumption f(w) # 0 for all w € IR. Therefore, Sp(Uy) = 0.
We conclude that Y = {0} and X = LY(R). ////

For a closed subset E C IR we define
k(E) :={f € L'(R) : f vanishes on E};
je ={f € L*(R) : f vanishes in a neighbourhood of E};
Jg = jp.

Note that k(E) C jg C Jg. Recall that a function f € L'(IR) is of spectral
synthesis for E if f € Jg, and that the set E is called spectral if k(E) = Jg.

The spaces k(F) and Jg are U-invariant. Hence we may define the induced
Co-groups U, ;, on L'(IR)/Jg and Uyg),s, on k(E)/Jg in the natural way
by

U/JE(t)(f+JE) = U(t)f+JEa fELl(IR)’tEIR;
Since U is isometric, so are U,;, and Uyg),s,. Clearly, §(U,;,.)(f + JEg)
= (9% f) +Jp and §(Uk(m) ) (f + Jp) = (9% f) + Jp for all g € L'(IR) and
all f € L'Y(R) and f € k(E) respectively.

The following propositions gives some information about the spectra of
the generators B, j, and By g/, -
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Lemma 5.4.3. Let E C IR be a closed set. Then ioc(B,;,) C E and
i0(Br(g),15) C OF, the topological boundary of E.

Proof: We start with the second inclusion. Let f € k(E) and g € jsr. By
assumption, there exists an open neighbourhood V' O dF such that § vanishes
on V. But then (f *xg)" = f - § vanishes on the open neighbourhood V U E of
E,so fxge Jg. It follows that

9(Urmy ip)(f +J8) = (f*x9) +Je =0.

Since this holds for all f € k(E), we have §(Uyg)/s,) = 0 for all g € jog.
Hence, jor C lu,,,,,, the kernel of Uy(g)/s,- Suppose w ¢ OFE. Choose
a function f € L'(IR) whose Fourier transform is compactly supported, van-
ishes on a neighbourhood of OF, and satisfies f(w) = 1. Then f € jgg, so
f(Uk(E)/JE) = 0, but f(w) = 1. Therefore, w & Sp(Uy(g),s,), and hence
w & i0(By(g)/,) by Theorem 5.4.1.

The inclusion io(B);,) C E is proved similarly, this time observing that
fxge Jgforal fe LY(R)and g € jg. ////

Theorem 5.4.4. If E C IR is a closed set with countable boundary, then E
is a spectral set.

Proof: We have to prove that k(E) = Jg. Consider the right translation group
U on L*(IR) and the induced isometric quotient group Uyg), s, on k(E)/Jg
with generator By gy, s, By Lemma 5.4.3, io(By(g)/J,) C OF. In particular,
0(By(g)/J) is countable; it is also non-empty by Lemma 2.4.3. We are going
to show that o,(Bj py,s,) = 0.

First, it is clear that

op(Brg)/0) C 0(Big)gs) = 0(Bre)/7s) C —1E.

Let w € E and let z* € D(B} g, ,,,) be such that B 5, ; 2" = —iwz". We
will show that z* = 0.

Identifying k(E)/Jg canonically with a closed subspace of L'(IR)/Jg, we
choose an arbitrary Hahn-Banach extension z5 € (L'(R)/Jg)* of z*. Let
¢ € (BUC(IR4))* be a left invariant mean, and define 1 € (L'(IR))* = L>(IR)
by

W, f) = oz, Uiwy ap (V(f + JE))), feL'(R).

Then it is easy to check that U*(t)y = e~ for all t > 0. But this means that
the function s — e?*1)(s) is left translation invariant. The only left translation
invariant functions in L*°(IR) are multiples of the constant one function. It
follows that 1 (s) = Ce™™* for almost all s and some fixed constant C. But
then for all f € k(E) we have, using that ¢(1) = 1 and Uy, p,,,, (1)2" = e Wty
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for all t,

(2", f+Jg) = ¢(<eiW(‘)Ul:(E)/JE(')Z*a f+JE))
(€2 Up(ey 35 () + JE)))
(€2, Upiryn () (f + J2)))

W) =C [ e ds = Cfw) =0

¢
¢

sincew € Eand f € k(E). This proves that z* = 0. Therefore, 0p(Bj ), 5,) =
(0 as claimed.

We are in a position to apply the Arendt-Batty-Lyubich-Vi theorem to
Uy(g),s,; and obtain that Uygy, s, is uniformly stable. But this group is
isometric at the same time, which is only possible if k(E)/Jg = {0}, i.e. k(E) =

Je- /]

Let us note that we do not need the full force of the Arendt-Batty-Lyubich-
Vi theorem. It suffices to know that for a uniformly bounded Cy-group on a
non-zero Banach space, every isolated point in o(A) belongs to ¢,(A) (and
hence to o,(A*) by Proposition 5.1.15); this fact is easier to prove.

In Section 5.6 below, as another application of this technique we will prove
that a function f € L'(IR,) satisfying

/Oos|f(s)|d$< 00
0

is of spectral synthesis with respect to the zero set of its Fourier transform.

5.5. A quantitative stability theorem

Let T be a uniformly bounded Cyp-semigroup semigroup on X with o(A)N
1IR countable. In Section 5.1 we have seen that T is uniformly stable provided
op(A*) N4R = (. For contraction semigroups, in this section we prove a
remarkable quantitavive version of this result: the quantity limg_ . [|T(¢)||
can actually be computed in terms of the eigenvectors corresponding to the
purely imaginary eigenvalues of A*. In fact, we will show that

Jim ([7(0)e]] = it~y : v € Xo}
= sup{[{z*,z)| : ¥ € N},

where X is the closed subspace of all y € X such that lim; o [|T(¢)y|| = 0
and N is the weak*-closed linear span of all * € D(A*) such that A*z* € iwx™
for some w € R. If 0,(A*) NiR = (), then N = {0} and we recover Theorem



Countability of the unitary spectrum 179

5.1.5. The first identity even holds if only the local unitary spectrum of x is
assumed to be countable.

The proof relies heavily on the results of the previous sections and consists
of two main steps. Firstly, we show that if T is a contraction semigroup on X
which has no non-zero orbits tending to zero strongly and zy € X has countable
local spectrum, then the restriction of T to the closed linear span of the orbit
of x¢ is isometric and extends to an isometric Cy-group.

Secondly, we show that the annihilator in X of N is Xy. Along the way,
we obtain the following result about extendability of orbits: if T is uniformly
bounded but not uniformly stable, then there exists an 2© € X© whose orbit
extends boundedly to negative time.

We start with some preliminaries from harmonic analysis; proofs and more
details may be found in [Ka, Chapter VIII]. A function ¢ € L*°(IR) is almost
periodic if for all € > 0 there exists a number 7. > 0 with the following property:
every interval in IR of length 7. contains a 7 such that

sup [f(s) — f(s —7)[ < e.

s€lR
Equivalently, ¢ is almost perodic if it belongs to the closed linear span in
L*>(IR) of the functions t — e™! w € R. Clearly, if f is almost periodic, then
f is uniformly continuous and || f||cc = || f]{t,00)lloc for all ¢ € IR.

In our first lemma we use the following result of L. Loomis: If £ C IR is
closed and countable and f € BUC(IR) NJg, then f is almost periodic. Recall
from Section 5.4 that Jg denotes the closed subspace in L!(IR) of all functions
that are of spectral synthesis with respect to E.

For a function ¢ € L!'(IR) we denote by g; the right translate over t:
gt(s) = g(s—t), s € R. The reader should not confuse this notation with that
of Section 5.3, where it was used to denote the left translates of functions in
BUC(R4, X).

Lemma 5.5.1. Let E C IR be countable and closed. Then the map 0 :
LYRy)/J4 — LY(R)/Jg defined by O(f + Ji) == f + Jg is an isometric
isomorphism.

Proof: Let t > 0. By taking an approximate identity supported in small com-
pact neighbourhoods of 0 and translating it over ¢, we can find a sequence
(fn) € LY(R4) of compactly supported functions such that || f,[l1 = 1 for all
n and lim, o ||g * fn — gi|1 = O for all g € L(IR). There is some abuse of
notation here: the subscript ‘n’ indexes the sequence. Let f,(s) := fn(—s),
s € R, and let ¢ € L*°(IR). Then (¢ * fn) is weak*-convergent to ¢_;. Hence,

16lloc = I6—tlloc < liminf ¢+ .

Moreover, ¢ * f,, is uniformly continuous for each n.
Suppose that ¢ € Jé. Then also ¢ * f,, € Jé. Since F is countable,
Loomis’s theorem implies that ¢ * f,, is almost periodic.
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Let n € IN be fixed an let 7,, > 0 be so large that the support of f, is
contained in [—7,,0]. Put ¢4 := ¢|r,. Then, for all 7 > 7,

2T

(S)fn(T —8)ds

s i < | [ o = 9as
=161 # PO < 164 # Fale

Hence,

(@ % fa) 00 loo < 164 % fllso-
It follows that

16 % Falloo = 11(& * fa)lfr 00 lloo < 16+ * falloo-

Combining everything, we obtain

19]loc < liminf[|¢ # flloo < liminf |61 % fulloo < 16+ lloc < [|6]loc-
n—oo o0

n—

This shows that the map 6% : Jp — (J£)*, ¢ — ¢4 = ¢|mr,, is isometric. In
particular, § has dense range.

Since 0* is isometric and weak*-continuous, it follows that its range has
weak*-compact unit ball. Hence, by the Krein-Shmulyan theorem, the range of
0* is weak™-closed in (J;E)L. Therefore, the range of 6 is closed by the closed
range theorem.

It follows that € is surjective, and since 6 is also injective, it follows that
# is an isomorphism onto. Moreover, the adjoint 8* is isometric, hence so is 6.

I/

We say that a Cp-semigroup T is bounded away from 0 if lim;_ o || T(¢)z|| =
0 implies that x = 0.

Lemma 5.5.2. Let T be a Co-contraction semigroup on X which is bounded
away from 0. Let E := ioc(A) NIR and let f € L'*(IR4). Then | f(T)| <
| f+ J&|l. If E is countable, then | f(T)| < ||f + Jg]|-

Proof: Let g € J;g. By the Katznelson-Tzafriri theorem 5.2.3 we have lim; .o
IT(t)g(T)| = 0. Since T is bounded away from 0, it follows that §(T)z = 0 for
all z € X, s0 §(T) = 0. This implies that || f(T)|| = || f(T)—g(T)|| < ||f —gll.
By taking the infimum over all g € J} the first part of the lemma follows. The
second part follows from this and Lemma 5.5.1.  ////

If T is a uniformly bounded Cy-semigroup on X, then we define At as the
closure with respect to the uniform operator topology in £(X) of the set { f(T) :
f € LY(IRy)}. With respect to the inherited uniform operator topology, At is
a commutative Banach algebra.
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Lemma 5.5.3. Let T be a Cy-contraction semigroup on X which is bounded
away from 0. Assume that E C IR is closed and countable and xy € X is such
that

(i) The linear span of the orbit T(-)xz¢ is dense in X;

(ii)) The map A — R(\, A)xo admits a holomorphic extension to some neigh-

bourhood of {Re A > 0}\iE.

Then there exists a contractive homomorphism ¢ : L'(R) — A with the
following properties:

(a) £(f) = f(T) for all f € L' (IRy);

(b) £(f) = T()E(F) for all f € LY(IR) and t > 0;

(c) If f =0 on —F, then &(f) = 0.

Proof: Let (Y,7,U) be the isometric limit semigroup associated to T; note
that 7 is injective since T is bounded away from 0. Let B be the generator of
U. By Lemma 5.1.7, F := —F = io(B) = ic(B) N IR is countable.

Let f € L'(IR). By Lemma 5.5.1 there exists a ¢ € L'(IR4) such that
f—g e Jp. By Lemma 5.5.2, f(U)r = §(U)r = 7§(T). Hence f(U)rz € 1X
for all x € X, so we may define

& =ntf(U)re = §(T)z, z€X.

Then |£(f)]] < |lg+ Jr|l < || f]]1, so £ is a contraction. It is easily verified that
& is a homomorphism and that (a) holds. If f =0 on F, then f € Jp since F is

countable and hence spectral by Theorem 5.4.4. Hence, f (U) = 0 by Lemma
5.5.2 and therefore {(f) = 0. Finally, for t > 0, g: — f: € Jp, so

(1) = 6:(T) = T()g(T) = T)E(S)-
i

Let T be a (not necessarily strongly continuous) semigroup on X and let
xo € X. Amap n: IR — X is called a complete orbit through ¢ if
(i) n(0) = zo;
(ii) T(t)n(s) =n(t+s) for all t > 0 and s € IR.
It follows from (i) and (ii) that n(t) = T(t)zo for all ¢t > 0, so 7 is an
extension of T'(-)z to negative time.
Now we are in a position to prove the first main result of this section.

Theorem 5.5.4. Let T be a Cy-contraction semigroup on a Banach space X
which is bounded away from 0. Assume that E C IR is closed and countable
and xqg € X is such that

(i) The linear span of the orbit T'(-)xq is dense in X;
(ii) The map X — R(\, A)xo admits a holomorphic extension to some neigh-
bourhood of {Re A > 0}\iE.

Then, T extends to an isometric Cy-group on X.
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Proof: Fix an f € L'(IR) whose Fourier transform has compact support K.
For t € R and y € X we define

ny(t) == &(fr)y,

where ¢ is the map of the previous lemma. Note that 77(0) = £(f)y.

Fix € > 0. By a well-known result of harmonic analysis we may choose
h € L*(IR) such that h is compactly supported, A = 1 on K, and ||All; < 1+e.
Then hf = f and

n(t) =&(f)y = E((hx o)y = E(he * fly = E(h)E(fly, tETR,

SO
sup [|n;(8)[| < (1 +€)lI€(f)yll-
telR

Since for t > 0 we have n¢(t) = {(fr)y = T()E(f)y it follows that ny is a
complete bounded orbit through £(f)y and

sup [y (8[| = [1€(F)yll-
telR

Moreover, since T is bounded away from 0, this orbit is the unique extension
of T()¢(f)y to a complete bounded orbit.

We claim that there is a sequence (f,) C L*(IR) such that the Fourier
transform of each f,, is compactly supported and

Jim[ly = £(fu)yll = 0.

To prove the claim, we may assume that y # 0. Fix ¢, | 0. By taking
suitable non-negative functions supported in a small interval [0,d,] we can
find h, € L*(IRy) with |[hn]ly = 1 such that |ly — hn(T)y|| < €,/2. Using
the Fejér kernel, we find g, € L*(IR) such that g, has compact support and
A — Bn % gull1 < €,/ (2]|yl]). Then,

< g * b = hnlly [yl + ly = ha(T)yl| < €n.
This proves the claim, with f, := g, * hy,.
For each n, let 7, (-) denote the unique complete orbit through &(f,)y as

constructed above. Then 7,(-) — 7 (+) is the unique complete orbit through
&(fn — fm)y and hence

sup {1 (t) = 0 ()] = [1€(fn = Fm)yll-
teR
Noting that the right hand side tends to 0 as n,m — oo, we define y(t) :=

limy, 00 7 (). Then y(-) is a complete bounded orbit through lim,, s 7, (0)
lim,, o £(fn)y = v and

sup [[y(¢)|| < limsup [[(fn)yll = [lyl-
telR n—oo
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Since y(0) =y it follows that sup,cr [|y(t)|| = ||y||. Define
Uity :=y(t), teRR.

Then U(t) is a well-defined linear operator on X, U(t)U(—t) =U(-t)U(t) =1
and |U(t)|| =1 for all t € IR, and U(t) = T(t) for t > 0. It follows that U is
an isometric group extending T.  ////

Our next goal is to exhibit a relationship between uniform stability and
extendability of orbits of the adjoint semigroup to negative time. We start with
two lemmas.

Lemma 5.5.5. Let T be an isometric Cy-semigroup on a Banach space X.
Then there exists a Banach space X _containing X isometrically as a closed
subspace, and an isometric Cy-group T on X such that T|X =T.

Proof: Let Z denote the closed linear span in BUC(IR4, X) of all functions f
for which there exists a g > 0 such that f(s+t) = T(¢)f(s) for all ¢ > 0 and
s>tg. Let Zo = {f € Z: lim;_,o || f(t)| = 0} and put X := Z/Z,. For f € Z
and t € IR we define f; € Z by

_ [ 10), 0 < s <max{0,t};
fi(s) == {f(s —t), s>max{0,t}.

On X , we define the Cy-group T by
T(t)(f‘F 7o) =fe+Zy, feZ telR.

This is well-defined and it follows easily from the definitions that T is isometric.
For all t > 0 and x € X the function

T, 0<s<t
frals) = {T(s —t)x, s>t

belongs to Z. Since T is isometric, the map j : ¢ — fy + Zy defines an
isometric isomorphism of X onto a closed subspace of X.
Finally, for all x € X and t > 0 we have

T(t)(jz) = T(t)(fox + Zo) = fre + Zo = fore + Zo = (T (t)),

so T extends T.  ////

Lemma 5.5.6. Let T be a Cy-contraction semigroup on X, with generator
A, and let Y be a closed T-invariant linear subspace of X. If y* € D(A3) is
such that Ay y* = iwy* for some w € IR, then there exists an x* € D(A*) such
that ||z*]| = ||ly*||, z*|y = v*, and A*x* = iwz*.
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Proof: Let z§ € X* be any Hahn-Banach extension of y* with ||z§]| = ||y*]-
Let ¢ be a left invariant mean on BUC(IR.) and define 2* € X* by

(@, @) i= $e= O as, T()a)), @€ X,
For all y € Y we have
(@, y) = ¢(e " NTY()y" 9) = oy y)1) = (y",y)-
Hence, y* = z*|y. Also,
2| < lell lzoll = llzoll = [yl

and hence ||z ly* |-
For all z € X we have

(T ()", x)

¢(e™ (a5, T(t+ -)z))
= et i, T(t + -)))
= e ple ™ (a5, T()x))
iwt<

=" x", x).

Hence T*(t)z* = e“!z* so x* € D(A*) and A*z* = iwz*.  ////

By N we denote the weak*-closed linear span in X* of all z* € D(A*) such
that A*z* = jwz* for some w € IR, and by M the weak*-closure in X* of the
subspace of all 2* admitting a bounded complete orbit. For any z* € D(A*)
such that A*x* = iwz*, n(t) := e™'z* is a bounded complete orbit through z*,
so N C M. If we want to stress that NV and M derive from the operator A, we
will also write N(A) and M(A).

If Y C X* is a linear subspace, then Y, denotes its annihilator in X:

Y, ={zeX: (z",z) =0forall z* € Y}.

Theorem 5.5.7. Let T be a uniformly bounded Cy-semigroup on a Banach
space X and let Xo = {z € X : limy_, ||T(¢)z] = 0}.

(1) X():MJ_CNJ_,'

(ii) If o(A) NiIR is countable, then M, = N = Xj.

Proof: (i): Let 2* € M and let n be a bounded complete orbit through a*. For
allz € X and t > 0,

(2%, 2)| = [(n(0), 2)] = [(T™(O)n(=1), z)| < (ssgﬂgln(S)II) 1T (#)]]

If x € Xy, the right hand side tends to 0 as t — oo, so (z*,z) = 0. This proves
that Xg C M.
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For the converse, we may renorm X and assume that T is contractive. Let
(Y, 7, U) be the isometric limit semigroup associated to T. Let (Y, U) be the
extension of U to an isometric group of Lemma 5.5.5; let j : ¥ — Y be the
inclusion map.

If 2 ¢ Xo, then mz # 0 and we may choose §* € Y* such that (g*, jmz) # 0.
Put 7(t) := 7*5*U*(t)j*, t € R. Then 7 is a bounded X*-valued map and

T*(t)n(s) = T*(O)n"j*U*(s)g* = 75U (t + 8)§" = n(t + s).

Hence 7 is a bounded complete orbit through z* := n(0). Moreover, (z*,z) =
(m*5*g*,x) # 0,80 x € M. This proves the inclusion M| C Xj.
If A*x* = iwx*, then

lz* [T @)zl > (", T(t)x)] = ™ (2", 2)] = [(2*, 2)].

Hence Xo C N,

(ii): The subspace Y := N is closed and T-invariant. Let Ay be the part
of AinY and let y* € D(A3}) be such that A} y* = iwy*. By Lemma 5.5.6
there exists a Hahn-Banach extension z* € D(A*) of y* such that A*z* = jwz*.
Since z* € N, it follows that (z*,y) = 0 for all y € N, =Y. Hence, y* =
z*|y = 0. It follows that o,(A}) NiR = (. Also, o(Ay) NiIR is countable by
Proposition 1.1.7. Thus, the Arendt-Batty-Lyubich-Vu theorem implies that
lim¢ o ||T(t)y|| = 0 for all y € Y, which shows that N, =Y C Xo. ////

Corollary 5.5.8. If T is a uniformly bounded Cy-semigroup on X which
is not uniformly stable, then there exists a non-zero z© € X© admitting a
bounded complete orbit.

Proof: By Theorem 5.5.7 (i), there exists a bounded complete orbit 7 through
some non-zero x* € X*. Then for all A € g(A4), t — R(A\, A*)n(t) defines a
bounded comlete orbit through R(\, A*)z* € X©. ////

If T is Cy-contraction semigroup on X which is bounded away from zero
with o(A) NiIR countable, then Theorem 5.5.7 implies that the linear span of
the unimodular eigenvectors is weak*-dense in X*. We are going to prove next
the stronger result that the weak*-closure of this span actually norms X.

Lemma 5.5.9. Let T be a Cy-contraction semigroup on X and let T be the
quotient semigroup on Xy := X/Xy. Then for all x € X,

Jim |73(t)(a + Xo) | = Jim [ T(0)z].

In particular, Ty is bounded away from O.
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Proof: Let x € X and put
lp := lim ||T1(t)(z + Xo)|| = lim || T(¢)z + Xo|.
t—o00 t—o0

For all € > 0 there exist a y € Xy and s > 0 such that ||T(s)z — y|| < I, + €.
For allt > 0,

IT(t+ s)a|| < [T+ s)e =Tyl + 1Tyl < le + e+ [Tyl

Hence lim; o [|T(t)x] < Iz + € for all € > 0, so lim;,o ||[T(t)z] < I,. On
the other hand, |T(¢)(x + Xo)|| < ||T(¢)z| for all ¢ > 0, hence also I, <
Mmoo [[T(0)2ll. /)]

After these preparations we come to the second main result of this section.

Theorem 5.5.10. Let T be a Cy-contraction semigroup on a Banach space
X. Assume that E C IR is closed and countable and o € X is such that
A — R(A A)xg admits a holomorphic extension to some neighbourhood of
{Re A > 0}\i¢E. Then,

tlggo T (#)xo|| = inf{||zo — 2| : = € Xo}.
If o(A) NiIR is countable, then
Tim ([T(t)z0] = sup{|(a" 20)| : a* € N, "] < 1},

Proof: Let Y = X,, denote the closed linear span of the orbit of xg and let
S denote the restriction of T to Y. Let S; denote the quotient semigroup on
Y1 =Y/Yy, where Yo = {y € Y : lim;_ ||S(¢)y|| = 0}. Since S; is bounded
away from 0 by Lemma 5.5.9, S; extends to an isometric Cy-group by Theorem
5.5.4. Hence by Lemma 5.5.9,

Jim ([T ()]l = Jim [1S(t)ao|

Jim [181(8)(xo + Vo)l
= [zo + Yol|.
On the other hand, since T is contractive, for all x € Xy we have
Jim [ T(t)zol| = lim |I7(¢)(zo + )] < 1 + al].
Taking the infimum over all z € X, it follows that
Jim (I T(t)zoll < llzo + Xoll

Hence
o + Xoll < llzo + Yol = Jim [T (t)zoll < [lzo + Xol.

This proves the first part of the theorem. The second part follows from the first
by invoking Theorem 5.5.7 (ii): in view of X¢ = N, and the weak*-closedness
of N, we have (X/X)* = (Xo)* = (N )t =N. /)]
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Example 5.5.11.  Consider the Schrodinger operator
1
A==-A-V
2

on IR", where V' > 0 is measurable. Then A generates a Cy-contraction semi-
group on L'(IR") [Si] and (A4) C (—o0,0] [HV]. It was shown in [Ba2] that
the only solutions in L>*(IR™) of A*g = 0 are scalar multiples of

t—o0

gle) = fim (P01 @) = (exp (- [ V(B as) ).

where B(s) is Brownian motion and IE is expectation with respect to Wiener
measure. One has either g = 0 or ||g||oc = 1, so Theorem 5.5.10 shows that

, VfeLY(R™).

i (@)1= | [ selgte) o

Example 5.5.12. Consider a symmetric, purely second order uniformly
elliptic operator on IR"™ with bounded measurable coefficients:

"9 0
1,7=1

Then A generates a Cop-contraction semigroup T in L'(IR™) [Da2] and o(A) C
(—00,0] [Arl]. Moreover, the only solutions in L>®(IR") of A*g = 0 are con-
stants [Fr, Appendix, Thm. 3]. Thus, Theorem 5.5.10 shows that

Jim O = | [ @], v e L
oo R

The following simple example shows that Theorem 5.5.10 fails if the count-
ability assumption is dropped.

Example 5.5.13. Let X = Cy(IR) with the norm

17 = mancf 7l 5l

Let U be the left translation group on X. Then U is contractive, Xy = {0},
and if f € X is any function with support in IR, then

1 1 1
Jim U@ = 1= 5170 = 51f + Xoll.
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5.6. A Tauberian theorem for the Laplace transform

In this section we derive stability results for Cy-semigroups as a special
case of Tauberian theorems for the Laplace transform of bounded functions.

The basic idea is easily explained. Suppose f : IRy — X is a bounded,
strongly measurable function whose Laplace transform g = Lf extends holo-
morphically to a neighbourhood of the origin. We will prove that, under certain
conditions on the singularities of g on the rest of the imaginary axis,

lim/ f(s)ds = g(0).

t—o0 0

Now if f is uniformly continuous, then the convergence of its indefinite inte-
gral implies lim;_, o || f(¢)]] = 0. Applied to orbits of semigroups, we obtain the
following type of stability results: if the orbit T'(-)xg is bounded and uniformly
continuous, then lim;_. || T(t)xo|| = 0 provided some assumptions on the be-
haviour of R(A, A)xo near the imaginary axis are satisfied. These assumptions
are different from those of Section 5.3.

Suppose f : IRy — X is a bounded, strongly measurable function whose
Laplace transform g extends holomorphically across the entire imaginary axis
and suppose we want to estimate the difference

/ £(s)ds — g(0).
0

Defining the entire function g;(z) := fg e %% f(s) ds, by Cauchy’s theorem we
have

/ £(s)ds — g(0) = g:(0) — g(0) = — / (9e(2) — 9(2)) 2 d,
0

27i z

where I' is a suitable contour around 0. If one tries to estimate this integral
directly, one is left with terms that grow as ¢t — oco. Indeed, the term e™*?
in the definition of ¢, and the term 27! in the integral cause problems on the
part of " in the left half-plane. This can be fixed with a simple but clever
trick: one adds an extra term h(z)e’® in the integral, where h is holomorphic
in a neighbourhood of z = 0 and satisfies h(0) = 1. Then, again by Cauchy’s
theorem,

[ 61ds =0 = - [ 1)0e) ~ o)

The choice

22

R2
brings the problematic term z~! under control and the extra e** takes care of
the term e=%°.

This idea also works in the less elementary situation that g is singular in
certain points of /IR, to which we turn next.

hiz) =1+
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Lemma 5.6.1. Let X be a Banach space and let f : IRy — X be a bounded,
strongly measurable function. Let g denote the Laplace transform of f and let
1E be the set of singular points of g on iIR. Suppose that 0 ¢ E. Let R > 0 and
letzj € R ande; >0, j =1,...,n, be such that the intervals (—oo, R), (R, c0),
and (§; — €,&; +¢€5), j = 1,...,n, are disjoint, cover E, and do not contain 0.
Suppose further that for all j = 1,...,n there exists some w; € (§; — €;,&; + €;)
such that

t
M; = sup /e_iszf(s)ds < 0.
t>0 [|Jo
Then,
t 2M
lims ds —g(0)|| £ —-
1350131)’ ; f(s)ds —g( )H— R jl;[laj
n Me; &2 n
+12 ) bjk,
; (€] = €)(&F — €F) k:H;ﬁj !

where M := sup,>, || f(t)]],

_ & 7
vTg-a (”(R—mj)? |

b = ok <1+6’2€> -y
TG (I& — &kl — €)% ) '

Proof: By renumbering we may arrange that

—R<& - <& 461 <€ —e <, <& +e, <R.

The function g extends holomorphically to a simply connected open set U
containing {Rez > 0, z ¢ iE}. Take a contour I' in U consisting of the right
hand half of the circle |z| = R, the right hand halves of the circles |z —i;| = ¢;,
and smooth paths I'; joining —iR to i(§1—e€1) (j = 0), i(&;+¢€;) toi(§j41—€j41)
(j=1,...,n—1), and (&, + €,) to iR (j = n) lying entirely (except at the
endpoints) within U N {Rez < 0}. Then I is a closed contour, which may be
taken to be simple, with 0 in its interior.
Define the functions

t
gi(z) = / e~ f(s)ds, teC,t>0.
0
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Then h;(0) = h(0) = 1. Hence, by Cauchy’s theorem,

90) - u0) = 55 [ =)o) - an(2) .

27
We estimate the integral on the different parts of I'.
(i) On |z| = R, Rez > 0. If 2 = Re?, -2 < < Z, then

o)~ (el = | [0 o) as =

o M
<M —rRezd _ )
- /0 ¢ "~ Recosd

/00 e~ " f(r+1t)dr
0

Also, |14 2?/R?| = 2cos 6 and |h;(2)| < a;. Hence,

etz

H / h(2)(g(2) — gu()
|z|=R,Re z>0 z

(i) On |z — i&;| = €;, Rez > 0. If 2 = i§; + €je”’, =2 < 6 < Z, then
letting F;(t) := fot exp(—iw;s)f(s)ds and performing a partial integration we
obtain

27TM H (5.6.1)

I(g(2) = ge(2))e™|| = 6tz/tooexp(—5(i(§j —wj) +¢je’’)) exp(—iw;s) f(s) ds
' (= exp(—t(i(g; — wj) + e Fy (1)

+(i(& — wy) + 5e”) /too exp(—s(i(&; — wy) + ;€”)) Fy(s) dS) H

oo
< Mj + 26ij/ e_(s_t)fj cos @ ds

2 ) < 3M;
cosf’ —

Also, [1+2%/R?| < 2, |hj(2)] = (2c080)&3 (6] — €5) 7, [hu(2)] < by (k # j),
and |27 < (¢;] — €;)~!. Hence,

I s e =00 ]

= M;(1+

cosf’

e (5.6.2)
<em-12M; bik.
! (|fj| - GJ)(EQ 2) kZH# ’
(iii) On T';. By the dominated convergence theorem,
etz
tlirgo g h(z)g(z )7 dz=0. (5.6.3)
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(iv) Since g; is an entire function,

tz 6tz

/ h(z)gt(z)e— dz :/ h(2)gi(z)— dz
CoU...UT, Z |z]=R, Re z<0 z

+ Z/ h(Z)gt(Z)g dz.

j=1 |z—i€j]=€;, Re 2<0

If z = Re", 5 <0< 37’T7then

lge()et | = H [ ssas

< M/t e—(s—t)RcosG ds
B 0
M
< — .
~ R|cosd|

So estimating as in (i) we obtain

etz
/ h(2)gu() = dz
|z]=R, Re 2<0 z

For z =& + ejew, 3 <0< 37”, we have

2 M 1
Sy ) (5.6.4)

llge(2)e' || = 6”/0 exp(—s(i(&; — wy) + €je’)) exp(—iw;s) f(s) ds

e”‘”ﬂ'Fj(t) + (Z(fj — wj) + €j€i9)

- ef? /t exp(—s(i(& — w;) +€;€)) Fi(s) dsH
0

t
3M;
< M. % M. 7(sft)€jcosed < J_
= Myt 26 JAG S*\cos9|
Estimating as in (ii) we obtain
etz
|/ W) dz|
‘Z—ij‘:Ej,ReZ<0 z
2 n
< ;- 12M; & — [ b
(&1 = ej)(fj - fj) k=1, ktj

Now the lemma follows from (5.6.1) - (5.6.5). ////
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As a special case, if EN[—R, R] =0, then

/ () ds - 0] < 2. (5.6.6)

lim sup

t—o0

Of course, in this case the proof of the lemma simplifies considerably. This
special case leads to the following simplified proof of Corollary 5.3.7.

Second proof of Corollary 5.5.7 By (5.6.6) applied to f(t) = T(¢)x,

/Ot T(s)zo ds — g(O)H 0.

lim sup
t—o0

Since T'(-)xg is bounded and uniformly continuous, this implies that lim;
IT(t)zo]| =0 (cf. the end of the proof of Corollary 4.3.3).  ////

Our next goal is to prove a Tauberian theorem for Laplace transforms. We
start with a covering lemma.

Lemma 5.6.2. Let E C IR be a compact set of measure zero. Then for all
€ > 0 there exists an n € IN and a 6 € (0,¢/n) such that E can be covered by
n disjoint open intervals of length 6.

Proof: The regularity of the Lebesgue measure implies that there is an open set
O containing E with meas O < %e. Let (O, )q be an arbitrary open cover of E
and define V,, := O,NO. Then V := U,V, is a countable union of disjoint open
intervals, say V' = U;W;. Then (Wj); is an open cover of E and U;W; C O.
Since E is compact there are Iy := Wj,, ..., I, := W;  such that E C U2, I;.
Also, since Iy, ..., I, are disjoint, we have Y. measI; < measO < %e.

Fix 0 < 0 < ¢/4m. Choose x € IR such that z + k6 ¢ E for all k € Z and
let K :={keZ: (x+kf,z+ (k+1)0)NE # 0}. Note that #K < oo since F
is compact. The pairwise disjoint intervals Jy := (z + k0, + (k+1)0), k € K,
cover E.

Let Ko :={k € K : J, C U, I,} and K; := K\Kp. For all k € K
we have Ji NU™,I; # 0 since both share at least one common point of E.
Therefore, if some Jj, is not contained in I := U;=1,. nI;, it must contain at
least one boundary point of I. But I has at most 2m boundary points, and
hence #K7 < 2m. By considering the total length of the intervals Jj, defining
K, Ky, and K1, we see that - #K < %e—I—QmH < €50 0 < e/#K. This proves
the lemma, with n := #K and intervals Ji, k=1,...,n. ////

Now we can state and prove the main result of this section. All subsequent
stability results are derived from it.

Theorem 5.6.3. Let f : Ry — X be a bounded, strongly measurable
function. Let g be the Laplace transform of f and denote by iE the set of all
singularities of g on iIR. If E is null, 0 ¢ F, and

My := sup sup
t>0 weE

< 00,

/t e~ f(s)ds
0
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Jim / 1(s)ds = g(0).

Proof: Let R > 0 such that £+R ¢ E. Let § > 0 such that || > 20 and
—1&] > 20 for all £ € EN[—R,R]. Let € € (0,6/2) be arbitrary and fixed.
By Lemma 5.6.2, there exist £ < &3 < .... < &, € R and 6 € (0,¢/n) such that
the intervals (§; — 0,&; + 6) are pairwise disjoint and cover E N [-R, R]. We
may assume that (§; —6,&; +0)NE # 0 for all j =1,...,n. Then || > § and
— &1 >0, j=1,..,n. We apply Lemma 5.6.1 using the notation there. We
have

then

g 1

= <
-0 1-02/8 ~ 1-62/52
<14+20%/582 <1+060/5 <e?,

using that 6/6 < % Also,
92
14+ ——— < 1+6%/6% < 9.
e /

Hence, a; < €20/% and

Haj < e0/5 < 268 <
j=1
using that nf < e and € < §/2. Moreover, since
Eigm—& —0>(2m—1)0, m=1,...n—j,
& —&-m—0>02m—-1)0, m=1,...,j—1,
we have
ﬁ b H (1 + 92) < Cen1o/8
PP DY (& —&l—-0)?) = ’
where C' :=[[°_, (1 + (2m — 1)’2)2. So from Lemma 5.6.1 we obtain
limsupH/t f(s)ds — g(O)H
0

t—o0
2Me
< T+12n My -6 - 5-69/5.04"*1)9/5
_ 2Me 24 My Cec/d

SR T
2Me | 2AMCe
SR YT

Since € € (0,60/2) was arbitrary, it follows that

[ 165 —gt0)] < 25

whenever +R ¢ E, R > 0. Since there exist arbitrarily large such R, the
theorem follows. ////

lim sup

t—o0
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If f: Ry — X is bounded and uniformly continuous, the convergence of
the integrals fot f(s)ds implies lim;—, || f(¢)|]| = 0. Applying this to the orbit
of a Cp-semigroup, Theorem 5.6.3 yields the following result.

Theorem 5.6.4. Let T be a Cy-semigroup on a Banach space X. Let g € X
and let E C IR be a closed null set such that:

(i) The map t — T(t)x is bounded and uniformly continuous;
(ii) The map A — R(A, A)zo admits a holomorphic extension to a neighbour-
hood of {Re A > 0}\iE;
(iii) sup sup

t
/e‘“”sT(s)xods
t>0 weE ||Jo

Then lim;_, o ||T(t)zo] = 0.

< 0.

This theorem is an analogue of Theorem 5.3.6: the countability assumption
is replaced by nullity but a stronger assumption is made on the behaviour of
the integrals fot e~ ST (s)xg ds.

Our first application is a Tauberian form of the Katznelson-Tzafriri theo-
rem. If T is a Cp-semigroup on X and the orbit of an o € X is bounded, for
f € L*(IR,) we denote by f(T)xq the element

f(T)z = /O h FOT(t)zo dt.

The map f — f(T)zo is continuous as a map from L'(IR;) to X.

Theorem 5.6.5. Let T be a Cy-semigroup on a Banach space X. Let zy € X
and let E C IR be a closed set. Assume

(i) The orbit t — T'(t)xo is bounded;
(ii)) The map A — R(\, A)xy admits a holomorphic extension to a neighbour-
hood of {Re A > 0}\iE.

If f € L*(IR,) satisfies
/ s|f(s)]ds < oo,
0

and the Fourier transform f vanishes on —F, then

Jim [7(0f (T)ao] = 0.

Proof: If f is identically zero, then f = 0 and there is nothing to prove. Oth-

erwise, the function
fz+1
= <1
o= (35). El<t

defines a non-zero holomorphic function on the unit disc with continuous ex-
tension to the boundary, i.e. an element of the disc algebra A(D). The zero
set on I' of such functions has measure zero (cf. [Ho]), and therefore the zero
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set of f on IR has measure zero. Since f vanishes on —F, it follows that F is
a null set.
Define the bounded function gy by

go(t) :=T(t)f(T)xo = /0 h F(s)T(t + s)xo ds.

By Lemma 5.3.8, the singular set of the Laplace transform Lgy on IR is con-
tained in ¢F; in particular it is null.
For w € E we have

¢
lim e f(s)ds =

t—oo 0

since f(—w) = 0. Using this and a partial integration, we have

/ —iws g (5) ds = / / —is f ()T (s + u)o du ds
:/0 (/0 eTWETIT (5 4 u) g d8> e f (u) du

T

= — lim e WD (4 + )z </ eV f(v) dv) du.
0

r—oo [q

With M := sup,q ||T(t)zo, it follows that

[ [
—u [T [T e rwan
s [
:Mékéwwmm

= M/Ooov|f(v)|dv.

lw'l)f )

sup
t>0

Therefore we can apply Corollary 5.6.4 to f(T)azg, noting that its orbit is
uniformly continuous (by the proof of Theorem 5.3.9). ////

The following result gives a global version of Theorem 5.6.5 parallel to
Theorem 5.2.3.

Corollary 5.6.6. Let T be a uniformly bounded Cy-semigroup on a Banach
space X with and let f € L'(IR,) satisfy

/oos\f(s)\ds < 00.
0



196 Chapter 5

Furthermore, assume that f vanishes on ioc(A) NIR. Then,

Jlim | 7(8) f(T)| = 0.

Proof: Theorem 5.6.5 implies that
Jlim |T@#)f(T)z| =0, VzeX.

By Lemma 5.2.2, we may apply this to the semigroup 7 on L(X) and obtain

T [[7() f(D)g(D)]| = 0. Vg & L'(R).
Using an approximate identity argument as in the proof of Theorem 5.2.3, the
corollary follows from this. ////

We are going to apply this corollary to show that the Tauberian hypothesis
on f actually implies that f is of spectral synthesis with respect to the zero
set of its Fourier transform. Thus, a posteriori Theorem 5.6.5 and its corollary
appear as a special case of Theorem 5.3.9.

Theorem 5.6.7. If f € L'(IR,) satisfies

/Oos\f(s)\ds < 00,
0

then f is of spectral synthesis with respect to the zero set of its Fourier trans-
form.

Proof: We use the notation of the previous lemma, with E = {f = 0}. We
have to prove that f € Jg.

From Corollary 5.6.6 and the first part of Lemma 5.4.3 we see that for
all g € L*(IR) we have

S ([U, (0 (U ,)(9 + Tp)| =

where U is the right translation group on L'(IR). Since U is an isometric
group, the same is true for the quotient group U, ;,. Therefore,

F(U 1) + Jg) = 0.
But -
FU50) (g + Ti) = / )0, 1, (5)(g + T ds

(/ £(s gds))—i—JE
([ 1)

=(f*xg) +JE.

We have proved that f+g € Jg for all g € L'(IR). Taking for g an approximate
identity, the closedness of Jg implies that also f € Jg. ////
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We close this section with some improvements of Corollary 5.2.7. Let us
first note that the assumption on the spectrum made there, viz. o(A) NiR C
{0}, is rather restrictive. Indeed, in view of the spectral mapping theorems, a
natural way to relax this condition would be to require that o(A) NiR C iwZZ
for some w > 0; under this assumption one expects

Jim ([Tt + %)R(A7 A) = T(HR, A)]| = 0.

In fact, we have the following more general result.

Theorem 5.6.8. Let T be a Cy-semigroup on a Banach space X, with
generator A. Let xy € X be such that
(i) The orbit t — T(t)xo is bounded and uniformly continuous;
(ii) For some w > 0, the map A — R(\, A)xg admits a holomorphic extension
to a neighbourhood of {Re A > 0}\iwZZ.
Then,

. 2m
lim ||T(t + —)xo — T(t)xo]| = 0.
t—o0 w

Proof: We are going to verify the condition of Theorem 5.6.4 for y := T(%’r)xof
zo. For Re X > 0 we have R(\, A)y = (T(22) — I)R(\, A)zo and therefore the
singular set of R(\, A)y on the imaginary axis is contained in iwZ. For all

k € 7 we have

t
‘ / e Wwhs <T(5 + 2—W)avg — T(s)xo) ds
0 w

o -
/ e ks (s) g ds — / e kST (s)wg ds
2 0

27

27

3 e
/ e kST (s)xg ds — / e kST (s) o ds
t 0

4 M
<

— b

w

where M := SUpP;>q 1T #)zoll- ////

By the above estimates, this theorem could have been derived alternatively
as a consequence of Theorem 5.3.6.

If an orbit T(-)z¢ is bounded, then T'(-) f(T)z¢ is bounded and uniformly
continuous. By Lemma 5.3.8, the map A — R(\, A)f(T)zo extends holomor-
phically along with R(A, A)xg. Hence we may replace (i) by mere boundedness

of T'(t)zo and obtain that

Jim 17+ 22)f(T)ao — T /Dol = 0

for all f € L*(IR,). Finally, we consider the global case:
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Corollary 5.6.9. Let T be a uniformly bounded Cy-semigroup on a Banach
space X, with generator A. If o(A) N iR C iwZ for some w > 0, then for all
f € LY(IR) we have

Jim [T+ 20 f(T) ~ T f(T) | = 0.

Proof: Fix u € o(A). By the above remark we have
2 o ~
Tim || (¢ + g)f(T)x T f(T)z| =0, Ve X.
—00

We apply this to the semigroup 7 on Lo(X) as in the proof of Theorem 5.2.3.

1

Corollary 5.6.10. Let T be a uniformly bounded Cy-semigroup on a Banach
space X, with generator A. If o0(A) NiR C {0}, then for all s > 0 and
f € LY(R) we have

Jim ([Tt -+ 5) f(T) = T(1) /(T)]| = 0.

5.7. The splitting theorem of Glicksberg and DeLeeuw

In Section 5.1 we saw that a necessary condition for a Cy-semigroup T
to be uniformly stable is that the unitary point spectrum of the generator A
should be empty. For weakly almost periodic semigroups, in this section we
prove a more detailed result known as the Glicksberg-DeLeeuw theorem: if T
is a weakly almost periodic Cp-semigroup on X, then X can be decomposed
into a direct sum of two T-invariant closed subspaces Xq® X1, where X is the
closed linear span of all eigenvectors of A with purely imaginary eigenvalues,
and X, is the subspace of all z € X such that 0 belongs to the weak closure of
the orbit T'(-)x. If T is almost periodic, the restriction of T to X is uniformly
stable. The decomposition of X will be induced by a projection whose existence
is a consequence of a general algebraic existence theorem for idempotents in
topological semigroups.

A pair (G, ¢), where G is a set and ¢ : G x G — G is a mapping, is called
an semigroup if ¢(é(go, 91),92) = ¢(9o(¢(g1,92)) for all go, 91,92 € G. The
map ¢ is referred to as the multiplication of G. Whenever ¢ is understood, we
denote the semigroup (G, ¢) simply by G and write gog1 for ¢(go, g1)-

An element e € G is called a unit if eg = ge = g for all g € G. If a unit
exists, it is unique: for if ey, e; are units, then eg = ege; = e1. A semigroup

with unit e is called a group if for each g € G there exists an element g—!,
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the inverse of g, such that g¢g~! = ¢~ 'g = e. The inverse of an element g is
necessarily unique: for if hg, hy are inverse to g, then hg = hoe = ho(gh1) =
(hog)hl = 6]7,1 = ]’Ll.

A semigroup G is abelian if gog1 = g19¢ for all gg,g1 € G.

A semigroup G with unit e, endowed with a Hausdorff topology, is called a
semitopological semigroup if the multiplication is separately continuous, i.e. for
each g € GG the maps h — hg and h — gh are continuous. A semitopological
semigroup is a topological semigroup if the multiplication is jointly continu-
ous, i.e. if the map (g,h) — gh is continuous. A topological semigroup is a
topological group if it is a group and the mapping g — ¢~ ' is continuous.

A non-empty subset I of a semigroup G is an ideal if IG C I and GI C I.
An ideal is minimal if it contains no ideal other than itself.

Lemma 5.7.1. Let G be a compact abelian semigroup and let K be the
intersection of all closed ideals in G. Then K is the unique minimal ideal in G,
and

K - OQGG gG
Furthermore K is a group, and K = uG where u is the unit of K.

Proof: The intersection of finitely many ideals Iy, ..., I,, contains the product
LI - ...- I, which is non-empty. Since G is compact, by the finite intersection
property the intersection K of all closed ideals in G is non-empty. If I C K is
an ideal and g € I, then gG is a closed ideal contained in I; we use that G is
compact and abelian. Hence, gG C I C K C gG, I = K, and K is minimal.
If L is another minimal ideal, then K C gG C L for all g € L, and since K is
an ideal it follows that K = L by the minimality of L. This shows that G has
only one minimal ideal.

As each gG is a closed ideal, we have K C Ngeq gG, and if I is any closed
ideal and g € I, then gG C I so that Nge gG C N{I : I closed ideal in G} =
K.

For each g € K, gK is an ideal contained in K and therefore gK = K
by minimality. It follows that there is an element u, € K such that gu, = g.
Similary, for each h € K there exists an element vy, € K such that gvg, = h.
Hence

hug = gugntly = VghgUg = Vgng = gUgn = h

for each two g,h € K. Taking uy instead of h in this identity, we see that
upug = uy, for any two g, h € K. By reversing the roles of g and h we also have
UgUp = ug. It follows that uy = ugup = upuy = up. Let u denote this common
element. Then ug = gu = g for all g € K, so u is a unit for K. The identity
gK = K and the fact that u € K imply the existence of an element g—' such
that gg—! = u. Applying this to g—!, there is an element h such that g~ 'h = u,
and then h = uh = gg~'h = gu = ¢, so g~'g = u and g~ is inverse to g.
This proves that K is a group. The last assertion follows from the inclusions
uG C KGCK and K =uK CuG. ////
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The group K is called the Sushkevich kernel of G.

We are going to apply the lemma to subsemigroups of £(X) endowed with
the weak operator topology or the strong operator topology. The weak operator
topology is the topology on £(X) generated by the sets

Viar e = {5 € LX) : [(27, (T = S)z)| <€},

with € > 0 and z, z*, and T ranging over X, X*, and L£(X), respectively.
It is trivial to verify that a net (T,) converges to T in this topology if and
only if lim, (z*, Tyx) = (z*,Tx) for all x € X and 2* € X*. ;From this it
easily follows that multiplication is separately continuous in the weak operator
topology. Also, if G C (£(X) ) wo) is an semitopological semigroup, then so
is its weak operator closure G ; this is an easy consequence of the separate
continuity of the multiplication in (£(X),wo). If G is abelian, then so is G

The strong operator topology is the topology on L(X) generated by the
sets

Vere ={S€L(X): |[(T-9)z| <e},

with € > 0 and « and T ranging over X and L£(X), respectively. It is triv-
ial to verify that a net (T,) converges to T in this topology if and only if
lim,, T, x = T strongly for all x € X. jFrom this it easily follows that multi-
plication is separately continuous in this topology. Also, if G C (£(X), so) is an
semitopological semigroup, then so is its strong operator closure G; this is an
easy consequence of the separate continuity of the multiplication in (£(X),so).
If G is abelian, then so is G.

A semigroup G C L(X) is called (weakly) almost periodic if for each x € X
the set {Tx : T € G} is relatively (weakly) compact in X.

Lemma 5.7.2. Let G be a semigroup in L(X).

(i) G is weakly almost periodic if and only if G is a relatively compact subset
of L(X) in the weak operator topology. Moreover, for all x € X the weak
closure of Gx is precisely G"z.

(ii) G is almost periodic if and only if G is a relatively compact subset of L(X)
in the strong operator topology. Moreover, for all x € X the closure of Gx
is precisely Gz.

Proof: We only prove (i); mutatis mutandis the same argument proves (ii).

If G is relatively weak operator compact, then G is weak operator com-
pact in £(X). Since for each € X the map z : (£(X),wo) — (X, weak),
T — Tx, is continuous, Gz is weakly compact and Gz is relatively weakly
compact in X for all z € X.

Conversely, assume that Gz is relatively weakly compact for all x € X.
Then Gz is bounded in X for all z € X and by the uniform boundedness
theorem G is bounded, ie. sup{||T||: T € G} =: M < 0. For each x € X let

E, =Gz e , and let E be the Cartesian product of all E,. By Tychonoff’s
theorem, E' is compact with respect to the product topology. Let (T},) be a net
in G. Then ((T,x)zex) can be regarded as a net in E and by compactness there
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exists a subnet ((Tsx)zex) converging in E. This means that weak-limg Tz
exists for all x € X. Define the operator T' by Tz := weak-limg Tz. Then T
is linear and bounded of norm < M. By its definition, T belongs to the weak
operator closure of G. This proves that G is relatively weak operator compact.

To prove the final assertion, observe that the weak compactness of G«
implies that Gz “r e Gwox, and the reverse inclusion follows from the defi-

nition of the weak operator topology.  ////

Let G be a weakly almost periodic semigroup in £(X). Then the weak
operator closure G isa compact semitopological semigroup by Lemma 5.7.2.
If in addition G is abelian we can apply Lemma 5.7.1 to G"’. Let K be the
Sushkevich kernel of G*° and let U be its unit. Then U% = U ,s0 U is a
projection. Accordingly, X admits a direct sum decomposition

X=X X,

where Xo := UX and X; := (I —U)X. The following theorem gives a charac-
terization of the spaces Xy and X7 in terms of G.

Theorem 5.7.3. Let G C L(X) be an abelian weakly almost periodic semi-
group. Then there exists a direct sum decomposition X = Xg & X; of G-
invariant subspaces, where

Xo={reX:0eGz""}

and
Xi={zreX:zeGy"” “* whenever y € waeak}.

Moreover, the restriction of G- to X, is a weakly almost periodic group.

Proof: Let X = UX @ (I — U)X as in the preceding discussion and let the
spaces Xg and X; be defined as in the statement of the theorem; we shall
prove that Xg = (I — U)X and X; =UX.

Let € X be such that z € ?yweakyhenever Yy € Gz“*. Since the
weak closures of Gz and Gy are G’z and Gwoy respectively, the condition on
x means that for any T € GT there exists an S € G such that STz = .
In particular, there is an S € G"’ such that SUz = z. Since G"* is abelian it
follows that x = SUx = U Sz, proving that x € UX. Conversely, let z € UX,

——weak

say ¢ = Uz for some Ty € X, and assume that y € Gz = G"z. Then
y = Tz for some T = G, so y = TUxy. Since the Sushkevich kernel K of
G is an ideal in G*° and U € K, we have TU € K, and since K is a group
there exists an S 6 K inverse to TU. But then Sy = STUx; = Uz, = x. This

——weak

means that z € G y =Gy
As for (I — U)X, we shall prove that this space consists precisely of those

——weak ——weak

xeXsuChthatOeGm . If0 € Gz Gac,thenTszfor
some T € G°. Since TU € K we can choose S € K with STU = U. Since



202 Chapter 5

2 =Ux+ (I —U)zand G is abelian, it follows that # = STUz+ (I —U)x =
SUTz+ (I —U)x = (I — U)x. This proves that z € (I — U)X. Conversely,
let x € (I —U)X. Since I — U is a projection, we have x = (I — U)z and
Uz = U(I —U)x = 0. This proves that 0 = Uz € G« = Gz

Next we prove that the restriction to UX of G"isa group. Let T € [l
be arbitrary. Then TU € K. Letting S be the inverse of TU in K, for all
r € Xog =UX we have STx = STUx = x. Thus, the restriction of S to UX is
the inverse of the restriction of 7' to UX. It follows that the restriction of G-
to UX is a group. Since G is weakly almost periodic, so is its restriction to

ux. /i

The characterization of X; is not a very practical one. We are going to
prove another characterization of this space in terms of eigenvalues of G. The
proof is based on a basic results due to R. Ellis, which states that every compact
semitopological semigroup is a topological semigroup.

Let G be a subsemigroup of £(X). A non-zero vector z € X is called an
eigenvector for G if there is a map A : G — € such that Tz = A(T)z for all
T € G. If T, — T with respect to the weak operator topology and z € X is
an eigenvector for G, then for all * € X* we have

(2", Tx) = im(z*, Tpx) = im A\(T, ) {(z*, x).

Hence \(T') := lim,, A(T,,) exists and Ta = (lim, A\(T},))z. It follows from this
that z is also an eigenvector of G"° and that the map A is continuous and
extends continuously to G". An eigenvector x of G is called unimodular if for
the associated map A we have |A(T)| = 1 for all T € G; in that case z is also a
unimodular eigenvector for G- . In order to avoid trivialities we also regard 0
as a unimodular eigenvector.

Theorem 5.7.4. Let G C L(X) be an abelian weakly almost periodic semi-
group. Then there exists a direct sum decomposition X = Xg & X; of G-
invariant subspaces, where

Xo={reX:0eGz""}

and X is the closed linear span of all unimodular eigenvectors of G. Moreover,
the restrictions of G and G to Xy are weakly almost periodic and almost
periodic groups, respectively.

Proof: Let x € X be a unimodular eigenvector for G. Then z is also a uni-
modular eigenvector for G- .

Fix T € G"° arbitrary. The identity 7"z = (A\(T'))"z shows that there is
a sequence ny — oo such that limy_. ., T"*x = x. It follows that for any finite
set o}, ..., x5 € X* the set N, {S € G : |(x},STx — z)| < ¢} is non-empty.
By the compactness of éwo, the intersection of all these sets is non-empty.
Therefore, there exists an Sg € G~ such that |(z*,SoTz — x)| = 0 for all
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x* € X* ie., SogTx = x. As we have seen in the proof of Theorem 5.7.3, this
implies that = € X;.

The converse is more difficult to prove. By Ellis’s theorem, the Sushkevich
kernel K of éwo, being a compact semitopological group, is a topological group.
Let u be its normalized Haar measure and let K’ be the character group of K.

For given v € K" and = € X we define the element T,z € X** by

(Tyx,x™) ::/K'V(T)@J*,Tx) du(T), =z e X"

In this way we obtain a bounded operator T, : X — X**, of norm < sup{||T|| :
T € K}. We shall show that T, actually maps X into itself; we identify X
with its canonical image in X**.

As the map T +— ~(T)Tx is continuous from K in its weak operator
topology into X in its weak topology, the set {y(T)Txz : T € K} is weakly
compact in X. By the Krein-Shmulyan theorem, so is its closed convex hull
H:=co{y(T)Tx: T e K}. Asasetin X**, H is weak*-compact. Now, if for
some zj € X™* and a € IR we have

Revy(T) (x5, Tx) > o, VT € K,

then

Re (Tyx, z5) = Re /

V(T (wy, Ta) du(T) > / ady(T) = a
K

K
since p(K) = 1. By the Hahn-Banach separation theorem, this implies that T,
belongs to the weak*-closed convex hull in X** of the set {y(T)Tz: T € K},
which, as we have seen, is H. Therefore, Tyx € H C X.

It follows that T’ is a bounded operator on X. For all S € K, z € X, and
z* € X* we have

(@ $Tya) = (80" Tya) = [ A(D)(S"0" Ta) du(T)

Il
2

(8) /K A(ST){z*, STx) du(T)

|
2

(9) /K +(ST)(a*, STx) dyu(ST)
(S)(z, Ty).

Here 5(T') denotes the complex conjugate of v(T); we used the translation
invariance of the Haar measure. Since this holds for all x € X and z* € X*,
it follows that ST, = 7(S)T,,. For the unit U of K we have 5(U) = v(U) = 1.
Hence in particular we obtain UT, = 5(U)T,, = T5.

Now let S € G be arbitrary. Applying the above to the operator SU € K
it follows that ST, = SUT, = 7(SU)T, = 7(S)T, for all S € G. This means
that T', X consists of unimodular eigenvectors of G.
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To finish the proof, it suffices to show that X; = UX is contained in the
closed linear span Y of {Tyx : v € K', x € X}. Suppose some z§ € X*
annihilates Y. Then

/ YTy, Tx)ydu(T) =0, Vye K, xe X. (5.7.1)
K

Assume, for a contradiction, that (zf, Uzo) # 0 for some z¢ € X. Since the
map T +— (zf, Txo) is continuous on K, there is a neighbourhood F of U such
that

| (@i o) () # 0. (5.7.2)

If g € L%(K, ) is orthogonal to all characters x € K’, then g = 0 by the injec-
tivity of the Fourier-Plancherel transform for locally compact abelian groups.
In other words, the characters of K, viewed as elements of L?(K, ), span a
dense linear subspace of L?(K, u).

It follows that there are finite linear combinations ¢,, of characters approx-
imating xr in L2(K, u). Since u(K) = 1, we also have ¢, — xr in L'(K, p)
and hence, using (5.7.1) and (5.7.2),

0 = lim / 6 (T) (w5, T0) dpu(T) = / X (T) (w5, To) dp(T) £ 0.
K K

This contradiction shows that (xf, Uz) = 0 for all z € X. By the Hahn-Banach
theorem, this implies that Uz € Y for all z € X.

Finally, consider the restriction G; of G to UX = X in the strong operator
topology of X7. It remains to prove that Gy is an almost periodic group. For
each unimodular eigenvector z; of G, the orbit Gz is obviously relatively
compact in X;. We claim that all orbits in X; are relatively compact.

To see this, fix z € X; and (T},) C G;. Let z, — z with each z,
in the linear span of the unimodular eigenvectors. There is a subsequence
(n) and a y; € X; such that T, 21 — y;. This subsequence has a further
subsequence (ng;) such that Ty, w2 — y2 for some y; € X;. Continuing is this
way, a diagonal argument yields a sequence (n;) and vectors y,, € X; such that
T, Xm — ym for all m = 1,2, ... Now the estimate

1Ym = yme | < Mlym = Tniml + [ Tn;2m = Tyt | + [ Tn@me — Yo

and the uniform boundedness of G show that (y,,) is a Cauchy sequence in
X1, say with limit y. But then from

[Tn,x =yl < 1Tni2 = Tnim || + | Toi2m = ymll + [1ym — |

it follows that T;,,# — y. Thus, the orbit G« is relatively compact and the
claim is proved.

Hence, G is almost periodic as a subsemigroup of £(X7). Letting K7 be
the Sushkevich kernel of G, the proof that G, is a group proceeds as in the
weak operator case.  ////
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This theorem is usually referred to as the Glicksberg-DeLeeuw theorem.
The characterization of the space X; can also be improved if G is almost
periodic.

Theorem 5.7.5. Let G C L(X) be an abelian almost periodic semigroup.
Then there exists a direct sum decomposition X = Xg @ X; of G-invariant
subspaces, where

Xo={re€eX:0eGur}

and X is the closed linear span of all unimodular eigenvectors of G. Moreover,
the restriction of G to X7 is an almost periodic group.

Proof: We only have to prove that 0 € Gz whenever 0 € Gz, So let = eX

be such that 0 € Gz"*** . Choose a net (T,) in G such that weak-lim, Tox =0
Since G is almost periodic, the set {T,z : « € I} is relatively compact; I is
the index set for the net. Hence there is a subnet (Tx) converging strongly to
some y € X. Then also Tgx — y weakly, and therefore y = 0. It follows that
0 belongs to the strong closure of {T'z: T € G}.  ////

Next we are going to apply these results to Cy-semigroups.

Theorem 5.7.6. Let T be a weakly almost periodic Cy-semigroup on a
Banach space X. Then there exists a direct sum decomposition X = X ® X,
of T-invariant subspaces, where X, is the closed subspace of all x € X such
that 0 belongs to the weak closure of the orbit of x and X is the closed linear
span of all eigenvectors of the generator A with purely imaginary eigenvalues
Moreover, the restriction of T to X7 extends to an almost periodic Cy-group.
If T is contractive, this group is isometric.

Proof: The representation of X; follows from the observation that an z € X is
an eigenvector for A if and only if x is an eigenvector for T in the sense defined
above.

The restriction to X; of the strong operator closure T is a group, which
is almost periodic by Theorem 5.7.4. It contains the inverses in X; of the
restrictions 77 (t) of the operators T'(t). Therefore, the restriction T; of T to
X, extends to an almost periodic Cy-group T; on X;.

If T is contractive, i.e. |T(¢)|| < 1 for all ¢ > 0, then also |T] < 1 for
all T € T. Therefore, the inverses of the operators T (t) are contractive. Now
if there were an x; € X; such that ||T1(¢)z1|| < ||x1|| for some ¢ € IR, then
T (—t)|] > 1, a contradiction. Therefore, T is isometric.  ////

Similarly, in the almost periodic case we have:

Theorem 5.7.7. Let T be an almost periodic Cy-semigroup on a Banach
space X. Then there exists a direct sum decomposition X = Xg @ Xy of
T-invariant subspaces, where

Xo={z€X: lim |T(t)z] =0}
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and X, is the closed linear span of all eigenvectors of the generator A with
purely imaginary eigenvalues Moreover, the restriction of T to X extends to
an almost periodic Cy-group on Xi. If T is contractive, this group is isometric.

Proof: We only have to prove that 0 € {T'(¢)x : t > 0} implies lim; . || T(¢)||
= 0. Let (¢,) C IRy be a sequence such that lim,, o ||7(t,)x] = 0. Since T
is uniformly bounded, say ||T(¢)|| < M for all ¢ > 0, for all n and all t > ¢,
we have ||T(t)x| < M||T(tn,)z||. Since the latter becomes arbitrarily small as
n — 00, the desired result follows.  ////

Thus, an almost periodic semigroup can be decomposed into a bounded
Cy-group and a uniformly stable semigroup.

Corollary 5.7.8. Let T be a uniformly bounded Cy-semigroup on a Banach
space X. Assume there exists a compact operator K on X with dense range,
commuting with each T'(t). Then the following assertions are equivalent:

(i) T is uniformly stable;
(i) o,(A)NiR =0
(iii) op(A*) NiR = 0.

Proof: For each x = Ky € range K the set {T'(t)x: t >0} = {KT(t)y: t > 0}
is relatively compact. Since the range of K is dense, it follows that {T'(¢)z :
t > 0} is relatively compact for all € X; cf. the proof of Theorem 5.7.4. Thus
T is almost periodic and we can apply Theorem 5.7.7 to obtain the equivalence
(i) <(ii). The equivalence (ii) < (iii) follows from Proposition 5.1.15.  ////

We have the following generalization of Theorem 5.1.11:

Theorem 5.7.9. Let T be a uniformly bounded Cy-semigroup on a Banach
space X, with generator A. Let xo € X be such that A — R(\, A)zy admits a
holomorphic extension to a neighbourhood of {Re A > 0}\iE, where E C IR is
closed and countable. Then the following assertions are equivalent:

(i) The set {T(t)xo : t > 0} is relatively weakly compact;

(ii) The set {T(t)xo : t > 0} is relatively compact.
t

(iii) For all w € E the limit tlim n e ST (s)xo ds exists.
— 00 0
Proof: (ii)=-(i) is trivial.
(i)=(iii): Fix w € E. The closed absolute convex hull of the orbit of
xo is weakly compact by the Krein-Shmulyan theorem. Therefore the net
(t1 fot e~ ST (s)xo ds)i>0 has a weak cluster point y. Then

t

1 .
lim — [ e ™*T(s)xzpds =y
t—oo ¢ Jg

by the mean ergodic theorem for Cyp-semigroups.
(iii)=-(ii): By renorming we may assume that T is contractive. Let X, be
the closed subspace in X of all y € X whose orbit T'(-)y is relatively compact.



Countability of the unitary spectrum 207

Let S denote the quotient semigroup on X/X. and let B be its generator. If
F()\) is a holomorphic extension of R(A, A)x to a connected neighbourhood V
of {Re X > 0}\iE, then ¢F(\) is a holomorphic extension to V' of R(\, B)qxo.

On the other hand, if z,, := limy_.o 1 fot e~ ST (s)xg ds, then T(t)z, =
ey, for all t >0, so z,, € X.. Hence gz, = 0 and

t

1 ; 1/t
lim = [ e "?S(s)qrods =q <lim n / e " T(8)(xo — zw) ds) =0.
0

t—oo t 0 t—oo

We are in a position to apply Theorem 5.1.11 and obtain lim;,« ||¢T'(t)zo|| =
IS(t)gzo|| = 0. Thus, for a given € > 0 there exist to > 0 and y € X, such
that ||T(to)zo — y|| < €. Then | T(t + to)zo — T(t)y|| < € for all ¢ > 0, and
consequently

{T(t)l’o t> 0} C K.+ €eBy,

where K. is the compact set {T'(t)xzo : 0 < ¢t < to} U{T(t)y: ¢t > 0}. Since
€ > 0 is arbitrary, it follows that {T'(¢)zo : t > 0} is relatively compact.  ////

As is shown by Example 5.1.12, the uniform boundedness assumption on
the orbit cannot be weakened to boundedness; the orbit T'(-)y constructed in
this example tends to 0 weakly by Corollary 5.3.11 but not strongly. Thus
T(-)y is not relatively compact by the argument in the proof of Theorem 5.7.7.

The proof of (i)=-(iii) is valid for any iw € ¢IR. It follows that in (iii) we
may replace ‘for all w € E’ by ‘for all w € IR’.

Theorem 5.7.10. Let T be a uniformly bounded Cy-semigroup on a Banach
space X, with generator A, and assume that o(A) NiIR is countable. Then the
following assertions are equivalent:

(i) T is weakly almost periodic;

(ii) T is almost periodic;

1A
(iii) For allz € X and iw € o(A)NiIR the limit tlim ?/ e~ T (s)x ds exists;
(iv) For all iw € o(A) N iR, range (A — iw) + ker (A — iw) is dense in X.

Proof: The equivalence of (i), (ii), and (iii) is an immediate consequence of the
preceding theorem.

(ii)=(iv): Let X = Xy @ X; be the Glicksberg-DeLeeuw decomposition.
Then Ty is uniformly stable.

Fix iw € o0(A)NiIR and let 2§ € X* vanish on range (A —iw)+ker (A—iw).
Then (zf, (A — iw)z) = 0 for all z € D(A), so zfj € D(A*) and A*z§ = iwz].
This implies T*(t)z§ = e™xy for all t > 0. We are going to prove that x;
annihilates both Xy and Xj.

If z € Xy, then

0= lim (2}, T(t)x) = lim e“"(x}, x),

t—o00 t—o0

which is only possible if (x3,z) = 0. Thus, z{ annihilates Xj.
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Let x € D(A) be such that Az = iAx for some A € R. If A = w, then
x € ker (A —iw) and (zj, ) = 0 by assumption. If A\ # w, then T(t)x = ez
for all ¢t > 0 and

<(L‘8, $> =e N <CC8, T(t).’L‘> = e_i)\t<T* (t)'r;;’ 'T> = e_i()\_W)t<$37 .7;>,

which can only be true for all ¢ > 0 if (xf,z) = 0. Thus, x§ annihilates all
eigenvectors of A with purely imaginary eigenvalues. Since these span X7, it
follows that z{ also annihilates X;.
It follows that z§ annihilates all of X, so 2§ = 0 and (iv) follows.
(iv)=(iii): Let iw € o(A)NiIR and let = € range (A—iw), say = (A—iw)y.

Then
t

1 , 1 .
tlim = [ e T(s)xds = tlim ;(e*“’tT(t)y —y)=0
— 00 O — 00
since T is uniformly bounded. If z € ker (A — iw), then T'(t)z = etz for all
t >0, so
IR A

lim = [ e ™*T(s)xds = z.

t—o0 0
It follows that the limit in (5.7.3) exists for all z € range (A —iw)+ker (A —iw),
which is a dense subspace by assumption. Hence by a density argument the
limit exists for all x € X.  ////

As in Theorem 5.7.9, in (iii) and (iv) the condition ‘for all iw € o(A)NiIR’
may be replaced by ‘for all w € R’

Notes. In this chapter we have presented two approaches to the theory of
individual stability: the limit isometric group approach and the Tauberian
approach. The main results are Theorems 5.3.6 and 5.3.9, and Theorems 5.6.4
and 5.6.5, respectively. It is possible to prove a Tauberian theorem similar to
5.6.3 from which Theorem 5.3.6 immediately follows; cf. [BNR2]. On the other
hand, Theorem 5.6.5 can be deduced from Theorem 5.3.9; indeed, it can be
proved directly that the Tauberian assumption on f in 5.6.5 implies that f is
of spectral synthesis with respect to the zero set of its Fourier transform [AM],
[Po]. We do not know whether Theorem 5.3.9 can be derived from Tauberian
results, or whether Theorem 5.6.4 can be derived via limit isometric groups.

Theorem 5.1.2 is taken from [Vul].

Lemma 5.1.4 is a classical result of I.M. Gelfand; the proof presented here
is due to G.R. Allan and T.J. Ransford [AR].

Theorem 5.1.5 was proved independently and simultaneously by W. Arendt
and C.J.K. Batty [AB] and Yu.I. Lyubich and Vi Quéc Phéng [LV1]. Another
proof, based on Theorem 5.2.3 and the fact that countable sets are sets of
spectral synthesis for L' (IR) was given by J. Esterle, E. Strouse, and F. Zouakia
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[ESZ1]. The proof presented here follows Lyubich and V. For uniformly
continuous semigroups, the result had been obtained earlier by G.M. Skylar
and V.Ya. Shirman [SS]. The special case that a uniformly bounded semigroup
whose generator has no unitary spectrum on the imaginary axis is uniformly
stable was proved by Falun Huang [HF1]; an English translation of the proof
appeared in [HF5]. His proof, however, seems to contain a gap concerning the
use of approximate eigenvectors in two different norms.

Example 5.1.6 is taken from [AB].

Lemma 5.1.7, Theorem 5.1.11 and its corollaries, and Example 5.1.12 (we
were suggested to look at this semigroup by R. deLaubenfels) are taken from
[BNR1]. Special cases of Corollary 5.1.13 had been obtained earlier by F.L.
Huang [HF4] and C.J.K. Batty [Ba4]. Lemma 5.1.9 is a special case of ergodic
theorems for Cp-semigroups; cf. [Kr, Chapter 2].

Example 5.1.14 is taken from [BV1].

The first part of Proposition 5.1.15 is taken from [AB].

A short proof of de Pagter’s [Pal] theorem can be found [Nel]. Grothen-
dieck’s lemma is proved, e.g., in [Di].

Theorem 5.2.1 is taken from [BNRI1]. Theorem 5.2.3 is due to J. Esterle,
E. Strouse and F. Zouakia [ESZ2] and Vi Quéc Phéng [Vul]. We follow the
(easier) proof of [Vul]. Theorem 5.2.3 is the semigroup analogue of the following
theorem due to Y. Katznelson and L. Tzafriri for power bounded operators T':
If f(z) = >~ cnz™ is holomorphic in the unit disc with >_ 7 |c,| < oo and
if f is of spectral synthesis with respect to the unitary spectrum of 7', then
limy, oo [T f(T)|| = 0; here f(T) :=> 0" yen T

For contractions in Hilbert space, the Katznelson-Tzafriri theorem can be
improved as follows [ESZ1]: If T is a contraction on a Hilbert space H and
f € A(D) vanishes on o(T) N T, then lim, o |77 f(T)| = 0; A(D) is the disc
algebra. Under these assumptions, the unitary spectrum o(7") NI is necessarily
null. The proof is based on the famous inequality of J. von Neumann that
lp(T)|| < llplle(ry for all polynomials p(z) = Zz;é arz®. In this connection
we mention the following theorem of B. Sz.-Nagy and C. Foias [NF]: if T is a
completely non-unitary contraction on a Hilbert space H and ¢(T) NT is null,
then lim,, . || T"z|| = 0 for all x € H. The proof is based on unitary dilation
arguments. An analogous result holds for Cy-semigroups.

A result much more general than Theorem 5.2.5 has been proved by Sen-
Zhong Huang [HS2].

The implication (iii)=-(ii) in Corollary 5.2.6 is proved in [Vul], where also
the special case f(T) = R(\, A), Re X > 0, of Corollary 5.6.10 is obtained as a
consequence of Theorem 5.2.3 and the fact that singletons are sets of spectral
synthesis.

The main results of Section 5.3 are taken from [BNR2]. Corollary 5.3.7
is implicit in [BV1] with a different proof. The idea of studying bounded
uniformly continuous orbits via the translation semigroup in BUC (IR, X) is
due to S. Kantorovitz [Kn| and was used in [DV] to obtain results similar to the
ones presented here under global spectral assumptions. For real line, results
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similar to those presented in Section 5.3 have been obtained by W.M. Ruess
and Va Quéc Phéng [RV].

The Arveson spectrum was introduced in [Av]. Theorem 5.4.1 is due to
D.E. Evans [Ev]. The inclusion io(B,;,) C E in Lemma 5.4.3 is taken from
[BG], where it is proved that actually equality io(B);,) = E holds. The proof
of Theorems 5.4.2 and 5.4.4 are inspired by [HNR], where this technique used
here was invented to prove that a certain class of Banach subalgebras of L!(G)
satisfies the so-called Ditkin condition. As is well-known, cf. [Ka, Theorem
8.5.6], the conclusion of Theorem 5.4.4 is valid in every regular semisimple
Banach algebra with the Ditkin property satisfies.

The main results and examples in Section 5.5 are taken from [BBG], where
the global case is considered. The extension to individual orbits is from [BNR1],
whose presentation of Theorem 5.5.4 we followed here. Lemma 5.5.1 is due to
[ESZ2]; see also [BBG]. The discrete case was obtained earlier by J.-P. Kahane
and Y. Katznelson [KK]. The invertibility of isometric Cp-semigroups whose
generator has countable spectrum on (IR is due to D.A. Greenfield [Gf]. Lemma
5.5.5 was proved in a more general setting by R.G. Douglas [Do]. Theorem
5.5.7 extends a result of Vi Quoc Phéng [Vu2], who proved the same under
additional assumptions.

The asymptotic behaviour of the Schrodinger semigroup of Example 5.5.11
is investigated in [ABB] and [Ba2]. In these papers the following results are
proved:

(i) f0<V e L} (R") and 1 < p < oo, then £A — V generates a uniformly
stable Cy-semigroup on LP(IR");

(i) If n € {1,2} and 0 < V € L} (R"), V # 0, then A — V generates a
uniformly stable Cp-semigroup on L!(IR");

(iii) f n >3 and 0 <V € L}, (IR") satisfies

loc

/ V(y) dy < oo,

y|>1 |y‘n72

then %A —V generates a Cop-semigroup on L*(IR™) which is not uniformly
stable;
(iv) If n >3 and 0 <V € Lj,(IR") is radial and satisfies

/ VSJ_)Q dy = o0,

y|>1 |y

then 1A — V generates a uniformly stable Cy-semigroup on L*(IR").
The proofs in [ABB] are analytical, whereas in [Ba2] more detailed results are
obtained by probabilistic methods.

Most of the results of Sections 5.1, 5.2, 5.3, 5.4, and 5.5 admit generaliza-
tions to uniformly bounded strongly continuous representations T in £(X) of
certain subsemigroups S of locally compact abelian groups; we refer to [BV2],
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[BG], [BBG], [HNR], the review paper [Ba3], and the references given there.
The spectrum Sp (T) is then defined as the set of all non-zero, continuous,
bounded, complex-valued homomorphisms ¢ of S for which the obvious gener-
alization of the inequality of Lemma 5.2.4 holds:

<|ITH)I, VfeLNG).

/ 6(5) £(5) dpu(s)
S

Here we use the notation of the notes at the end of Chapter 2. This notion of
spectrum was introduced in the paper [DL]. Furthermore, the unitary spectrum
Sp(T) is defined as the set of all univalent homomorphisms in ¢ € Sp (T),
ie. |¢p(s)] =1 for all s € S. In the case S = G this definition of spectrum
can be shown to agree with the Arveson spectrum. In this abstract setting the
role of the spectral projection corresponding to an isolated point in ¢(B) in
Theorem 5.1.5 is taken over by Shilov’s idempotent theorem. If A generates a
bounded Cy-semigroup T, then o(A) C Sp(T) and Sp,(T) = ic(A)NIR under
identification of the homomorphism A : ¢ — et € Sp (T) with i\ € o(A). This
result is due to C.J.K. Batty and Vi Quoc Phéng [BV2] and may be regarded
as a semigroup extension of Evans’s theorem.

Strongly continuous representations of locally compact abelian groups sat-
isfying a non-quasianalytic growth condition were studied in detail by Sen-
Zhong Huang [HS3].

In [Vu3], Theorems 5.1.2, 5.1.5, and 5.2.3 are generalized to Cp-semigroups
whose growth is dominated by a one-sided non-quasianalytic weight function w;
rather than strong convergence to 0 one now typically obtains o(w(t))-estimates.

Lemma 5.6.1 is taken from [AB]. In that paper, it is shown that Theorem
5.1.5 can be derived from it via an argument involving transfinite induction.
Actually, close inspection of this argument shows that it leads to the special
case of Corollary 5.1.13 where the set E is independent of y € Y.

The special case (5.6.6) of Lemma 5.6.1 can be found in a paper by J.
Korevaar [Kv]; the technique of the proof is due to D.J. Newman [Nm]. The
case o(A) NiIR = ) is contained in a Tauberian theorem of A.E. Ingham [In].

Theorem 5.6.3 is due to W. Arendt and C.J.K. Batty [AB]; it is the semi-
group version of an analogous result for power bounded operators due to G.R.
Allan, A.G. O’Farrell and T.J. Ransford [AOR]. A different version of this the-
orem, with boundedness replaced by slow oscillation, was applied to the study
of asymptotic behaviour of Voltarra equations in [AP]. Further results along
this line are proved in [Bal].

Theorem 5.6.5, taken from [BNR2|, is an individual version of Theorem
7.1 in [Bal]. This, in turn, is the semigroup version of a result in [AOR].

The proof of Theorem 5.6.7 is due to Sen-Zhong Huang and initiated the
work in [HNR]; the result itself is due to S. Agmon and S. Mandelbrojt [AM].
A stronger version was proved by A. Beurling and H. Pollard [Po].

Our presentation of the Glicksberg-DeLeeuw theorem follows [Kr|. The

proof of Ellis’s theorem is given in [El]. Corollary 5.7.8 is due to Vi Quoc
Phéng [Vud]. Theorem 5.7.9 is taken from [BNR1]. Theorem 5.7.10 is proved
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in [VL]; a different proof of the equivalence of (i), (ii), and (iv) is given in
[BV1].

Many authors have made significant recent contributions to the theory of
almost periodic operators and Cy-semigroups; among others we mention Yu.l.
Lyubich, W.M. Ruess, W.H. Summers, and Vi Quoc Phéng. A review of some
of these developments is given in [Vu5).

Theorem 5.7.10 has been developed further by F. Rabiger, R. Nagel, Sen-
Zhong Huang, and M. Wolff [NR], [HR], [RW]. Their results are most easily
described for the powers of a single bounded operator T on a Banach space X.
For each free ultrafilter ¢/ on IN, the ultrapower X;, is defined as the quotient
space [*°(X)/cu(X), where ¢y (X) is the space of all sequences (z,,) C X such
that limy, 2, = 0. As in Section 2.3, T' can be extended in the natural way to a
bounded operator Ty, on Xy, for which we have ||T|| = ||Ty|| and o(T") = o(Ty).
In particular, if T is power bounded, then so is Ty, and if o(T) NT is countable,
the same is true for Ty,.

Now assume that T is a power bounded operator on a superreflexive space
X such that o(T) NT is countable. Then for each free ultrafilter U, the ultra-
power Xy, is reflexive and o(Ty) N T is countable. Therefore, by the operator
analogue of Theorem 5.7.10 the semigroup {T"},cw is super almost periodic,
i.e. for each free ultrafilter ¢ the ultrapower semigroup {I}}}nen is almost
periodic on Xz;. The main result of [NR] (for the case X superreflexive) and
[RW] is the following converse to this observation: if T is a super almost peri-
odic operator on an arbitrary Banach space X, then T is power bounded and
the unitary spectrum o(7) N T is countable.

For Cy-semigroups, there is the following analogue [HR] (for the case X
superreflexive) and [RW]: if T is a super almost periodic Cy-semigroup on an
arbitrary Banach space X, then T is uniformly bounded and o(A) N iR is
countable.

The Cy-semigroup case can be reduced to the operator case, and the
operator case follows from the fact that if 7" has uncountable unitary spec-
trum, then each ultrapower of T can be restricted to an appropriate sub-
space on which its action resembles the multiplication operator M on L?(E, ),
M : f(A) — Af(\), A € E. Here E is an appropriately chosen uncountable
subset of o(T)NT" and p is a diffuse probability measure whose support is E (cf.
Example 5.1.6). The operator M is easily seen not to be almost periodic, and
since almost periodicity is inherited by passing to invariant subspaces, it follows
that none of the ultrapowers of {T"},c is almost periodic. It is also shown
in [RW] that if one ultrapower of T is almost periodic, then all ultrapowers of
T are almost periodic.
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A.1. Fractional powers

In this section we collect some properties of fractional powers of sectorial
operators. Detailed proofs and further information can be found in the books
of Pazy [Pz] (for the case A is the generator of a holomorphic semigroup) and
Triebel [Tr].

A densely defined linear operator A on a Banach space X is called sectorial
if (0,00) C p(A) and there exists a constant M > 0 such that

RO\ A < MA+XN)"L YA>0.

This terminology is justified by the following simple proposition, which is an
easy consequence of Lemma 2.3.4.

Proposition A.1.1. Let A be a sectorial operator on a Banach space X.
Then there exist § € (0,%), € > 0, and a constant M’ > M such that ¥ . :=
{AeC: Jarg)| <OtU{NeC: |A <e€} Co(A) and

IR A)| < M/(1+ )", VA€ S (A.L1)

The supremum of all 6 such that the proposition holds for some € and M’
is called the opening angle of A. For a sectorial operator A and a positive real
number o > 0 we define the operator (—A)~* by

(—A) oz = [ (LN OR( Azdr, zE X, (A1.2)

a % Tg,c
where I'g . = I'y UT'p UT'3 is the upwards oriented oriented path consisting of

Iy = {arg A = —6,]\| > e
Ty ={|larg \| > 0, |\ = €};
Iy ={arg\ =0, |\ > €}.
Here, 6 € (0, %) and € > 0 are chosen such that g C o(A) and the estimate
(A.1.1) holds. We use the branch of (=)~ that yields positive values for
negative real .
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By (A.1.1), the integral in (A.1.2) is absolutely convergent for all x € X
and defines a bounded operator (—A)~* on X. The operators (—A)~® are
injective for all @ > 0. Thus, we can define (—A)* as the inverse of (—A)™%;

further we put A° := I. The operators (—A)®, a € IR, have the following
properties.

(i) For k € 7, the definition of (—A)* agrees with the usual one;

(ii) Forall @ > 0, (—A)“ is a closed, densely defined operator and D((—A)%) =
{(-A) %z : z € X};

(iii) For all oy > g > 0 we have D((—A)**) C D((—A)°);

(iv) For all ap,; € R and & € D((—A)max{eo.an.a0tail) we have (—A)*0teig
= (=A™ (=A)" ).
For 0 < a < 1 we can collapse the integration path to the positive real

axis and obtain the following representation for (—A)~%:

. 0o
(—A)*z = Smm/ tTOR(t, Az dt, z € X. (A.1.3)
T 0
Let A be a sectorial operator. Then for all w > 0, A, := A — w is sectorial

with the same opening angle. Thus, the fractional powers of —A,, are defined.
For a < 0 these are bounded operators and for a > 0 these are closed, densely
defined operators. The following result due to H. Komatsu [Ko] compares the
domains of (—A,,)* and (—A4)*:

Proposition A.1.2. Let A be a sectorial operator on a Banach space X.
Then for all w > 0 and o > 0 we have D((—A)*) = D((—Ay,)%).

A.2. Interpolation theory

In this section we collect some facts from interpolation theory. We refer
to the book [Tr] for the proofs and more detailed information; see also [KPS]
and [BS].

Two Banach spaces X, X7 are said to be a interpolation couple if there
exists a Hausdorff topological vector space X in which both Xy and X, are
continuously embedded. If (X, X7) is an interpolation couple, the intersection
XopN X is the set of all z € X that belong both to Xy and X7; with the norm

[/l x0nx, = max{[|z]lx,, [[«]lx, }
this space is a Banach space. Similarly, the sum Xy + X is defined as the set

of all x € X that admit a decomposition x = x¢ + x; with z; € X;, j = 0,1;
with the norm

2l x0+x, = sup{[lzollx, + z1llx, : © =20 + 21, 7; € Xj, j = 0,1}
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this space is also a Banach space. A Banach space Y is called an intermediate
space of the couple (Xo,X1) if XoNX; CY C X+ X; with continuous
inclusions. An intermediate space Y is an interpolation space if the following
holds: whenever T is a linear operator from Xg+ X7 to Xo+ X7 which restricts
to a bounded operator on each of the X;, j = 0,1, then Y is T-invariant and T
restricts to a bounded operator on Y. An interpolation space Y is called exact
if for all such T' we have

1Ty [ly < max{||T]x, || xq, IT']x0 1 x0 }-

Two classes of interpolation spaces are of importance to us. The first
class arises from the so-called real interpolation method. Let (Xo, X1) be an
interpolation couple. For x € Xo + X; and t > 0, we define the quantity
K(t,z) = K(t,z; Xo, X1) by

K(t,z) := inf{||zo|| x, + tl|lz1]|x, : © =20+ 21, z; € X;, j =0,1}
and for 0 < # < 1 we define

(X0, X1)o,00 :={r € Xo+X1: sup t7'K(t,z) < oo};
0<t<oco
with the norm

||xH(XOaX1)9,oc ‘= sup t_gK(t7I)7
0<t<oo

this space is an exact interpolation space for the couple (Xo, X1).
For all 0 < 6 < 1 there exists a constant Cy such that for all x € Xg N X,
we have
|2/l (x0.1)0.0 < Collell’llzll%, (A.2.1)

0,00 —

The second class of interpolation spaces arises from the so-called complex
interpolation method. Let S denote the strip {z € € : 0 < Rez < 1}. We define
F (X, X1) as the set of all uniformly bounded (X + X7 )-valued holomorphic
functions on S with continuous extension to the closure S such that

fG+it)e X;, j=0,1;t € R;
with the norm

||fHF(X07X1) = max{sup Hf(it)”Xov sup Hf(]- + it)||X1}
telR telR

this is a Banach space. For 0 < 6 < 1 we define
[X(),Xl]g = {Jf € Xo+ Xy : E'f S F(Xo,Xl) with f(@) = Jf}
With the norm

H$||[X0,X1]9 = f(igfif:z Hf”F(Xo,Xl)a
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where the infimum is taken over all f € F'(Xy, X;) such that f(6) = x, this is
an exact interpolation space for the couple (X, X7).

If X; is continuously embedded in X, then [Tr, p. 64] we have continuous
inclusions

[Xo,Xﬂgl - (XOaXl)Gl,oo - [X07X1]907 0< 90 <6 <1. (A22)

If A is a sectorial operator on a Banach space X, then for all & > 0 the
couple (X, D((—A)%)) is an interpolation couple. The following proposition,
taken from [WW], gives some information about interpolation spaces of this
couple.

Proposition A.2.1. Let A be a sectorial operator on a Banach space X, let
0<ayp<a;and0 <0 <1, and put ag := (1 — 0)ag + ay. Then we have a
continuous inclusion

D((=A)™) C ((D(=A)*), D((—A)*))o.oe, (4.2.3)
and for all 0 < 8’ < 0 a continuous inclusion
D((=A)*) C [(D(=A)*), D((—A)*")]o. (A.2.4)

Proof: In view of (A.2.2), (A.2.4) follows from (A.2.3). Choosing an integer
m > a1 — ag, by [Tr, Thm. 1.15 (d) and (f)] we have

D((=A)*7%) S (X, D(A™)) ag—00 = (X, D((=A)*7%)),c0-

m

Since (—A)® is an isomorphism from D((—A)?*%°) onto D((—A)?) for all
B > 0, and since the real interpolation method is functorial, (A.2.3) follows
from this.  ////

By combining (A.2.1) and (A.2.3), it follows that for all 0 < a < 1 there
exists a constant Cy, such that for all x € D(A) we have

|(—A)*zl| < Callel ==l Az]*. (A.2.5)

Let (©2,%, 1) be a positive o-finite measure and let (Xg, X;) be an inter-
polation couple of Banach spaces. The following proposition [Tr, 1.18.4] de-
scribes the complex interpolation spaces between the Lebesgue-Bochner spaces
LP(p, Xo).

Proposition A.2.2. Forall 1 < pg,p; < oo and 0 < 6 < 1 we have
[LPO (M7X0)a Ln (M7X1)]0 = LP (/’La [X07X1]9)a

where pg = (1 — 0)po + Op1.
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In particular, if (Q, i, 1) is another positive o-finite measure, then

(L2 (, LP0 (), L7 (p, L ()]0 = L7 (g, (LP° (1))

Let w: (©,%, u) — (0,00) be a measurable function. For 1 < p < co we define
the Banach space LP(wdu, X) as the set of all strongly measurable X-valued
functions f of 2 such that

Wi = ([ 15uen) <o

The following proposition [Tr, Thm. 1.18.5] describes certain complex interpo-
lation spaces between these spaces.

Proposition A.2.3. Forall 1 < pg,p; < oo and 0 < 6 < 1 we have
[LPD (wpo d,u7X), P (wm dN7X)]6 = [P (wpe d,u7X),

where pg = (1 — 0)po + Op1.

If 1 is the Lebesgue measure on IR or IR, we also write LP (IR, X) and
L? (R4, X) instead of LP(wdu, X) and LP(wdp, X).

A.3. Banach lattices

In this section we recall some elementary facts about real Banach lattices
and their complexifiactions; for more details we refer to the books [Sf] and
[MN].

A real Banach lattice is a partially ordered real Banach space (X, <) with
the following properties:

(Bl) « <y implies z + z <y + z for all z,y,z € X;
(B2) ax >0forall0<ageRand 0 <z € X;
(B3) For all z,y € X the least upper bound z V y and the greatest lower bound

x Ay exist;

(B4) For all z,y € X satisfying |x| < |y| we have ||z]| < ||y]|.

Here, |z| := x V —x is the modulus of x; the vectors 1 := x VvV 0 and
x_ := (—x) V 0 are the positive part and the negative part of x, respectively.
We have x =21 —2_ and |z| = 24 + z_. Two elements x,y € X are disjoint,
notation L y, if |x| A |y| = 0. For all z € X we have z; L x_.

A linear subspace Y of X is an ideal if for any two z,y € X, |z| < |y| and
y € Y impliesx € Y. Anideal Y is a band if for any subset of Y its least upper
bound, if it exists, belongs to Y. Every band in a real Banach lattice is closed.
A band Y is a projection band if there exists a band Y, such that there is a
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direct sum decomposition X =Y @ Y, . In this case, x L y for all x € Y and
y € Y. A projection associated with a projection band is a band projection.

A real Banach lattice has order continuous norm if 0 < z, T x implies that
lim, ||z — z4|| = 0. Every reflexive real Banach lattice and every real L!-space
has order continuous norm. Every closed ideal in a real Banach lattice with
order continuous norm is a projection band.

The Banach space dual X* of a real Banach lattice X is a real Banach
lattice with respect to the partial ordering < defined by «* > 0 if and only if
(xz*,z) > 0forall 0 <z € X.

A bounded operator T on a real Banach lattice X is positive, notation
T>0,if Te >0 forall 0 <z e X. If T is positive, then so is its adjoint T™.
For a positive operator T' on X we have |Tz| < T|z| for all x € X.

The complexification of a real Banach lattice X is the complex Banach
space X whose elements are pairs (r,y) € X x X, with addition and scalar
multiplication defined by (zo,y0) + (z1,91) := (xo + 1,90 + y1) and (a +
bi)(z,y) := (ax — by, ay + bx), and norm

one can show that the supremum in the above definition indeed exists in X.
By identifying (z,0) € X¢ with € X, X is isometrically isomorphic to a
real-linear subspace of X@g. The partial ordering of X is extended to X by
defining (zo,y0) < (21,%0) if o < x1 and yo = y1. Note that x > 0 in X if
and only if x € X and x > 0 in X.

A complex Banach lattice is a partially ordered complex Banach space
(X@, <) that arises as the complexification of a real Banach lattice X. The
underlying real Banach lattice X is called the real part of X and is uniquely
determined as the closed linear span of all 0 <z € X¢.

Instead of the cumbersome notation (z,y) for elements of X, we usually
write z +4y. The compler conjugate of an element 2 = x + iy € X is the
element 7 := x — iy. The modulus |- | of X is extended to X by defining

Iz, Y =

sup (zsinf + ycos)
0<0<2r

| 4+ iy| ;== sup (xsinf+ ycosh).
0<0<2r

All concepts introduced for real Banach lattice above have a natural extension
to complex Banach lattice. For example, an ideal of a complex Banach lattice
X is a linear subspace Y with the property that |z| < |y[ and y € Y implies
r € Y. Anideal Y in Xg is a band if its real part is a band in X and a
projection band if there exists another band Y, such that X = Y ®Y,. In
that case, || L |y| for all z € Y and y € Y. A complex Banach lattice has
order continuous norm if its real part has; every closed ideal in such a space is
a projection band. Every reflexive complex Banach lattice and every complex
L'-space has order continuous norm. The dual of a complex Banach lattice is a
complex Banach lattice in the natural way and one has a natural identification
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(X@)* = (X*)@, where X is the real part of X@. A bounded operator T on a
complex Banach lattice X is positive, notation T' > 0, if T'x > 0 for all z > 0,
in which case we have |Tz| < T|z| for all x € X; moreover, T* > 0.

Conform the convention at the beginning of Chapter 1 that all Banach
spaces are complex, in these notes all Banach lattices are complex unless oth-
erwise stated.

The complexification of a Banach lattice can also be defined in a functorial
way in terms of the so-called [-tensor product ®;; the result is that X, as a
real Banach lattice, is isometically lattice isomorphic to X ®; IR? in a natural
way; for details we refer to [NeT].

A.4. Banach function spaces

In this section we recall some facts about Banach function spaces, rear-
rangement invariant Banach function spaces, and Orlicz spaces. For the proofs
we refer the reader to [Zal], [KPS], and [Za2], respectively.

Throughout, let (€2, 1) be a positive o-finite measure space. By M () we
denote the linear space of p-measurable functions 2 — €, identifying functions
which are equal p-a.e. A Banach function norm is a function p : M(u) — [0, o0
with the following properties:

1) p(f) =0if and only f =0 a.e;
2) if [f| < |g| p-a-e., then p(f) < p(g);
N3) p(af) =|alp(f) for all scalars a € € and all p(f) < oo;
N4) p(f +9) < p(f) + plg) for all f,g € M(p).

Let E = E, be the set {f € M(p) : ||f||g := p(f) < co}. Then E is easily
seen to be a normed linear space. If E is complete, then E is called a Banach
function space over (Q,%, ). Note that F is an ideal in M (p): if |f] < |g]
p-a.e. with g € E, then also f € E (and ||f|lg < |lgllg)-

Let E be a Banach function space over (2, X, u). We say that F is carried
by a subset Q' of Q if the following is true: whenever H C €' is a measurable
set of positive measure, then there exists a function f € E that is not zero
p-a.e. on H. In order to exclude the pathological situation that Q is larger
than the ‘joint support’ of the functions in E, we will always assume that E
is carried by €. This is no loss of generality, because there always exists a
maximal subset Q' of Q such that E is carried by (.

If f,, — f in norm in E, then there is a subsequence (f,,) converging to
f pointwise u-a.e.

The associate function norm p' : M (u) — [0, 00] of the function norm p is
defined by

(N
(N
(
(

p'(g) == sup {

/Qfgdu' - fe M), plf) < 1}.
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The map p is a function norm and the associate space E' := {g € M(u) :
p'(g) < oo} is a Banach function space. We have Holder’s inequality

‘ /Q fgdu‘ < Iflslgls

The associate of the space LP(u) is LI(u), 1 < p < oo, % + % =1

Next we discuss rearrangement invariant Banach function spaces. Since
we shall only be interested in spaces over IR (with the Lebesgue measure), we
restrict ourselves to this measure space.

Two non-negative measurable functions f, g on IR, are called equimeasur-
able if meas{f >t} =meas{g > t} for all ¢ > 0. A function norm p is called
rearrangement invariant if p(f) = p(g) whenever |f| and |g| are equimeasur-
able. A Banach function space F over IRy is called rearrangement invariant if
it its norm arises from a rearrangement invariant function norm. The associate
space of a rearrangement invariant function space is rearrangement invariant.

The fundamental function of a rearrangement invariant Banach function
space E is defined by ¢g(t) := ||xm, ||, where H, C IR is any measurable
subset of measure ¢t and xp, denotes its characteristic function. By the re-
arrangement invariance, this function is well-defined. We have the following
relation between the fundamental functions of E and E’:

ee(t)ep (t)=t, t=0. (A4.1)

If E and F are two rearrangement invariant Banach function spaces over R,
then (E, F) is an interpolation couple (both are continuously embedded in the
space of all measurable functions with the topology of convergence in measure),
and therefore the intersection £ N F' and the sum E + I are well-defined. It
is a consequence of the definitions of these spaces that both are rearrangement
invariant again.

For every rearrangement Banach function space E over IR, we have in-
clusions

LY(Ry)NL®(Ry) C EC LY(IRy) + L®(Ry).
In particular, bounded functions of compact support belong to E.

Proposition A.4.1. Every rearrangement invariant Banach function space
over R, with order continuous norm is an interpolation space of the couple

(LM (R+), L% (R)).

Furthermore, the following assertions are equivalent:

(i) F has order continuous norm;
(ii) E is separable;
(iii) ¢r(0+) = 0 and the simple functions are dense in E.
A simple function is a finite linear combination of characteristic functions of
measurable sets of finite measure.
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A certain class of rearrangement invariant Banach function spaces, the
Orlicz spaces, is of special interest.

Let ¢ : R4 — [0, 00] be a function which is non-decreasing, left-continuous,
and not identically 0 or oo on (0, c0). Define

B(t) = /0 "o(s) ds.

A function ® of this form is called a Young function.
Let f : IRy — C be a measurable function. Let ® be a Young function.
We define

Aﬁww=4m¢wumd&

The set L? of all f for which there exists a k > 0 such that M®(kf) < oo is
easily checked to be a linear space. With the norm

p2(f) = inf{k : Mé(%f) <1) (A.4.2)

the space (L?, p®) becomes a rearrangement invariant Banach function space
over IR . Spaces of this type are called Orlicz spaces over IR .

Trivial examples of Orlicz spaces are the spaces LP(IR1), 1 < p < oo.
They are obtained from ¢(t) = ptP~! (1 < p < o0) and

o ={% 15150 b=

The following proposition follows easily from (A.4.2).

Proposition A.4.2. Let ® be a Young function, ®(t) = fot @(s)ds, and let
L? be the associated Orlicz space over Ry. If 0 < ¢(t) < oo for all t > 0,
then ® is one-to-one, and the fundamental function ¢y« (t) can be expressed in
terms of the inverse function ®~! by

o= (3)

In particular, lim;_ . pre(t) = co.
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This book presents a systematic account of the theory of asymptotic
behaviour of semigroups of linear operators acting in a Banach
space. The focus is on the relationship between asymptotic
behaviour of the semigroup and spectral properties of its infinitesi-
mal generator. The most recent developments in the field are
included, such as the Arendt-Batty-Lyubich-Vu theorem, the spectral
mapping theorem of Latushkin and Montgomery-Smith, Weis's
theorem on stability of positive semigroups in L*-spaces, the stability
theorem for semigroups whose resolvent is bounded in a half-plane,
and a systematic theory of individual stability. Addressed to
researchers and graduate students with interest in the fields of
operator semigroups and evolution equations, this book is self-
contained and provides complete proofs.
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