


The Asymptotic Behaviour of
Semigroups of Linear Operators

Jan van Neerven

Mathematisches Institut
Universität Tübingen
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Preface

Over the past ten years, the asymptotic theory of one-parameter semi-
groups of operators has witnessed an explosive development. A number of
long-standing open problems has recently been solved and the theory seems to
have obtained a certain degree of maturity. These notes, based on a course
delivered at the University of Tübingen in the academic year 1994-1995, rep-
resent a first attempt to organize the available material, most of which exists
only in the form of research papers.

If A is a bounded linear operator on a complex Banach space X, then it
is an easy consequence of the spectral mapping theorem

exp(tσ(A)) = σ(exp(tA)), t ∈ IR,

and Gelfand’s formula for the spectral radius that the uniform growth bound of
the family {exp(tA)}t≥0, i.e. the infimum of all ω ∈ IR such that ‖ exp(tA)‖ ≤
Meωt for some constant M and all t ≥ 0, is equal to the spectral bound
s(A) = sup{Reλ : λ ∈ σ(A)} of A. This fact is known as Lyapunov’s theorem.
Its importance resides in the fact that the solutions of the initial value problem

du(t)
dt

= Au(t), t ≥ 0,

u(0) = x,

are given by u(t) = exp(tA)x. Thus, Lyapunov’s theorem implies that the
exponential growth of the solutions of the initial value problem associated to a
bounded operator A is determined by the location of the spectrum of A.

Already long ago it was realized that the corresponding statement is no
longer true for unbounded operators A. The analogue for the one-parameter
family {exp(tA)}t≥0 and the operator A in the unbounded case is a strongly
continuous one-parameter family of bounded operators T = {T (t)}t≥0 on a
Banach space X and its infinitesimal generator A. Even in Hilbert spaces,
examples are known of semigroups whose uniform growth bound, denoted by
ω0(T), is strictly larger than the spectral bound s(A).

Since usually one is only given the operator A via some initial value prob-
lem, it is desirable to be able to deduce asymptotic properties of the solutions
u(t) = T (t)x of the initial value problem from information about A. The failure
of Lyapunov’s theorem means that the location of the spectrum of A no longer
provides sufficient information.

This is the starting point of the asymptotic theory of semigroups. As in
the bounded case, the presence of a spectral mapping theorem leads to equality
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ω0(T) = s(A), and many authors have tried to find additional conditions on
the semigroup or on its generator under which a spectral mapping theorem
holds. A well-known condition of this type is eventual continuity with respect
to the uniform operator topology; this covers, e.g., compact semigroups and
holomorphic semigroups. Recently, some important new spectral mapping the-
orems have been found, among which we mention the weak spectral mapping
theorem for non-quasianalytic groups and the spectral mapping theorem of
Latuskhin and Montgomery-Smith.

In some situations, sufficient conditions for equality ω0(T) = s(A) can be
given in the absence of a spectral mapping theorem. For example, it has been
known for some time that equality holds for positive semigroups on the spaces
L1(µ), L2(µ), and C0(Ω). Recently, the problem whether the same is true for
positive semigroups on Lp(µ) was solved affirmatively by Weis.

Another approach to the failure of Lyapunov’s theorem is the introduction
of more subtle concepts to describe the asymptotic behaviour of the semigroup
and the spectrum of its generator. Besides the uniform growth bound and
the spectral bound, two quantities appeared to play a crucial role: the growth
bound ω1(T) of the orbits of the semigroup originating from the domain D(A)
of A, and the abscissa s0(A) of uniform boundedness of the resolvent of A. Two
classical results in this direction are Gearhart’s theorem that ω0(T) = s0(A)
for semigroups in Hilbert space and Neubrander’s theorem that ω1(T) = s(A)
for positive semigroups. Very recently, Weis and Wrobel proved that ω1(T) ≤
s0(A) holds for arbitrary semigroups; an elementary orbitwise proof was found
shortly after by the author.

It is also interesting to ask for sufficient conditions for uniform exponential
stability (ω0(T) < 0) and exponential stability (ω1(T) < 0) in terms of a priori
weaker conditions on the semigroup. Many results of this type have been
obtained in recent years, among them Datko, Pazy, Rolewicz, Weiss, Falun
Huang, and the author.

Finally, one can ask for conditions guaranteeing uniform stability of the
semigroup, i.e. strong convergence to zero of the semigroup or certain of its
orbits. Among the most important results in this field are the stability theorem
Arendt, Batty, Lyubich and Vũ stating that a bounded semigroup is uniformly
stable if the peripheral spectrum of its generator is countable and contains no
residual spectrum, and the semigroup version of the Katznelson-Tzafriri theo-
rem. In this book we present generalizations of these theorems to individual
orbits; indeed, we have tried to develop a theory of individual strong conver-
gence to zero in a systematical way. We present both the harmonic analysis
approach and the Laplace transform approach to this subject.

We have organized these notes in decreasing order of satisfactory asymp-
totic behaviour of the semigroup: after proving the basic elementary results of
the subject in Chapter 1, in Chapter 2 we discuss the various spectral mapping
theorems, and in Chapters 3, 4, and 5 we discuss uniform exponential stability,
exponential stabilty, uniform stability, and the relationship between stability
of the semigroup and the behaviour near the imaginary axis of the resolvent.
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In some sense, these notes can be seen as a follow-up to parts of the
book [Na], where most of what was known around 1985 about asymptotics of
semigroups is presented. We have taken some effort to keep the overlap to a
minimum. Whereas [Na] presents a detailed theory for positive semigroups, the
asymptotic theory for general semigroups on Banach spaces was at that time
relatively undeveloped. In the past decade, it was the Banach space theory
in which most progress occurred. Thus, we decided to include only those re-
sults about positive semigroups that were proved after the appearance of [Na].
Accordingly we do not discuss Perron-Frobenius theory and the asymptotic be-
haviour of special classes of positive semigroups, such as irreducible semigroups
and lattice semigroups.

Also, we decided not to include ergodic theory of semigroups. This is
mainly to keep this volume at moderate size; a fairly recent account is given
in the book [Kr]. For the same reason, we do not discuss the various gener-
alizations of semigroups and related concepts, such as integrated semigroups,
regularized semigroups, C-semigroups, and cosine families, nor do we attempt
to present all results in the greatest possible generality. For instance, many of
the results of Chapter 5 can be proved in the setting of strongly continuous
representations on L(X) of subsemigroups of locally compact abelian groups;
in particular, there are analogues for the powers {Tn}n∈IN of a single bounded
operator T . Similarly, various results in Chapter 3 have analogues for the pow-
ers of a single operator; whenever this is the case the proof is usually slightly
simpler than in the semigroup case and we have restricted ourselves to some
comments in the notes at the end of each chapter.

At this point, I would like to thank a number of people. First of all, Rainer
Nagel for his encouragement to write these notes and his valuable comments
and advise. Some material in these notes has not been published yet; I thank
Wolfgang Arendt, Charles Batty, Zdzislaw Brzeźniak, David Greenfield, Sen-
Zhong Huang, Josep Martinez, José Mazon, Frank Räbiger, Vũ Quôc Phóng,
Lutz Weis, and Volker Wrobel for their kind permission to present their results
here. Charles Batty read parts of the manuscript and provided helpful com-
ments. My own research on the subject started during a fourteen months stay
at California Institute of Technology. I am greatly indebted to Wim Luxem-
burg for his warm hospitality and constant interest; it was a most enjoyable
time. This work was written while I was supported by an Individual Fellowship
in the Human Capital and Mobility Programme of the European Communities.
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Chapter 1.

Spectral bound and growth bound

In this chapter we introduce the main concepts of the asymptotic theory
of C0-semigroups. The most basic results of the theory are presented, along
with several examples which motivate the developments in the later chapters.

In Section 1.1 we start with a general discussion of the abstract Cauchy
problem for unbounded linear operators on a Banach space and its relation to
C0-semigroups.

In Section 1.2 we define the four main quantities relating to the asymptotic
behaviour of a C0-semigroup T and its generator A: the spectral bound s(A),
the abscissa s0(A) of uniform boundedness of the resolvent of A, the uniform
growth bound ω0(T), and the growth bound ω1(T). We also present Zabczyk’s
example of a C0-semigroup on a Hilbert space for which the spectral bound is
strictly smaller than the growth bound and the uniform growth bound.

In Section 1.3 we derive a complex inversion formula for the Laplace trans-
form of a C0-semigroup and we prove the Pringsheim-Landau theorem for the
Laplace transform of positive functions.

In Section 1.4 we prove some elementary results about the asymptotic be-
haviour of positive C0-semigroups on Banach lattices and present the example
of Arendt of a positive C0-semigroup on Lp ∩ Lq, 1 ≤ p < q < ∞, for which
the spectral bound is strictly smaller than the uniform growth bound.

At this point we fix some notations and make some conventions. Since
one of our main tools is spectral theory, all Banach spaces and Banach lattices
are complex. Some results can be stated for real Banach spaces as well, in
which case they can usually be derived from the complex case by means of
complexification; we leave this to the reader to verify at the particular instances.

For a bounded or unbounded operator A on a Banach spaceX with domain
D(A), we define the resolvent set %(A) as the set of all λ ∈ C for which λ− A
is invertible, i.e. there exists a bounded operator B with Bx ∈ D(A) for all
x ∈ X such that (λ − A)Bx = x for all x ∈ X and B(λ − A)x = x for all
x ∈ D(A). The set %(A) is an open subset of the complex plane and the family
{(λ − A)−1 : λ ∈ %(A)} is usually referred to as the resolvent of A. It is
common to write R(λ,A) instead of (λ − A)−1. The map λ 7→ R(λ,A) is a
holomorphic L(X)-valued mapping on %(A). For an x ∈ X, the holomorphic
X-valued mapping λ 7→ R(λ,A)x is called the local resolvent of A at x.

The complement σ(A) := C\%(A) is called the spectrum of A. The spectral
bound s(A) of an unbounded operator A is the quantity sup{Reλ : λ ∈ σ(A)}.
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If s(A) < ∞, then the peripheral spectrum of A is the set {λ ∈ σ(A) : Reλ =
s(A)} and the unitary spectrum is the set {λ ∈ σ(A) : Reλ = 0} = σ(A) ∩ iIR.
If T is a bounded operator, then the spectral radius r(T ) of T is the quantity
sup{|λ| : λ ∈ σ(T )}, the peripheral spectrum is the set {λ ∈ σ(T ) : |λ| = r(T )},
and the unitary spectrum is the set {λ ∈ σ(T ) : |λ| = 1} = σ(T ) ∩ Γ, where Γ
is the unit circle in the complex plane.

The dual space of a Banach space X will be denoted by X∗ and the duality
pairing between X∗ and X by 〈·, ·〉. The space of all bounded linear operators
on a Banach space X is denoted by L(X).

Unless otherwise stated, all vector-valued integrals in this book are in
the sense of Bochner; we refer to the book [DU] for the properties of this
integral. At several occasions we shall use vector-valued analogues of results
from classical analysis; usually their proofs are straightforward generalizations
of their classical counterparts and we refer to the book [HP] for the details.

Finally, IN = {0, 1, 2, ...}, ZZ = {...,−1, 0, 1, ...}, IR is the field of real
numbers, IR+ = [0,∞), and C is the field of complex numbers. The unit circle
{z ∈ C : |z| = 1} is denoted by Γ. The characteristic function of a set E is
denoted by χE .

1.1. C0-semigroups and the abstract Cauchy problem

Many equations of mathematical physics can be cast in the abstract form

du

dt
(t) = Au(t), t ≥ 0,

u(0) = x,
(ACP )

where A is a linear, usually unbounded, operator with domain D(A) on a
Banach space X. Usually, X is a Banach space of functions suited for the
particular problem and A is a partial differential operator.

This abstract initial value problem (ACP) is usually referred to as the ab-
stract Cauchy problem associated to A. If we want to stress that x is the initial
value we will write (ACPx). A classical solution of (ACP) is a continuously
differentiable function u : [0,∞) → X taking its values in D(A) which satisfies
(ACP). A continuous function u : [0,∞) → X is a mild solution of (ACP) if
there exists a sequence (xn) ⊂ D(A) such that for each n the problem (ACPxn

)
has a classical solution u(·, xn) with limn→∞ u(t, xn) = u(t) locally uniformly
for t ≥ 0. Clearly, a classical solution is a mild solution, but a mild solution
need not be classical.

In this book we undertake a detailed study of the asymptotic behaviour
of the classical and mild solutions of the abstract Cauchy problem (ACP).
The natural framework to carry out this investigation is the theory of C0-
semigroups.
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Definition 1.1.1. A family T = {T (t)}t≥0 of bounded linear operators
acting on a Banach space X is called a C0-semigroup if the following three
properties are satisfied:

(S1) T (0) = I, the identity operator on X;
(S2) T (t)T (s) = T (t+ s) for all t, s ≥ 0;
(S3) limt↓0 ‖T (t)x− x‖ = 0 for all x ∈ X.

It is easy to see that the maps t 7→ T (t)x are continuous for t ≥ 0. The
infinitesimal generator of T, or briefly the generator, is the linear operator A
with domain D(A) defined by

D(A) = {x ∈ X : lim
t↓0

1
t
(T (t)x− x) exists},

Ax = lim
t↓0

1
t
(T (t)x− x), x ∈ D(A).

The generator is always a closed, densely defined operator. The domain
is T-invariant, i.e. T (t)x ∈ D(A) for all x ∈ D(A) and t ≥ 0, and we have
AT (t)x = T (t)Ax. Moreover,

d

dt
T (t)x = AT (t)x, x ∈ D(A),

which shows that for x ∈ D(A) the problem (ACP) has a classical solution
given by u(t) = T (t)x. The following theorem shows that this essentially
characterizes generators of C0-semigroups and thereby justifies the introduction
of this notion. We say that the abstract Cauchy problem associated with a
linear operator A is well-posed if for each initial value x ∈ D(A) there exists a
unique classical solution u(·) = u(·, x) of (ACP).

Theorem 1.1.2. Let A be a linear operator with domain D(A) on a Banach
space X. Then the following assertions are equivalent:

(i) A is the generator of a C0-semigroup T;

(ii) The abstract Cauchy problem associated with A is well-posed and %(A) 6=
∅;

(iii) The abstract Cauchy problem associated with A is well-posed, A is densely
defined, and whenever (xn) is a sequence in D(A) converging with respect
to the norm ofX to an x ∈ D(A), then the corresponding classical solutions
u(·, xn) converge to u(·, x), locally uniformly on [0,∞).

In this situation the classical solutions are given by u(·, x) = T (·)x, and for all
x ∈ X there is a unique mild solution given by the same relation u(·, x) = T (·)x.

The condition in (iii) expresses continuous dependence on the initial value.
We shall not prove this theorem but rather consider it as the starting point of
our investigations. A detailed proof can be found in the book [Na].
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It is easy to see that
∫ t

0
T (s)x ds ∈ D(A) for all t ≥ 0. In fact, a direct

application of the definition of the generator shows that

A

(∫ t

0

T (s)x ds
)

= T (t)x− x, ∀x ∈ X. (1.1.1)

If x ∈ D(A) we further have

A

(∫ t

0

T (s)x ds
)

=
∫ t

0

T (s)Axds. (1.1.2)

The conditions (S1), (S2), and (S3) have an obvious interpretation in terms
of the abstract Cauchy problem. First, one observes that the operators T (t)
are the ‘solution operators’, T (t)x being the solution of (ACP) at time t corre-
sponding to the initial value x. Thus, (S1) expresses that nothing has happened
after zero time, (S2) expresses that the solution at time t+s with initial value x
is the same as the solution at time t with initial value T (s)x, and (S3) expresses
the continuity of the solutions as a function of t.

Thus, our object of study will be the asymptotic behaviour of the orbits
t 7→ T (t)x of a C0-semigroup T. More precisely, we restrict ourselves to study
conditions under which the orbits are stable, i.e. converge to zero for t→∞.
We distinguish the following three types of stability.

Definition 1.1.3. Let T be a C0-semigroup on a Banach space X, with
generator A. Then T is said to be:

uniformly exponentially stable, if there exist constants M > 0 and ω > 0
such that ‖T (t)‖ ≤Me−ωt for all t ≥ 0;
exponentially stable, if there exist constants M > 0 and ω > 0 such that
‖T (t)x‖ ≤Me−ωt‖x‖D(A) for all t ≥ 0 and x ∈ D(A);
uniformly stable, if limt→∞ ‖T (t)x‖ = 0 for all x ∈ X.

Here, ‖x‖D(A) := ‖x‖+ ‖Ax‖ denotes the graph norm of x with regard to A.
A C0-semigroup T is uniformly exponentially stable if and only if for each

x ∈ X and x∗ ∈ X∗ there exist constants M = Mx,x∗ > 0 and ω = ωx,x∗ > 0
such that |〈x∗, T (t)x〉| ≤ Me−ωt, t ≥ 0. Similarly, T is exponentially stable
if and only if for each x ∈ D(A) and x∗ ∈ X∗ there exists constants M =
Mx,x∗ > 0 and ω = ωx,x∗ > 0 such that |〈x∗, T (t)x〉| ≤ Me−ωt, t ≥ 0. Let us
prove the first of these assertions. Denoting by Hn the set

Hn := {(x, x∗) ∈ X ×X∗ : |〈x∗, T (t)x〉| ≤ ne−n−1t for all t ≥ 0}

we see that ∪n∈INHn = X ×X∗. Therefore, by Baire’s theorem, at least one of
the Hn has non-empty interior, say Hn0 . This means that there are x0 ∈ X and
x∗0 ∈ X∗, and ε > 0 such that |〈y∗, T (t)y〉| ≤ n0e

−n−1
0 t for all t ≥ 0 whenever

‖x0− y‖ ≤ ε and ‖x∗0− y∗‖ ≤ ε. Hence for all x ∈ X and x∗ ∈ X∗ of norm ≤ ε,

|〈x∗, T (t)x〉| = |〈x∗0 − (x∗0 − x∗), T (t)(x0 − (x0 − x))〉|

≤ 4n0e
−n−1

0 t ≤ 4ε−2n0e
−n−1

0 t‖x‖ ‖x∗‖.
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The first assertion follows from this. The second is proved similarly, using the
Banach space (D(A), ‖ · ‖D(A)) instead of X.

Uniform exponential stability implies exponential stability and uniform
stability, but none of the other implications generally holds. In Section 1.4
we shall give an example of an exponentially stable C0-semigroup which is not
uniformly stable (and hence not uniformly exponentially stable). The following
example shows that a uniformly stable semigroup need not be exponentially
stable (and hence not uniformly exponentially stable), even if the underlying
space is a Hilbert space and the generator is bounded. Let X = l2, the space
of all complex sequences x = (xn)n≥1 such that ‖x‖ :=

(∑∞
n=1 |xn|2

) 1
2 < ∞.

Define the operator A on X by A(xn) = (−n−1xn). Clearly, A is bounded
and the C0-semigroup T = {etA}t≥0 generated by A is given by T (t)(xn) =
(e−

t
nxn). Thus, ‖T (t)‖ ≤ 1 for all t ≥ 0. For each n, let Pn be the projection

in X onto the first n coordinates. Fix x ∈ X and ε > 0 arbitrary. Choosing n0

so large that ‖(I − Pn0)x‖ ≤ ε, we have

‖T (t)x‖ ≤ ‖T (t)Pn0x‖+ ‖T (t)‖ ‖(I − Pn0)x‖ ≤ ‖T (t)Pn0x‖+ ε.

Since T (t)x→ 0 coordinatewise, it follows that lim supt→∞ ‖T (t)x‖ ≤ ε. This
proves that T is uniformly stable. On the other hand, T is not (uniformly)
exponentially stable (which is the same in this case since D(A) = X). Indeed,
for any ω > 0 we can choose n0 so large that 0 < n−1

0 < ω. Put xn0 :=
(0, 0, ..., 0, 1, 0, ...) with the 1 at the n0-th coordinate. Then, for all M > 0
there exists a t0 > 0 such that for all t > t0, ‖T (t)xn0‖ = e−

t
n0 > Me−ωt.

We continue with some useful fact about semigroups that will be used
throughout this book. The first of these is the Hille-Yosida theorem, which
characterizes the generators of C0-semigroups among the class of all linear op-
erators. Before stating it, we make the simple observation that C0-semigroups
are always exponentially bounded. In fact, the uniform boundedness theorem
and (S3) imply that the norms ‖T (·)‖ are uniformly bounded in some neigh-
bourhood of 0, and then (S2) easily implies the existence of constants ω ∈ IR
and M > 0 such that ‖T (t)‖ ≤Meωt for all t ≥ 0. Note that we automatically
have M ≥ 1.

Theorem 1.1.4. Let A be a linear operator on a Banach space X, and let
ω ∈ IR and M ≥ 1 be constants. Then the following assertions are equivalent:

(i) A is the generator of a C0-semigroup T satisfying ‖T (t)‖ ≤ Meωt for all
t ≥ 0;

(ii) A is closed, densely defined, the halfline (ω,∞) is contained in the resolvent
set %(A) of A, and we have the estimates

‖R(λ,A)n‖ ≤ M

(λ− ω)n
, ∀λ > ω, n = 1, 2, ... (1.1.3)

Here, R(λ,A) := (λ− A)−1 denotes the resolvent of A at λ. If one of the
equivalent assertions of the theorem holds, then actually {Reλ > ω} ⊂ %(A)



6 Chapter 1

and

‖R(λ,A)n‖ ≤ M

(Reλ− ω)n
, ∀Reλ > ω, n = 1, 2, ... (1.1.4)

Moreover, for Reλ > ω the resolvent is given explicitly by

R(λ,A)x =
∫ ∞

0

e−λtT (t)x dt, ∀x ∈ X. (1.1.5)

We shall mostly need the implication (i)⇒(ii), which is the easy part of
the theorem. In fact, one checks directly from the definitions that

Rλx :=
∫ ∞

0

e−λtT (t)x dt

defines a two-sided inverse for λ − A. The estimate (1.1.4) and the identity
(1.1.5) follow trivially from this.

A useful consequence of (1.1.3) is that

lim
λ→∞

‖λR(λ,A)x− x‖ = 0, ∀x ∈ X. (1.1.6)

This is proved as follows. Fix x ∈ D(A) and µ ∈ %(A), and let y ∈ X be
such that x = R(µ,A)y. By (1.1.3) we have ‖R(λ,A)‖ = O(λ−1) as λ → ∞.
Therefore, the resolvent identity

R(λ,A)−R(µ,A) = (µ− λ)R(λ,A)R(µ,A) (1.1.7)

implies that

lim
λ→∞

‖λR(λ,A)x− x‖ = lim
λ→∞

‖R(λ,A)(µR(µ,A)y − y)‖ = 0.

This proves (1.1.6) for elements x ∈ D(A). Since D(A) is dense in X and the
operators λR(λ,A) are uniformly bounded as λ →∞ by (1.1.3), (1.1.6) holds
for all x ∈ X.

We close this section with some elementary facts concerning resolvents and
an application to restrictions and quotients of semigroups.

Proposition 1.1.5. Let A be a closed linear operator on a Banach space X.
Then for all λ ∈ %(A) we have

‖R(λ,A)‖ ≥ 1
dist (λ, σ(A))

.

Proof: This will be an immediate consequence of the fact that ‖R(λ,A)‖ ≥
r(R(λ,A)) once we prove that

σ(R(λ,A)) =
1

λ− σ(A)
.

But it is trivial to check that (λ − µ)(λ − A)R(µ,A) is a two-sided inverse
for (λ − µ)−1 − R(λ,A) whenever µ ∈ %(A), which proves the inclusion ⊂.
Similarly, (λ − µ)−1R(λ,A)((λ − µ)−1 − R(λ,A))−1 is a two-sided inverse for
µ−A whenever (λ− µ)−1 ∈ %(R(λ,A)), which proves the inclusion ⊃. ////
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Proposition 1.1.6. Let A be a closed operator on a Banach space X. Let
Ω0 ⊂ %(A) be an open set and let Ω1 be an open connected set containing Ω0.
If, for all x ∈ X and x∗ ∈ X∗, the map Fx,x∗ : Ω0 → X defined by Fx,x∗(z) =
〈x∗, R(z,A)x〉 can be holomorphically extended to Ω1, then Ω1 ⊂ %(A) and for
all x ∈ X and x∗ ∈ X∗ we have Fx,x∗(z) = 〈x∗, R(z,A)x〉 on Ω1.

Proof: Fix z0 ∈ Ω0 arbitrary. Put Ω2 = Ω1 ∩ %(A) and let Ω be the connected
component of Ω2 containing the point z0. Assume, for a contradiction, that
Ω is properly contained in Ω1. Then there is a point ζ ∈ ∂Ω ∩ Ω1. Since
Ω is open, ζ 6∈ Ω and hence z 6∈ %(A). By Proposition 1.1.5 it follows that
limzn→ζ ‖R(zn, A)‖ = ∞ whenever (zn) is a sequence in Ω such that zn → ζ. By
the uniform boundedness theorem, there exist x0 ∈ X and x∗0 ∈ X∗ such that
limzn→ζ |〈x∗0, R(zn, A)x0〉| = ∞. But by uniqueness of analytic continuation
we have 〈x∗0, R(z,A)x0〉 = Fx0,x∗0

(z) on Ω, and it follows that Fx0,x∗0
(z) cannot

be extended at the point ζ. Since ζ ∈ Ω1 we have arrived at a contradiction.
////

If T is a C0-semigroup on a Banach space X and Y is a T-invariant
closed subspace of X, then the restrictions of the operators T (t) to Y define
a C0-semigroup TY on Y . Its generator AY is precisely the part of A in Y ,
i.e. D(AY ) = {y ∈ D(A) ∩ Y : Ay ∈ Y } and AY y = Ay, y ∈ D(AY ).
The semigroup T also induces a semigroup TX/Y on the quotient space X/Y
by the formula TX/Y (t)(x + Y ) := (T (t)x) + Y . The strong continuity of T
implies the strong continuity of TX/Y and we have ‖TX/Y (t)‖ ≤ ‖T (t)‖ for all
t ≥ 0. The generator AX/Y of TX/Y is given by D(AX/Y ) = D(A) + Y and
AX/Y (x+ Y ) = Ax+ Y , x ∈ D(A).

We denote by %∞(A) the connected component of %(A) containing the
right half plane {Reλ > s(A)}.

Proposition 1.1.7. In the above situation, %∞(A) ⊂ %(AY ) ∩ %(AX/Y ).

Proof: First let λ ∈ %(A), Reλ > ω0(T). Then also Reλ > ω0(TY ) and
Reλ > ω0(TX/Y ), and therefore λ ∈ %(AY ) ∩ %(AX/Y ). By the representation
of the resolvent as the Laplace transform of the semigroup, it is evident that Y
is invariant under R(λ,A) and that R(λ,AY ) is the restriction of R(λ,A) to Y .
Also, the quotient of R(λ,A) modulo Y is well-defined as a bounded operator
on X/Y and it is clear from the description of AX/Y that this quotient is a
two-sided inverse for λ − AX/Y . It follows that R(λ,AX/Y ) is the quotient
modulo Y of R(λ,A).

Let L(X,Y ) denote the closed subspace of L(X) consisting of all operators
leaving Y invariant. Consider the natual maps r : L(X,Y ) → L(Y ) and π :
L(X,Y ) → L(X/Y ) defined by restricion and taking quotients: (rT )y := Ty,
y ∈ Y , and (πT )(x+ Y ) := Tx+ Y , x ∈ X.

By what we proved above, we have rR(λ,A) = R(λ,AY ) and πR(λ,A) =
R(λ,AX/Y ) for all Reλ > ω0(T). But the left hand sides in these identities
admit holomorphic extensions to %∞(A). Therefore we can apply Proposition
1.1.6 to conclude that %∞(A) ⊂ %(AY ) ∩ %(AX/Y ) and that the resolvents are
given by the extensions of rR(λ,A) and πR(λ,A), respectively. ////
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1.2. The spectral bound and growth bound of a semigroup

In this section we introduce the growth bounds ω0(T) and ω1(T) and the
spectral bounds s(A) and s0(A) and discuss some of their elementary proper-
ties.

In Section 1.1 we observed that every C0-semigroup T is exponentially
bounded. Therefore, it makes sense to define the uniform growth bound ω0(T)
of T by

ω0(T) := inf{ω ∈ IR : ∃M > 0 such that ‖T (t)‖ ≤Meωt, ∀t ≥ 0}.

The identity (1.1.4) shows that the spectrum of the generator of a C0-semigroup
is always contained in some left halfplane. Therefore, it makes sense to define
the spectral bound s(A) of A by

s(A) := sup{Reλ : λ ∈ σ(A)}.

Since (1.1.5) holds for all ω > ω0(T), we have:

Proposition 1.2.1. If T is a C0-semigroup on a Banach space X, with
generator A, then s(A) ≤ ω0(T).

It is often useful to have an expression for ω0(T) directly in terms of the
norms ‖T (t)‖ or the spectral radii r(T (t)):

Proposition 1.2.2. Let T be a C0-semigroup on a Banach space X. Then
for all t0 > 0 we have

ω0(T) =
log r(T (t0))

t0
= lim

t→∞

log ‖T (t)‖
t

. (1.2.1)

Proof: By Gelfand’s theorem for the spectral radius,

lim
n→∞

1
n

log ‖T (nt0)‖ = log r(T (t0)). (1.2.2)

Thus, the limit limn→∞(nt0)−1 log ‖T (nt0)‖ exists, and the first identity will
be proved if we can show that the limit equals ω0(T).

If M > 0 and ω ∈ IR are such that ‖T (t)‖ ≤Meωt for all t ≥ 0, then

lim sup
n→∞

(nt0)−1 log ‖T (nt0)‖ ≤ ω.

By taking the infimum over all ω ∈ IR for which such M can be found, it follows
that limn→∞(nt0)−1 log ‖T (nt0)‖ = lim supn→∞(nt0)−1 log ‖T (nt0)‖ ≤ ω0(T).

On the other hand, if ω < ω0(T) there is a sequence τk → ∞ such that
e−ωτkt0‖T (τkt0)‖ ≥ 1 for all k. Indeed, if such a sequence does not exist, then



Spectral bound and growth bound 9

lim supτ→∞ e−ωτt0‖T (τt0)‖ ≤ 1 and hence supτ≥0 e
−ωτt0‖T (τt0)‖ < ∞. But

then ω0(T) ≤ ω, a contradiction.
Let M = Mt0 := sup0≤s≤1 ‖T (st0)‖ and put nk := [τk], the integer part of

τk. The semigroup property (S2) implies that ‖T (nkt0)‖ ≥ M−1‖T (τkt0)‖ for
all k. Therefore,

e−ωnkt0‖T (nkt0)‖ ≥M−1e−|ω|t0e−ωτkt0‖T (τkt0)‖ ≥M−1e−|ω|t0 .

It follows that
log ‖T (nkt0)‖

nkt0
≥ ω +

log(M−1e−|ω|t0)
nkt0

.

Since ω < ω0(T) was arbitrary, this proves that limn→∞(nt0)−1 log ‖T (nt0)‖ =
lim supn→∞(nt0)−1 log ‖T (nt0)‖ ≥ ω0(T). This concludes the proof of the first
identity in (1.2.1).

Next, we fix t > 1 and choose the integer n ≥ 1 such that n < t ≤ n + 1.
Noting that

log(M−1‖T (n+ 1)‖)
n+ 1

≤ log(‖T (t)‖)
t

≤ log(M‖T (n)‖)
n

,

where M = M1 is as above, we see that the second identity in (1.2.1) is a
consequence of (1.2.2). ////

If A is bounded, then A generates the C0-semigroup T = {etA}t≥0 and the
spectral mapping theorem of the Dunford calculus implies that σ(etA) = etσ(A).
Therefore by Proposition 1.2.2,

etω0(T) = r(etA) = ets(A), ∀t ≥ 0.

This implies that s(A) = ω0(T). If A is unbounded, then strict inequality
s(A) < ω0(T) may occur, even if the underlying Banach space is a Hilbert
space; cf. Example 1.2.4 below. The important consequence of this is that
the growth of the mild solutions T (·)x of the abstract Cauchy problem is not
controlled by the location of the spectrum of A.

This pathology invites us to look for more subtle quantities to describe
growth of solutions and spectrum of the generator. The first of these is moti-
vated by the following observation. Instead of considering all mild solutions,
one can consider the classical solutions only, i.e. those originating from an ini-
tial value in the domain D(A). With this in mind we define the growth bound
ω1(T) as the infimum of all ω ∈ IR for which there exists a constant M > 0
such that

‖T (t)x‖ ≤Meωt‖x‖D(A), ∀x ∈ D(A), t ≥ 0.

Thus, T is exponentially stable if and only if ω1(T) < 0. It is obvious from
the definition that ω1(T) ≤ ω0(T). The following result gives more precise
information.
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Theorem 1.2.3. Let T be a C0-semigroup on a Banach space X, with
generator A.

(i) s(A) ≤ ω1(T) ≤ ω0(T);
(ii) ω1(T) is the infimum of all ω ∈ IR with the following property: {Reλ >

ω} ⊂ %(A) and

R(λ,A)x = lim
τ→∞

∫ τ

0

e−λtT (t)x dt, ∀Reλ > ω and x ∈ X;

(iii) ω1(T) is the infimum of all ω ∈ IR with the following property: there exists
a λ ∈ C with Reλ = ω such that

sup
τ>0

∥∥∥∥∫ τ

0

e−λtT (t)x dt
∥∥∥∥ <∞, ∀x ∈ X;

(iv) ω1(T) is the infimum of all ω ∈ IR such that∫ ∞

0

e−λt‖T (t)x‖ dt <∞, ∀Reλ > ω and x ∈ D(A).

Proof: The second inequality in (i) is trivial and the first is an immediate
consequence of (ii), which we prove now.

We start with the following observation: if, for some λ ∈ C,

Bλx := lim
τ→∞

∫ τ

0

e−λtT (t)x dt

exists for all x ∈ X, then λ ∈ %(A) and Bλx = R(λ,A)x for all x ∈ X. This is
proved as follows. For x ∈ X and t > 0 we have

1
t
(T (t)− I)Bλx =

1
t

∫ ∞

0

e−λs(T (t+ s)− T (s))x ds

=
1
t

(
(eλt − 1)

∫ ∞

0

e−λsT (s)x ds− eλt

∫ t

0

e−λsT (s)x ds
)
.

Taking the limit t ↓ 0 we obtain Bλx ∈ D(A) and ABλx = λBλx − x, i.e.
(λ−A)Bλx = x. Further, for x ∈ D(A) we have

Bλ(λ−A)x = lim
τ→∞

∫ τ

0

e−λtT (t)(λ−A)x dt

= lim
τ→∞

(λ−A)
∫ τ

0

e−λtT (t)x dt.

Hence, putting Fτ,x :=
∫ τ

0
e−λtT (t)x dt, we have limτ→∞ Fτ,x = Bλx and

limτ→∞(λ − A)Fτ,x = Bλ(λ − A)x. ¿From the closedness of A it follows that
Bλx ∈ D(A) and (λ−A)Bλx = Bλ(λ−A)x.
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We have proved that Bλ defines a two-sided inverse of λ − A. Therefore,
Bλ is a closed operator and hence bounded by the closed graph theorem. It
follows that λ ∈ %(A) and Bλ = R(λ,A).

Now we can start the proof of (ii). Let ω1 denote the infimum as meant
in (ii). Fix ω > ω1(T) and Reλ > ω arbitrary. We shall prove that

Bλx := lim
τ→∞

∫ τ

0

e−λtT (t)x dt (1.2.3)

exists for all x ∈ X. Then, by what we just proved, we can conclude that
ω1 ≤ ω and hence ω1 ≤ ω1(T).

To prove (1.2.3), choose M > 0 such that ‖T (t)y‖ ≤ Meωt‖y‖D(A) holds
for all y ∈ D(A) and t ≥ 0. We distinguish three cases. Case 1: If x ∈ D(A),
then for all 0 ≤ τ0 ≤ τ1 we have∥∥∥∥∫ τ1

τ0

e−λtT (t)x dt
∥∥∥∥ ≤ ∫ τ1

τ0

e−Re λt‖T (t)x‖ dt

≤M

∫ τ1

τ0

e(ω−Re λ)t‖x‖D(A) dt

=
M

Reλ− ω

(
e(ω−Re λ)τ0 − e(ω−Re λ)τ1

)
‖x‖D(A).

As τi →∞, i = 0, 1, the right hand converges to 0, and it follows that the limit
in (1.2.3) exists. Case 2: If x = (λ−A)y for some y ∈ D(A), then for all τ > 0
we have ∫ τ

0

e−λtT (t)x dt = (λ−A)
∫ τ

0

e−λtT (t)y dt = y − e−λτT (τ)y

and therefore

lim
τ→∞

∫ τ

0

e−λtT (t)x dt = lim
τ→∞

y − e−λτT (τ)y = y. (1.2.4)

Here we used that Reλ > ω1(T) and y ∈ D(A). Case 3: For arbitrary x ∈ X
by the resolvent identity we have x = (µ−λ)R(µ,A)x+(λ−A)R(µ,A)x, where
µ ∈ %(A) is arbitrary but fixed. Therefore, by the two cases just considered,
the limit (1.2.3) exists for all x ∈ X.

To complete the proof of (ii) we need to show that ω1(T) ≤ ω1. If ω ∈ IR
is such that {Reλ > ω} ⊂ %(A) and R(λ,A)x = limτ→∞

∫ τ

0
e−λtT (t)x dt for all

x ∈ X and Reλ > ω, the identity (1.2.4) shows that limτ→∞ e−λτT (τ)R(λ,A)x
= 0 for all x ∈ X and Reλ > ω. This implies that ω1(T) ≤ ω.

Next we prove (iii). Denote the infimum as meant in (iii) by ω1. For all

ω > ω1(T) and x ∈ X we have sup
τ>0

∥∥∥∥∫ τ

0

e−ωtT (t)x dt
∥∥∥∥ < ∞ by (ii). Hence,

ω1 ≤ ω1(T).
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Conversely, let ω > ω1, let µ ∈ C with Reµ = ω be such that

sup
τ>0

∥∥∥∥∫ τ

0

e−µtT (t)x dt
∥∥∥∥ <∞, ∀x ∈ X,

and let Reλ > ω be arbitrary. Then, with Fτ,x :=
∫ τ

0
e−µtT (t)x dt, by partial

integration we have∫ τ

0

e−λtT (t)x dt = e−(λ−µ)τFτ,x + (λ− µ)
∫ τ

0

e−(λ−µ)tFt,x dt.

By letting τ →∞, it follows that

lim
τ→∞

∫ τ

0

e−λtT (t)x dt = (λ− µ)
∫ ∞

0

e−(λ−µ)tFt,x dt,

so in particular the limit on the left hand side exists. By the observation preced-
ing the proof of (ii), this implies that λ ∈ %(A) and limτ→∞

∫ τ

0
e−λtT (t)x dt =

R(λ,A)x for all x ∈ X. Therefore, by (ii) ω1(T) ≤ ω and hence ω1(T) ≤ ω1.
Finally we prove (iv). For this we use the following fact. Let F : IR+ → IR+

be an integrable function, and assume there is an integerm and an interval [0, n]
such that F (t+s) ≤ mF (s) for all s ≥ 0 and t ∈ [0, n]. Then, limt→∞ F (t) = 0.
Indeed, for all ε > 0 there exists an a > 0 such that Ia :=

∫∞
a
F (s) ds ≤ m−1nε.

For all t > a+n there exists an r ∈ [t−n, t] such that F (r) ≤ n−1Ia. Therefore,
F (t) = F (t− r + r) ≤ mF (r) ≤ mn−1Ia ≤ ε.

Let ω1 be the infimum in (iv). From the definition of ω1(T) it is ob-
vious that ω1 ≤ ω1(T). For the converse inequality, fix x ∈ D(A) and let
Reλ > ω1. Then by the above fact applied to F (t) = e−λt‖T (t)x‖, it fol-
lows that ‖T (t)x‖ ≤ Mxe

Re λt for some constant Mx > 0 and all t ≥ 0.
By the uniform boundedness theorem, there is a constant M > 0 such that
‖T (t)x‖ ≤ MeRe λt‖x‖D(A) for all t ≥ 0. It follows that ω1(T) ≤ Reλ and
hence ω1(T) ≤ ω1. ////

It need not be true that s(A) = ω1(T), even for C0-groups on a Hilbert
space. This is shown by the following example.

Example 1.2.4. For n = 1, 2, 3, ..., let An be the n × n matrix acting on
Cn defined by

An :=

 0 1 0 0 . . .
0 0 1 0 . . .
...

...
. . . . . . . . .


Each matrix An is nilpotent and therefore σ(An) = {0}. Let X be the Hilbert
space consisting of all sequences x = (xn)n≥1 with xn ∈ Cn such that

‖x‖ :=

( ∞∑
n=1

‖xn‖2Cn

) 1
2

<∞.
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Let T be the semigroup on X defined coordinatewise by

T (t) = (eintetAn)n≥1.

It is easily checked that T is a C0-semigroup on X and that T extends to a C0-
group. Since ‖An‖ = 1 for n ≥ 2, we have ‖etAn‖ ≤ et and hence ‖T (t)‖ ≤ et,
so ω0(T) ≤ 1.

First, we show that s(A) = 0, where A is the generator of T. To see this,
we note that A is defined coordinatewise by

A = (in+An)n≥1.

An easy calculation shows that for all Reλ > 0,

lim
n→∞

‖R(λ,An + in)‖Cn = 0.

It follows that the operator (R(λ,An + in))n≥1 defines a bounded operator
on X, and clearly this operator is a two-sided inverse of λ − A. Therefore
{Reλ > 0} ⊂ %(A) and s(A) ≤ 0. On the other hand, in ∈ σ(in+An) ⊂ σ(A)
for all n ≥ 1, so s(A) = 0.

Next, we show that ω1(T) = 1. In view of ω0(T) ≤ 1 it suffices to show
that ω1(T) ≥ 1. For each n we put

xn := n−
1
2 (1, 1, ..., 1) ∈ Cn.

Then, ‖xn‖Cn = 1 and

‖etAnxn‖2Cn =
1
n

n−1∑
m=0

 m∑
j=0

tj

j!

2

=
1
n

n−1∑
m=0

 m∑
j,k=0

tj+k

j!k!


=

1
n

n−1∑
m=0

2m∑
i=0

ti
∑

j+k=i

1
j!k!

=
1
n

n−1∑
m=0

2m∑
i=0

ti

i!

i∑
j=0

i!
j!(i− j)!

=
1
n

n−1∑
m=0

2m∑
i=0

2iti

i!

≥ 1
n

2n−2∑
i=0

2iti

i!
.
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For 0 < q < 1, we define xq ∈ X by xq := (n
1
2 qnxn)n≥1. It is easy to check

that xq ∈ D(A) and

‖T (t)xq‖2 =
∞∑

n=1

nq2n‖etAnxn‖2

≥
∞∑

n=1

nq2n

(
1
n

2n−2∑
i=0

2iti

i!

)

=
∞∑

i=0

2iti

i!

∞∑
n={i/2}+1

q2n

=
∞∑

i=0

q2{i/2}+2

1− q2
2iti

i!

≥ q3

1− q2
e2tq.

Here {a} denotes the least integer greater than or equal to a; we used that
2{i/2} + 2 ≤ i + 3 for all i = 0, 1, ... Thus, ω1(T) ≥ q for all 0 < q < 1, so
ω1(T) ≥ 1. ////

Another way of looking at the failure of the identity s(A) = ω0(T) is that
the location of the spectrum of A alone does not contain enough information to
deduce the asymptotic behaviour of T from it. As will become apparent later,
not the numerical value of s(A), but rather the growth of the resolvent along
vertical lines {Reλ = ω} with ω > s(A) plays an important role.

By (1.1.4), the supremum of ‖R(λ,A)‖ along each vertical line Reλ = ω
with ω > ω0(T) is finite, uniformly for ω ≥ ω0 > ω0(T). The resolvent need
not be bounded on vertical lines between s(A) and ω0(T), however. This
motivates us to define the abscissa of uniform boundedness of the resolvent,
notation s0(A), as the infimum of all ω ∈ IR such that {Reλ > ω} ⊂ %(A) and
supRe λ>ω ‖R(λ,A)‖ <∞. Thus,

s(A) ≤ s0(A) ≤ ω0(T).

In Section 2.2 we shall show that s0(A) = ω0(T) holds for C0-semigroups on
Hilbert spaces and in Sections 4.2 and 4.5 we show that ω1(T) ≤ s0(A) holds
for arbitrary C0-semigroups.

In Section 1.4 we shall give an example of a C0-semigroup for which s(A) =
s0(A) = ω1(T) < ω0(T). In view of the identity s0(A) = ω0(T) in Hilbert
spaces, Example 1.2.4 shows that also strict inequality s(A) < s0(A) can occur.
Thus, neither s0(A) = ω0(T) nor s(A) = s0(A) generally holds. Similarly,
neither s(A) = ω1(T) nor ω1(T) = ω0(T) generally holds and strict inequality
ω1(T) < s0(A) can occur; cf. the notes at the end of the chapter. By direct a
sum construction we see that all four quantities may be different.

We conclude this section with two useful rescaling techniques that will be
used throughout this book.
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If A is the generator of a C0-semigroup T, then for all λ ∈ C the operator
Aλ := A − λ is the generator of the C0-semigroup Tλ := {e−λtT (t)}t≥0. It
is obvious that ω0(Tλ) = ω0(T) − Reλ, ω1(Tλ) = ω1(T) − Reλ, s(Aλ) =
s(A)− Reλ, and s0(Aλ) = s0(A)− Reλ. Similarly, for all α > 0 the operator
αA is the generator of the C0-semigroup T(α) := {T (αt)}t≥0, and we have
ω0(T(α)) = αω0(T), ω1(T(α)) = αω1(T), s(αA) = αs(A), and s0(αA) =
αs0(A).

1.3. The Laplace transform and its complex inversion

The identity (1.1.5) identifies the resolvent of the generator A of a C0-
semigroup T as the Laplace transform of T in the halfplane {Reλ > ω0(T)}.
Theorem 1.2.3 shows that the same is true in the halfplane {Reλ > ω1(T)}.
This motivates us to take a closer look at the Laplace transform of Banach
space-valued functions.

Let X be a Banach space. The Laplace transform Lf of a function f ∈
L1

loc(IR+, X) is defined by

Lf(λ) :=
∫ ∞

0

e−λtf(t) dt

whenever this integral exists as a convergent improper integral. It is easy to
prove that the integral converges for all Reλ > ω once it converges for some
λ ∈ C with Reλ = ω. In fact, we claim that Lf(λ) converges for all Reλ > ω
if there exists a µ ∈ C, Reµ = ω, such that

sup
τ>0

∥∥∥∥∫ τ

0

e−µtf(t) dt
∥∥∥∥ <∞.

To see this, define F (τ) :=
∫ τ

0
e−µtf(t) dt. By partial integration,∫ τ

0

e−λtf(t) dt = e−(λ−µ)τF (τ) + (λ− µ)
∫ τ

0

e−(λ−µ)tF (t) dt.

By letting τ →∞ it follows that

lim
τ→∞

∫ τ

0

e−λtf(t) dt = (λ− µ)
∫ ∞

0

e−(λ−µ)tF (t) dt.

Since by assumption F is bounded, the integral on the right hand side converges
absolutely and the claim is proved.

Thus, the domain of convergence is either empty or contains a right half
plane, and it makes sense to define the abscissa of improper convergence ω1(f)
as the infimum of all ω ∈ IR such that Lf(λ) converges in the improper sense
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for all Reλ > ω. If such an ω does not exist we put ω1(f) := ∞. With
this terminology, Theorem 1.2.3 can be reformulated as saying that ω1(T)
coincides with the abscissa of improper convergence of the Laplace transform
of T, in the sense that it is the infimum of the abscissae ω1(fx) of the functions
fx(t) = T (t)x, x ∈ X.

The Laplace transform Lf is easily seen to be an X-valued holomorphic
function in {Reλ > ω1(f)}. It can happen that this function can be holomor-
phically extended to some larger open subset of C. Whenever this is the case,
this extension will be denoted by Lf as well.

Similar to the definition of ω1(f), one defines the abscissa of absolute
convergence ω0(f) of the Laplace transform of a function f ∈ L1

loc(IR+, X)
as the infimum of all ω ∈ IR such that Lf(λ) converges absolutely for all
Reλ > ω. We will see in Section 2.1 that the abscissa of absolute convergence
of the Laplace transform of a C0-semigroup T is precisely ω0(T).

Often we will find ourselves in situations where we would like to derive
information about T from information about the resolvent. For this reason,
it is desirable to have inversion techniques for the Laplace transform at our
disposal. We shall prove a simple complex inversion formula which is based
on the inversion theorem of the Fourier transform. The Fourier transform of a
function f ∈ L1(IR, X) is defined by

f̂(s) :=
∫ ∞

−∞
e−isτf(τ) dt, s ∈ IR.

By the Riemann-Lebesgue lemma, f̂ ∈ C0(IR, X). The bounded linear operator
f 7→ f̂ from L1(IR, X) into C0(IR, X) is denoted by F and the notations f̂ and
Ff will be used interchangably.

The following result is known as Fejér’s theorem: LetX be a Banach space,
let f ∈ L1(IR, X) and assume that f is locally of bounded variation. Then for
all τ ∈ IR we have

1
2π

(C, 1)
∫ ∞

−∞
eisτ f̂(s) ds =

1
2
(f(τ+) + f(τ−)).

Here, (C, 1) denotes convergence of the integral in the Cesàro mean, i.e.

(C, 1)
∫ ∞

−∞
g(s) ds := lim

t→∞

1
t

∫ t

0

∫ τ

−τ

g(s) ds dτ.

It is useful to have sufficient conditions that enable us to replace Cesàro inte-
grability by integrability in the principle value sense. We have the following
result in this direction.

Lemma 1.3.1. Let X be a Banach space and let f ∈ L1(IR, X) and τ ∈ IR
be arbitrary. If f̂(ξ) = O(|ξ|−1) for ξ → ±∞, then

(C, 1)
∫ ∞

−∞
eiξτ f̂(ξ) dξ
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exists if and only if

PV

∫ ∞

−∞
eiξτ f̂(ξ) dξ

exists, in which case the two integrals are equal.

Proof: Let τ ∈ IR be fixed and define, for all t > 0,

St = (St(f))(τ) :=
∫ t

−t

eiξτ f̂(ξ) dξ

and

σt = (σt(f))(τ) :=
1
t

∫ t

0

(Ss(f))(τ) ds.

Noting that f̂ is continuous, we can choose a constant C > 0 such that |f̂(ξ)| ≤
C|ξ|−1 for all ξ ∈ IR. Fix ε > 0 arbitrary and choose λ > 1 such that

1
λ− 1

∫ λ

1

log s ds ≤ ε

2C
.

By writing out the definitions of St and σt one finds the relation

λσλt − σt = (λ− 1)St +
1
t

∫ λt

t

∫
(−s,−t)∪(t,s)

eiξτ f̂(ξ) dξ ds.

Therefore,∥∥∥∥λσλt − σt

λ− 1
− St

∥∥∥∥ ≤ 1
λt− t

∣∣∣∣∣
∫ λt

t

∫
(−s,−t)∪(t,s)

eiξτ f̂(ξ) dξ ds

∣∣∣∣∣
≤ C

λt− t

∫ λt

t

∫
(−s,−t)∪(t,s)

1
|ξ|

dξ ds

=
2C
λt− t

∫ λt

t

log
s

t
ds =

2C
λ− 1

∫ λ

1

log σ dσ ≤ ε.

This implies that limt→∞ St exists whenever limt→∞ σt exists, and that the two
limits are equal. Conversely, it is trivial from the definitions that limt→∞ σt

exists whenever limt→∞ St exists, and that the two limits are equal. ////

In the following lemma, we use the obvious fact that for ω > ω0(T) and
s ∈ IR, the resolvent R(ω + is, A)x agrees with the Fourier transform at the
point s of the function t 7→ F (t) := e−ωtT (t)x · χIR+(t) ∈ L1(IR, X). This
follows immediately from (1.1.5), for

R(ω + is, A)x =
∫ ∞

0

e−(ω+is)tT (t)x dt =
∫ ∞

−∞
e−istF (t) dt = F̂ (s).

Lemma 1.3.2. Let T be a C0-semigroup on a Banach space X, with gener-
ator A, and assume that there exist ω1 ∈ IR and r ∈ IR such that the resolvent
exists and is uniformly bounded in the set {λ ∈ C : Reλ ≥ ω1, Imλ ≥ r}. Let
ω0 ≥ ω1 be arbitrary. Then for all x ∈ X we have

lim
s≥r,s→∞

‖R(ω + is, A)x‖ = 0

uniformly for ω ∈ [ω1, ω0].



18 Chapter 1

Proof: Upon replacing ω0 by some larger number, we may assume that ω0 >
ω0(T). By the Riemann-Lebesgue lemma and the observation preceding the
lemma,

lim
s→∞

‖R(ω0 + is, A)x‖ = 0, ∀x ∈ X. (1.3.1)

Let M := supReλ≥ω1, Im λ≥r ‖R(λ,A)‖. By the resolvent identity (1.1.7), for all
ω ∈ [ω1, ω0] and s ≥ r we have

R(ω + is, A) = (I + (ω0 − ω)R(ω + is, A))R(ω0 + is, A)

and hence, for all x ∈ X,

‖R(ω + is, A)x‖ ≤ (1 +M(ω0 − ω1))‖R(ω0 + is, A)x‖.

¿From this and (1.3.1), the lemma follows. ////

Of course, an analogous result holds for s → −∞ if the resolvent is uni-
formly bounded in {λ ∈ C : Reλ ≥ ω1, Imλ ≤ −r}. In particular, for all
ω0 ≥ ω1 > s0(A) and all x ∈ X we have

lim
s→±∞

‖R(ω + is, A)x‖ = 0

uniformly for ω ∈ [ω1, ω0]. This fact will be used in the following theorem.

Theorem 1.3.3. Let T be a C0-semigroup on a Banach space X, with
generator A. Then, for all ω > s0(A) and t > 0 we have

T (t)x =
1

2πi
(C, 1)

∫
Reλ=ω

eλtR(λ,A)x dλ, ∀x ∈ X, (1.3.2)

and

T (t)x =
1

2πi
PV

∫
Reλ=ω

eλtR(λ,A)x dλ, ∀x ∈ D(A). (1.3.3)

Proof: For ω > ω0(T), (1.3.2) follows from Fejér’s theorem applied to the
function t 7→ e−ωtT (t)x · χIR+(t). For general ω > s0(A), we note that by
Lemma 1.3.2 we can apply Cauchy’s theorem to shift the path of integration
to a vertical line to the right of ω0(T).

For x ∈ D(A) we have the identity

R(λ,A)x = λ−1(x+R(λ,A)Ax).

Since the resolvent is uniformly bounded on the line Reλ = ω, this shows that
‖R(λ,A)x‖ = O(|λ|−1) there. Hence, for ω > ω0(T) we can apply Lemma
1.3.1 to the function t 7→ e−ωtT (t)x · χIR+(t). By doing so, we see that (1.3.3)
follows from (1.3.2). For general ω > s0(A), we apply Cauchy’s theorem as in
the first part of the proof. ////
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We close this section with a result about the Laplace transform of positive
Banach lattice-valued functions which will be useful in the next section. It is
usually referred to as the Pringsheim-Landau theorem.

Theorem 1.3.4. Let X be a Banach lattice and let 0 ≤ f ∈ L1
loc(IR+, X).

If −∞ < ω1(f) <∞, then Lf cannot be holomorphically extended to a neigh-
bourhood of ω1(f).

Proof: Upon replacing f(t) by e−ω1(f)tf(t), we may assume that ω1(f) = 0.
Suppose, for a contradiction, that Lf can be holomorphically extended to a
neighbourhood of 0. Then there is an ε > 0 such that the Taylor series of f at
the point λ = 1,

Lf(λ) =
∞∑

k=0

(Lf)(k)(1)
k!

(λ− 1)k,

has radius of convergence 1 + 2ε. In particular, the series converges absolutely
in the point λ = −ε. Hence, for all x∗ ∈ X∗ we obtain

〈x∗,Lf(−ε)〉 =
∞∑

k=0

(−ε− 1)k

k!

∫ ∞

0

(−t)ke−t〈x∗, f(t)〉 dt

=
∫ ∞

0

e−t
∞∑

k=0

(1 + ε)ktk

k
〈x∗, f(t)〉 dt

=
∫ ∞

0

eεt〈x∗, f(t)〉 dt

= lim
τ→∞

〈
x∗,

∫ τ

0

eεtf(t) dt
〉
.

(1.3.4)

The interchange of integration and summation is justified by Fubini’s theorem,
noting that all terms are positive if x∗ ≥ 0; in general we split x∗ into real and
imaginary part and each of them into positive and negative part.

It follows from (1.3.4) and the uniform boundedness theorem that

sup
τ>0

∥∥∥∥∫ τ

0

eεtf(t) dt
∥∥∥∥ <∞.

Therefore, by the discussion at the beginning of this section, ω1(f) ≤ −ε. This
contradicts the assumption that ω1(f) = 0. ////

1.4. Positive semigroups

In this section we collect some elementary results about stability of positive
C0-semigroups that will be useful in later chapters. The main result is that
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s(A) = s0(A) = ω1(T) always holds. At the end of the section, we present an
example of a positive C0-semigroup such for which we have strict inequality
s(A) < ω0(T). This example is important not only for the theory of positive
C0-semigroups, but also for the theory of general C0-semigroups: whenever we
associate a quantity ω(T) to arbitrary C0-semigroups T that can be shown to
be intermediate between s(A) and s0(A) or between s(A) and ω1(T), it follows
from this example that strict inequality ω(T) < ω0(T) can occur. Several
such quantities will be studied later, e.g. abscissae of scalar p-integrability and
abscissae of polynomial boundedness of the resolvent.

A C0-semigroup T on a Banach lattice X is called positive if each operator
T (t) is positive, i.e. T (t) ≥ 0 for all t ≥ 0.

Theorem 1.4.1. Let T be a positive C0-semigroup on a Banach lattice X,
with generator A. Then,

s(A) = s0(A) = ω1(T).

Moreover, s(A) is the infimum of all ω ∈ IR such that {Reλ > ω} ⊂ %(A) and

R(λ,A)x = lim
τ→∞

∫ τ

0

e−λtT (t)x dt, ∀Reλ > ω, x ∈ X. (1.4.1)

Furthermore, the following assertions hold.

(i) Either s(A) = −∞ or s(A) ∈ σ(A);
(ii) For a given λ ∈ %(A), we have R(λ,A) ≥ 0 if and only if λ > s(A);
(iii) For all Reλ > s(A) and x ∈ X, we have |R(λ,A)x| ≤ R(Reλ,A)|x|.

Proof: We start by proving (i) and the identity s(A) = ω1(T). The character-
ization of s(A) follows from this and Theorem 1.2.3 (ii).

If ω1(T) = −∞, then also s(A) ≤ ω1(T) = −∞ by Theorem 1.2.3 (i) and
hence s(A) = ω1(T) = −∞. We may therefore assume that ω1(T) > −∞.
We shall prove that ω1(T) ∈ σ(A). Assume the contrary. Then the resolvent,
which is defined in {Reλ > ω1(T)}, admits a holomorphic extension to some
neighbourhood Vε := {λ ∈ C : |λ − ω1(T)| < ε} of ω1(T). Hence, for all
x ∈ X, λ 7→ R(λ,A)x extends holomorphically to Vε. By Theorem 1.2.3
(ii), in {Reλ > ω1(T)} the map λ 7→ R(λ,A)x is the Laplace transform of
the function fx(t) := T (t)x. Therefore, for x ≥ 0 the Pringsheim-Landau
theorem implies that ω1(fx) ≤ ω1(T)− ε. By decomposing an arbitrary x ∈ X
into real and imaginary part and each of these into positive and negative part
we see that ω1(fx) ≤ ω1(T) − ε holds for all x ∈ X. But then Theorem
1.2.3 (iii) implies that ω1(T) ≤ ω1(T) − ε, a contradiction. This proves that
ω1(T) ∈ σ(A). In particular, s(A) ≥ ω1(T). Since also s(A) ≤ ω1(T), it
follows that s(A) = ω1(T) and s(A) ∈ σ(A).

Next we prove (ii). If λ > s(A), then R(λ,A) ≥ 0 by (1.4.1). Conversely,
suppose λ ∈ C is such that R(λ,A) ≥ 0. First we observe that λ ∈ IR. Indeed,
for 0 ≤ x ∈ X we let y := R(λ,A)x ≥ 0 and note that

Ay = lim
t↓0

1
t
(T (t)y − y) = lim

t↓0

1
t
(T (t)y − y) = Ay
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and hence the identities

λy −Ay = x = x = λy −Ay = λy −Ay

show that λ = λ. The bars denote the complex conjugates; cf. Appendix A.3.
Since R(µ,A) ≥ 0 for all µ > s(A), for all µ > max{λ, s(A)} the resolvent
identity yields

R(λ,A) = R(µ,A) + (µ− λ)R(λ,A)R(µ,A) ≥ R(µ,A) ≥ 0.

Using Proposition 1.1.5 and the fact that s(A) ∈ σ(A) whenever it is finite it
follows that for all µ > max{λ, s(A)} we have

(µ− s(A))−1 = (dist (µ, σ(A))−1 ≤ ‖R(µ,A)‖ ≤ ‖R(λ,A)‖.

This can only be true if λ > s(A).
For the proof of (iii), we note that by (1.4.1) for all x ∈ X and Reλ > s(A)

we have

|R(λ,A)x| =
∣∣∣∣∫ ∞

0

e−λtT (t)x dt
∣∣∣∣ ≤ ∫ ∞

0

e−Re λtT (t)|x| dt = R(Reλ,A)|x|,

the integrals being in the improper sense. This proves (iii).
It remains to prove that s(A) = s0(A). Let ω > s(A) be arbitrary. Assume,

for a contradiction, that there is a sequence (λn) ⊂ {Reλ > ω} such that
limn→∞ ‖R(λn, A)‖ = ∞. By the uniform boundedness theorem, there is an
x ∈ X such that limn→∞ ‖R(λn, A)x‖ = ∞. Let λ ≥ ω be an accumulation
point of the sequence (Reλn). Then, there is a subsequence (λnk

) such that
Reλnk

→ λ and hence by (iii),

‖R(λ,A)|x| ‖ = lim
k→∞

‖R(Reλnk
, A)|x| ‖ ≥ lim sup

k→∞
‖R(λnk

, A)x‖ = ∞.

This contradiction concludes the proof. ////

The following corollary is concerned with C0-groups. These are defined
analogously to C0-semigroups, the only difference being that the role of the
index family t ≥ 0 is replaced by t ∈ IR. The generator of a C0-group T =
{T (t)}t∈IR is defined as the generator of the associated C0-semigroup {T (t)}t≥0.

Corollary 1.4.2. If T is a positive C0-group on a non-zero Banach lattice
X, with generator A, then σ(A) 6= ∅.

Proof: Assume for a contradiction that σ(A) = ∅. Then by Theorem 1.4.1 we
have R(λ,A) ≥ 0 for all λ ∈ IR. Since −A generates the positive C0-group
{T (−t)}t∈IR, the same argument shows that R(λ,−A) ≥ 0 for all λ ∈ IR. But
R(λ,−A) = (λ + A)−1 = −R(−λ,A), and therefore −R(−λ,A) ≥ 0 for all
λ ∈ IR. Since also R(−λ,A) ≥ 0 it follows that R(−λ,A) = 0 for all λ ∈ IR.
This contradicts the injectivity of R(−λ,A) unless X = {0}. ////
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We close this section with an example of a positive C0-semigroup for which
strict inequality s(A) < ω0(T) holds. We need the following simple fact.

Lemma 1.4.3. Let X and Y be Banach spaces, Y ⊂ X with continuous
inclusion. Let A be a linear operator on X with D(A) ⊂ Y and let AY denote
the part of A in Y . If %(A) 6= ∅, then σ(A) = σ(AY ).

Proof: Let µ ∈ %(A). Then R(µ,A)Y ⊂ D(A) ⊂ Y . It is clear that R(µ,A)|Y
defines a two-sided inverse for µ−AY , so that µ ∈ %(AY ).

Conversely, let µ ∈ %(AY ). Define the bounded operator Q on X by
Qx := R(λ,A)x + (λ − µ)R(µ,AY )R(λ,A)x, where λ ∈ %(A) is fixed but
arbitrary. Then Qx ∈ D(A) and (µ − A)Qx = x for all x ∈ X. Similarly,
Q(λ−A)x = x for all x ∈ D(A) and hence Q = (µ−A)−1. ////

Example 1.4.4. Let 1 ≤ p < q < ∞ and let X = Lp(1,∞) ∩ Lq(1,∞).
This space is a Banach space under the norm

‖f‖ := max{‖f‖p, ‖f‖q}

and a Banach lattice with respect to the pointwise a.e. ordering. On X, we
define the semigroup T by

(T (t)f)(s) = f(set), s > 1, t ≥ 0. (1.4.2)

It is easy to check that this defines a C0-semigroup on X whose generator A is
given by

D(A) = {f ∈ X : s 7→ sf ′(s) ∈ X},
(Af)(s) = sf ′(s), s > 1, f ∈ D(A).

In a similar way, for r = p and r = q (1.4.2) defines a C0-semigroup Tr on
Lr(1,∞); its generator will be denoted by Ar. Note that Tr(t)|X = T (t) and
A is the part of Ar in X, r = p, q.

For f ∈ Lp(1,∞) and t ≥ 0 we have

‖Tp(t)f‖p =
(∫ ∞

1

|f(set)|p ds
) 1

p

= e−
t
p

(∫ ∞

et

|f(s)|p ds
) 1

p

≤ e−
t
p ‖f‖p

(1.4.3)
with equality if the support of f is contained in (et,∞). Thus, s(Ap) ≤
ω0(Tp) ≤ − 1

p . Also, using Theorem 1.4.1 and the fact that s(Ap) < 0, for
f ∈ Lp(1,∞) one easily checks that

(R(0, Ap)f)(s) =
∫ ∞

0

f(set) dt =
∫ ∞

s

f(t)
dt

t
, a.a. s > 1,

and therefore, if p = 1, then |(R(0, Ap)f)(s)| ≤ s−1‖f‖1 for almost all s > 1.
Similarly, for 1 < p <∞ and almost all s > 1 it follows that

|(R(0, Ap)f)(s)| ≤
(∫ ∞

s

1
tp′

dt

) 1
p′

‖f‖p = (p′ − 1)−
1
p′ s

1
p′−1‖f‖p,
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where 1
p + 1

p′ = 1.
In both cases it follows that R(0, Ap)f ∈ L∞(1,∞), and hence D(Ap) ⊂

L∞(1,∞)∩Lp(1,∞) ⊂ Lq(1,∞). Since also D(Ap) ⊂ Lp(1,∞), it follows that
D(Ap) ⊂ X. By Lemma 1.4.3, this implies that s(A) = s(Ap) ≤ − 1

p .
On the other hand, for all β > 1

p the function fβ(s) := s−β belongs to
D(A) and (Afβ)(s) = sf ′β = −βs−β = −βfβ(s) for almost all s > 1. This
shows that −β is an eigenvalue of A, so s(A) ≥ −β. Since β > 1

p is arbitrary
it follows that s(A) ≥ − 1

p .
For t > 0 fixed we define ft := χ(et,et+1). Then by (1.4.3),

‖T (t)ft‖ ≥ ‖Tq(t)ft‖q = e−
t
q ‖ft‖q = e−

t
q .

This implies that ‖T (t)‖ ≥ e−
t
q . Since t > 0 was arbitrary it follows that

ω0(T) ≥ − 1
q .

On the other hand, by (1.4.3) for all f ∈ X we have

‖T (t)f‖ = max{‖T (t)f‖p, ‖T (t)f‖q} ≤ max{e−
t
p ‖f‖p, e

− t
q ‖f‖q}

≤ e−
t
q max{‖f‖p, ‖f‖q} = e−

t
q ‖f‖,

so ω0(T) ≤ − 1
q . Putting everything together, we obtain

s(A) = −1
p
< −1

q
= ω0(T). (1.4.4)

The interest of this example lies in the fact that s(A) = ω0(T) always
holds for positive C0-semigroups in Lp-spaces. This will be proved in Section
3.5.

Notes. The abstract Cauchy problem is studied in many monographs; an en-
cyclopaedic reference is the book [Fa]. Theorem 1.1.2 is proved in [Na]. The
equivalence of (i) and (ii) is due to E. Hille [Hi] and the equivalence of (i) and
(iii) is due to W. Arendt. The proof of the Hille-Yosida theorem, as well as its
history, can be found in most textbooks about C0-semigroups, e.g., [HP], [Pz],
[Go], [Na], [Da1], [vC].

Theorem 1.2.3 was proved by F. Neubrander [Nb2]. Example 1.2.4 is
due to J. Zabczyk [Zb2]. By minor modification of this example, V. Wrobel
[Wr] was able to construct a C0-group on a Hilbert space with s(A) = 0,
s0(A) = ω0(T) = 1, and ωn(T) = 2−n, n = 1, 2, .... The idea is to define T
coordinatewise by T (t) = (eintetAm(n))n≥1, where m(n) is the integer part of
log(n+1)/ log 2 and Ak are the matrices defined in Example 1.2.4, k = 1, 2, ....
This example shows that strict inequality ω1(T) < s0(A) can occur.
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The proof of Lemma 1.3.1, which is due to G.H. Hardy, is adapted from
[Ka, Thm. II.2.2] where the discrete case is proved. The second statement in
Theorem 1.3.3 is a special case of a theorem due to F. Neubrander [Nb1] who
gives a different proof. The Pringsheim-Landau theorem for Banach lattice-
valued functions appears in [GWV]; the scalar version can be found, e.g., in
[Wi, Thm. II.5b].

Theorem 1.4.1 is proved in part in [GWV]; the rest appears in [Na]. The
identity s(A) = ω1(T) is due to F. Neubrander [Nb2]. Example 1.4.4 is due
to W. Arendt [Ar2]. It was the first example of a positive semigroup on a
rearrangement invariant Banach function space whose spectral bound and uni-
form growth bound do not coincide. Earlier, it was shown in [GVW] that the
spectral bound and uniform growth bound do not coincide for the translation
semigroup T defined by (T (t)f)(s) = f(s + t) in the Banach function space
Lp(IR+) ∩ Lq(IR+, e

t2dt). This space is not rearrangement invariant, however.
In [Ne6], Example 1.4.4 is extended in various ways to rearrangement invari-
ant Banach function spaces over (1,∞). Roughly speaking, it turns out that
ω0(T) is in some sense determined by the behaviour of the so-called funda-
mental function (cf. Appendix A4) near 0 and s(A) by the behaviour near
∞.



Chapter 2.

Spectral mapping theorems

In this chapter we study conditions under which a spectral mapping the-
orem holds for a C0-semigroup T and its generator A. If A is bounded, by
the Dunford functional calculus for all t ∈ IR we have the spectral mapping
formula

σ(exp(tA)) = exp(tσ(A)).

As we observed in Section 1.2, an easy consequence of this is that s(A) = ω0(T).
In general, however, a generator A is unbounded and the spectral mapping
theorem in the above form does not hold.

In Section 2.1 we start with the spectral inclusion theorem

σ(T (t)) ⊃ exp(tσ(A)), t ≥ 0,

and the spectral mapping theorems for point spectrum and residual spectrum,

σp(T (t))\{0} = exp(tσp(A));
σr(T (t))\{0} = exp(tσr(A)), t ≥ 0,

valid for arbitrary C0-semigroups.
In Section 2.2 we prove the spectral mappings theorems of Greiner and

Gearhart. The first of these states that 1 ∈ %(T (2π)) if and only if iZZ ⊂ %(A)
and the resolvents R(ik, A) are Cesàro summable with respect to k. The second
shows that Cesàro summability can be replaced by uniform boundedness if the
underlying space is a Hilbert space.

In Section 2.3 we prove the spectral mapping theorem

σ(T (t))\{0} = exp(tσ(A)), t ≥ 0,

for eventually uniformly continuous semigroups and give necessary and suffi-
cient conditions for a semigroup on a Hilbert space to be uniformly continuous
for t > 0.

In Section 2.4 we prove the weak spectral mapping theorem

σ(T (t)) = exp(tσ(A)), t ≥ 0,

for C0-groups of non-quasianalytic growth and show that this result actually
characterizes non-quasianalyticity.
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In Section 2.5 we present the Latushkin - Montgomery-Smith spectral
mapping theorem: 1 ∈ σ(T (2π)) if and only if 0 ∈ σ(Bp), where Bp is the
generator of the C0-semigroup Sp on Lp(Γ, X) defined by

(Sp(t)f)(eiθ) := T (t)f(ei(θ−t)), t ≥ 0.

In Section 2.6 we apply some of these result to the problem of hyperbolicity
of semigroups.

2.1. The spectral mapping theorem for the point spectrum

In this section we prove the spectral inclusion theorem and the spectral
mapping theorems for the point spectrum and the residual spectrum. We start
with the spectral inclusion theorem.

Theorem 2.1.1. Let T be a C0-semigroup on a Banach space X, with
generator A. Then we have the spectral inclusion relation

σ(T (t)) ⊃ exp(tσ(A)), ∀t ≥ 0.

Proof: By the identities (1.1.1) and (1.1.2), applied to the semigroup Tλ :=
{e−λtT (t)}t≥0 generated by A− λ, for all λ ∈ C and t ≥ 0 we have

(λ−A)
∫ t

0

eλ(t−s)T (s)x ds = (eλt − T (t))x, ∀x ∈ X,

and ∫ t

0

eλ(t−s)T (s)(λ−A)x ds = (eλt − T (t))x, ∀x ∈ D(A). (2.1.1)

Suppose eλt ∈ %(T (t)) for some λ ∈ C and t ≥ 0, and denote the inverse of
eλt − T (t) by Qλ,t. Since Qλ,t commutes with T (t) and hence also with A, we
have

(λ−A)
∫ t

0

eλ(t−s)T (s)Qλ,tx ds = x, ∀x ∈ X,

and ∫ t

0

eλ(t−s)T (s)Qλ,t(λ−A)x ds = x, ∀x ∈ D(A).

This shows that the bounded operator Bλ defined by

Bλx :=
∫ t

0

eλ(t−s)T (s)Qλ,tx ds

is a two-sided inverse of λ−A. It follows that λ ∈ %(A). ////
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The converse inclusion exp(tσ(A)) ⊂ σ(T (t))\{0} generally fails. For ex-
ample, if T is the C0-semigroup on the Hilbert space H of Example 1.2.4, then
ω0(T) = 1 and hence r(T (t)) = et for all t. In particular, there exist λ ∈ σ(T (t))
with |λ| = et. On the other hand, s(A) = 0 and hence exp(tσ(A)) ⊂ {|λ| ≤ 1}.

Next, we turn to spectral mapping theorems for certain parts of the spec-
trum.

The point spectrum σp(A) of a (bounded or unbounded) linear operator A
on a Banach space X is the set of all λ ∈ σ(A) for which there exists a non-zero
vector x ∈ D(A) such that Ax = λx, or equivalently, for which the operator
λ−A is not injective.

The residual spectrum σr(A) is the set of all λ ∈ σ(A) for which λ − A
does not have dense range. By the Hahn-Banach theorem, σr(A) = σp(A∗)
provided the adjoint A∗ of A is well-defined, i.e. A is densely defined.

The approximate point spectrum σa(A) is the set of all λ ∈ σ(A) for which
there exists a sequence (xn) of norm one vectors in X, xn ∈ D(A) for all n,
such that

lim
n→∞

‖Axn − λxn‖ = 0.

Clearly, σp(A) ⊂ σa(A). By Proposition 2.1.4 below, σ(A) = σr(A) ∪ σa(A).
We shall prove next that spectral mapping theorems hold for the point

spectrum and the residual spectrum.

Theorem 2.1.2. Let T be a C0-semigroup on a Banach space X, with
generator A. Then

σp(T (t))\{0} = exp(tσp(A)), ∀t ≥ 0.

Proof: If λ ∈ σp(A) and x ∈ D(A) is an eigenvector corresponding to λ, the
identity (2.1.1) shows that T (t)x = eλtx, i.e. eλt is an eigenvalue of T (t) with
eigenvector x. This proves the inclusion ⊃.

The inclusion ⊂ is proved as follows. The case t = 0 being trivial, we fix
t > 0. If λ ∈ σp(T (t))\{0}, then λ = eµt for some µ ∈ C. If x is an eigenvector,
then T (t)x = eµtx implies that the map s 7→ e−µsT (s)x is periodic with period
t. Since this map is not identically zero, the uniqueness theorem for the Fourier
transform implies that at least one of its Fourier coefficients is non-zero. Thus,
there exists an integer k ∈ ZZ such that

xk :=
1
t

∫ t

0

e−(2πik/t)s(e−µsT (s)x) ds 6= 0.

We shall show that µk := µ+2πik/t is an eigenvalue of A with eigenvector xk.



28 Chapter 2

By the t-periodicity of s 7→ e−µsT (s)x, for all Re ν > ω0(T) we have

R(ν,A)x =
∫ ∞

0

e−νsT (s)x ds

=
∞∑

n=0

∫ (n+1)t

nt

e−νsT (s)x ds

=
∞∑

n=0

∫ t

0

e−νsT (s)(e−νntT (nt)x) ds

=
∞∑

n=0

e(µ−ν)nt

∫ t

0

e−νsT (s)x ds

=
1

1− e(µ−ν)t

∫ t

0

e−νsT (s)x ds.

(2.1.2)

Since the integral on the right hand side is an entire function, this shows that the
map ν 7→ R(ν,A)x admits a holomorphic continuation to C\{µ+2πin/t : n ∈
ZZ}. Denoting this extension by Fx(·), by (2.1.2) and the definition of xk we
have

lim
ν→µk

(ν − µk)Fx(ν) = xk.

Also, by (2.1.2) and the t-periodicity of s 7→ e−µsT (s)x,

lim
ν→µk

(µk −A)
(
(ν − µk)Fx(ν)

)
= lim

ν→µk

ν − µk

1− e(µ−ν)t

(
(I − e−νtT (t)) + (µk − ν)

∫ t

0

e−νsT (s)x ds
)

=
1
t
(0 + 0) = 0.

¿From the closedness of A it follows that xk ∈ D(A) and (µk−A)xk = 0. ////

The spectral mapping theorem also holds for the residual spectrum. This
follows from a duality argument, for which we need the following definitions.

If T is a C0-semigroup on X, we define

X� := {x∗ ∈ X∗ : lim
t↓0

‖T ∗(t)x∗ − x∗‖ = 0},

where T ∗(t) := (T (t))∗ is the adjoint operator. It is easy to see that X� is a
closed T∗-invariant subspace of X∗, and the restriction T� of T∗ to X� is a
C0-semigroup on X�. We denote its generator by A�.

We claim that σp(A∗) = σp(A�), where A∗ is the adjoint of the generator
A of T, and σp(T ∗(t)) = σp(T�(t)), t ≥ 0.
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We start with the first of these assertions. For all x∗ ∈ D(A∗) and x ∈ X
we have

〈T ∗(t)x∗ − x∗, x〉 = 〈x∗, T (t)x− x〉

= 〈A∗x∗,
∫ t

0

T (t)x dt〉

=
∫ t

0

〈A∗x∗, T (t)x〉 dt

=
∫ t

0

〈T ∗(t)A∗x∗, x〉 dt.

(2.1.3)

Therefore,
|〈T ∗(t)x∗ − x∗, x〉| ≤ t ‖x‖ ‖A∗x∗‖ sup

0≤s≤t
‖T (s)‖.

By taking the supremum over all x ∈ X of norm ≤ 1, it follows that

lim
t↓0

‖T ∗(t)x∗ − x∗‖ = 0,

i.e. x∗ ∈ X�. This proves that D(A∗) ⊂ X�.
Now assume that A∗x∗ = λx∗ for some x∗ ∈ D(A∗). Then x∗ ∈ X� and

(2.1.3) shows that

〈1
t
(T�(t)x∗ − x∗)− λx∗, x〉 =

λ

t

∫ t

0

〈T�(t)x∗ − x∗, x〉 dt

and therefore,∥∥∥∥1
t
(T�(t)x∗ − x∗)− λx∗

∥∥∥∥ ≤ |λ| ‖x∗‖ sup
0≤s≤t

‖T (s)x− x‖.

Letting t ↓ 0, this shows that x∗ ∈ D(A�) and A�x∗ = λx∗, so λ ∈ σp(A�).
Conversely, if λ ∈ σp(A�) and A�x� = λx� for some x� ∈ D(A�), then

for all x ∈ D(A) we have

〈x�, Ax〉 = lim
t↓0

1
t
〈x�, T (t)x− x〉

= lim
t↓0

1
t
〈T�(t)x� − x�, x〉 = 〈A�x�, x〉 = λ〈x�, x〉.

This shows that x� ∈ D(A∗) and A∗x� = λx�, so λ ∈ σp(A∗).
Next we prove that σp(T ∗(t)) = σp(T�(t)) for all t ≥ 0. Clearly we

have the inclusion σp(T�(t)) ⊂ σp(T ∗(t)) since T�(t) is a restriction of T ∗(t).
Conversely, if T ∗(t)x∗ = λx∗ for some non-zero x∗ ∈ X∗, then for all µ ∈
%(A∗) = %(A) we have R(µ,A∗)x∗ ∈ D(A∗) ⊂ X� and T�(t)R(µ,A∗)x∗ =
R(µ,A∗)T ∗(t)x∗ = λR(µ,A∗)x∗. Hence R(µ,A∗)x∗ is an eigenvector of T�(t)
with eigenvalue λ.
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Theorem 2.1.3. Let T be a C0-semigroup on a Banach space X, with
generator A. Then

σr(T (t))\{0} = exp(tσr(A)).

Proof: By the above, σr(T (t)) = σp(T ∗(t)) = σp(T�(t)) and σr(A) = σp(A∗) =
σp(A�). The theorem now follows from Theorem 2.1.2 applied to the C0-
semigroup T�. ////

We close this section by recording for later use two propositions that give
some information about the approximate point spectrum.

Proposition 2.1.4. Let A be a closed linear operator on a Banach space X.
Then σ(A) = σr(A) ∪ σa(A).

Proof: Assume that λ ∈ σ(A)\σr(A). Then λ − A has dense range. If λ − A
is not injective, then λ ∈ σp(A) ⊂ σa(A) and we are done. Assume therefore
that λ−A is injective.

Assume for the moment that there exists a constant C > 0 such that
‖(λ−A)x‖ ≥ C‖x‖ for all x ∈ D(A). Then the range of λ−A is closed. Indeed,
if yn → y with yn = (λ−A)xn, then ‖xn − xm‖ ≤ C−1‖(λ−A)(xn − xm)‖ =
‖yn − ym‖, so the sequence (xn) is Cauchy, with limit x, say. The closedness
of A implies that x ∈ D(A) and (λ − A)x = y, proving that y belongs to the
range of λ − A. Thus, the range of λ − A is closed. Since it is also dense, it
follows that it is all of X. Since λ−A is injective, the inverse Rλ := (λ−A)−1

is well-defined as a closed linear operator on X whose domain is all of X.
Hence, Rλ is bounded by the closed graph theorem. Thus, λ−A is invertible,
a contradiction.

It follows that a constant C > 0 as above does not exist. But then there is a
sequence (xn) of norm one vectors, xn ∈ D(A) for all n, such that limn→∞(λ−
A)xn = 0. This proves that λ ∈ σa(A). ////

Of course, the union need not be disjoint.
Since the spectral mapping theorem holds for the residual spectrum, this

proposition shows that the failure of the spectral mapping theorem for the
entire spectrum is caused by the behaviour of the approximate point spectrum.
This observation is the key to understanding the proofs of the spectral mapping
theorems in Sections 2.3 and 2.5.

Proposition 2.1.5. Let A be a closed linear operator on a Banach space X.
Then the topological boundary ∂σ(A) of the spectrum σ(A) is contained in the
approximate point spectrum σa(A).

Proof: Let λ ∈ ∂σ(A) be fixed and let (λn) ⊂ %(A) be a sequence such that
λn → λ. It follows from the uniform boundedness theorem and Proposition
1.1.5 that there exists an x ∈ X such that limn→∞ ‖R(λn, A)x‖ → ∞. Let
xn := ‖R(λn, A)x‖−1R(λn, A)x. Then ‖xn‖ = 1 and

lim
n→∞

‖Axn − λxn‖ = lim
n→∞

‖R(λn, A)x‖−1 · ‖(λn − λ)R(λn, A)x− x‖ = 0.

////
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We conclude this section with a useful observation which relates the ap-
proximate point spectra of A and that of the operators T (t):

Proposition 2.1.6. Let T be a C0-semigroup on a Banach space X, with
generator A. An approximate eigenvector for A with approximate eigenvalue
λ is also an approximate eigenvector for each operator T (t), with approximate
eigenvalue eλt.

Proof: Let λ ∈ σa(A) and choose a sequence (xn) of norm one vectors in X,
xn ∈ D(A) for all n, such that limn→∞ ‖Axn − λxn‖ → 0. Then, for all t ≥ 0,

‖T (t)xn − eλtxn‖ =
∥∥∥∥eλt

∫ t

0

e−λsT (s)(λ−A)xn ds

∥∥∥∥
≤ t e2|Re λ|t

(
sup

0≤s≤t
‖T (s)‖

)
‖(λ−A)xn‖ → 0, n→∞,

and the convergence is uniform for t in each interval [0, t0]. ////

In particular, if x is an eigenvector for A with eigenvalue λ, then x is also
an eigenvector for each T (t), with eigenvalue eλt. In a similar way one proves
that if λ is an eigenvalue of A∗ with eigenvector x∗, then T ∗(t)x∗ = eλt for all
t ≥ 0.

The converse of Proposition 2.1.6 also holds: if T (t)x = eλtx for all t ≥ 0,
then by differentiation we see that x ∈ D(A) and Ax = λx.

If T extends to a C0-group, we can apply the proposition to the generators
A and −A to obtain the same conclusions for all t ∈ IR.

2.2. The spectral mapping theorems of Greiner and Gearhart

In this section we show that the spectral mapping theorem holds if we
make an additional assumption on the growth of the resolvent on vertical lines.
We shall need Fejér’s theorem for the circle: if X is a Banach space and f ∈
L1(Γ, X) is of bounded variation, then

(C, 1)
∞∑

k=−∞

f̂(k)eikθ =
1
2
(f(eiθ+) + f(eiθ−)), ∀θ ∈ [0, 2π]. (2.2.1)

Here, (C, 1)
∑∞

k=−∞ := limN→∞N−1
∑N−1

n=0

∑n
k=−n denotes the Cesàro sum.

The following result shows that a spectral mapping theorem holds if the
resolvent is Cesàro summable along the imaginary axis.
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Theorem 2.2.1. Let T be a C0-semigroup on a Banach space X, with
generator A. Then the following assertions are equivalent:

(i) 1 ∈ %(T (2π));
(ii) iZZ ⊂ %(A), and (C, 1)

∑∞
k=−∞R(ik, A)x converges for all x ∈ X.

(iii) iZZ ⊂ %(A), and (C, 1)
∑∞

k=−∞〈x∗, R(ik, A)x〉 converges for all x ∈ X and
x∗ ∈ X∗.

Proof: Define, for each k ∈ ZZ, the bounded operator Qk on X by

Qkx :=
1
2π
R(ik, A)(I − T (2π)) =

1
2π

∫ 2π

0

e−iksT (s)x ds, x ∈ X. (2.2.2)

Thus, Qkx is the k-th Fourier coefficient of the restriction to [0, 2π] of T (·)x.
By Fejér’s theorem applied to the function f ∈ L1(Γ, X) defined by f(eiθ) :=
T (θ)x, 0 < θ < 2π, for all x ∈ X we have

(C, 1)
∞∑

k=−∞

Qkx =
1
2
(I + T (2π))x. (2.2.3)

(i)⇒(ii): By the spectral inclusion theorem we have iZZ ∈ %(A). Since by
assumption I − T (2π) invertible, by (2.2.2) we have

R(ik, A) = 2π(I − T (2π))−1Qk.

Therefore, (2.2.3) implies that for all x ∈ X,

(C, 1)
∞∑

k=−∞

R(ik, A)x = π(I − T (2π))−1(I + T (2π))x.

It is clear that (ii) implies (iii).
(iii)⇒(i): We start the proof with the following general observation: if (xn) is
weakly Cauchy in X and we define the functional x∗∗ : X∗ → C by 〈x∗∗, x∗〉 :=
limn→∞〈x∗, xn〉, then x∗∗ is bounded, i.e. x∗∗ ∈ X∗∗. Indeed, by the uniform
boundedness theorem the sequence (xn) bounded, say supn ‖xn‖ = M , and for
all x∗ ∈ X∗ we have |〈x∗∗, x∗〉| = limn→∞ |〈x∗, xn〉| ≤M‖x∗‖. Applying this to

xn := n−1
n−1∑
j=0

j∑
k=−j

R(ik, A)x, we see that for all x ∈ X the map Sx : X∗ → C

defined by

〈Sx, x∗〉 :=
1
2
〈x∗, x〉+

1
2π

(C, 1)
∞∑

k=−∞

〈x∗, R(ik, A)x〉

is bounded. Hence, S defines a linear operator from X into X∗∗. Moreover,
‖S‖ ≤ supn ‖n−1

∑n−1
j=0

∑j
k=−j R(ik, A)‖, and the latter is finite by the uniform
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boundedness theorem. It follows that S is bounded as an operator from X into
X∗∗. We claim that S actually maps X into itself.

Using (2.2.2) and (2.2.3), for all x ∈ X and x∗ ∈ X∗ we have

〈(I − T (2π))∗∗Sx, x∗〉 = 〈S(I − T (2π))x, x∗〉 = 〈x∗, x〉. (2.2.4)

The second identity shows that S(I−T (2π)) maps X into itself. We claim that
I−T (2π) has dense range in X. For if this were not the case, the Hahn-Banach
theorem implies the existence of a non-zero x∗0 ∈ X∗ such that (I−T (2π))∗x∗0 =
0. Choose x0 ∈ X such that 〈x∗0, x0〉 6= 0. Then by (2.2.4),

〈x∗0, x0〉 = 〈Sx0, (I − T (2π))∗x∗0〉 = 〈Sx0, 0〉 = 0,

a contradiction.
Thus, (2.2.4) implies that Sy ∈ X for all y in the dense subspace (I −

T (2π))X of X. It follows that S maps X into itself and the claim is proved.
But then (2.2.4) shows that S is a two-sided inverse of I − T (2π). ////

A rescaling argument leads to the following characterization of uniform
exponential stability in terms of Cesàro convergence of the resolvent.

Corollary 2.2.2. Let T be a C0-semigroup on a Banach space X, with
generator A. Then the following assertions are equivalent:

(i) T is uniformly exponentially stable;
(ii) {Reλ ≥ 0} ⊂ %(A), and for all x ∈ X and Reλ ≥ 0 we have (C, 1)

∑∞
k=−∞

R(λ+ ik, A)x converges in X.
(iii) {Reλ ≥ 0} ⊂ %(A), and for all x ∈ X, x∗ ∈ X∗, and Reλ ≥ 0 and we

have (C, 1)
∑∞

k=−∞〈x∗, R(λ+ ik, A)x〉 converges.

Corollary 2.2.3. Let T be a C0-semigroup on a Banach space X, with
generator A. Assume

(i) iZZ ⊂ %(A) and supk∈ZZ ‖R(ik, A)‖ <∞;
(ii) There exists an ω > ω0(T) such that

∞∑
k=−∞

‖R(ω + ik, A)x‖2 <∞, ∀x ∈ X

and
∞∑

k=−∞

‖R(ω + ik, A∗)x∗‖2 <∞, ∀x∗ ∈ X∗.

Then 1 ∈ %(T (2π)).

Proof: By the resolvent identity

R(ik, A) = (I + ωR(ik, A))R(ω + ik, A)
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and the assumptions (i) and (ii), we have

∞∑
k=−∞

‖R(ik, A)x‖2 <∞, ∀x ∈ X.

Therefore, the sum
∞∑

k=−∞

〈R(ω + ik, A∗)x∗, R(ik, A)x〉

is absolutely convergent by Hölder’s inequality. Also, by Corollary 2.2.2, the
Cesàro sum (C, 1)

∑∞
k=−∞R(ω+ ik, A)x is convergent in X. It follows that for

all x ∈ X and x∗ ∈ X∗ we have

(C, 1)
∞∑

k=−∞

〈x∗, R(ik, A)x〉 = (C, 1)
∞∑

k=−∞

〈x∗, R(ω + ik, A)x〉

+ ω
∞∑

k=−∞

〈R(ω + ik, A∗)x∗, R(ik, A)x〉,

showing that the Cesàro sum (C, 1)
∑∞

k=−∞〈x∗, R(ik, A)x〉 converges. Thus,
(iii) of Theorem 2.2.1 is satisfied. ////

A continuous version of this theorem will be proved in Section 4.6.
Before we can prove the our next result we need one more fact from the

theory of adjoint semigroups: the adjoint T∗ of a C0-semigroup T on a reflexive
space X is strongly continuous, i.e. X� = X∗. The easiest way to see this is to
note that the adjoint A∗ of a densely defined closed operator A is always weak∗-
densely defined in X∗. If X is reflexive, it follows that A∗ is weakly densely
defined and hence densely defined by the Hahn-Banach theorem. Since further
R(λ,A∗) = R(λ,A)∗ for all λ ∈ %(A) = %(A∗), the resolvent of A∗ satisfies
the estimates of the Hille-Yosida theorem. Therefore, by that theorem, A∗ is
the generator of a C0-semigroup, and it is easy to verify that this semigroup is
precisely T∗.

In Hilbert spaces, the Cesàro summability of Theorem 2.2.1 can be re-
placed by mere boundedness. This is the content of the following result, usually
referred to as Gearhart’s theorem.

Theorem 2.2.4. Let T be a C0-semigroup on a Hilbert space H, with
generator A. Then the following assertions are equivalent:

(i) 1 ∈ %(T (2π));
(ii) iZZ ⊂ %(A) and supk∈ZZ ‖R(ik, A)‖ <∞.

Proof: (i)⇒(ii): By the spectral inclusion theorem we have iZZ ⊂ %(A). Since
by (2.2.2),

R(ik, A)x = (I − T (2π))−1

∫ 2π

0

e−iksT (s)x ds, ∀x ∈ X,
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it is evident that supk∈ZZ ‖R(ik, A)‖ <∞.
(ii)⇒(i): Fix ω > ω0(T). Since

R(ω + ik, A)x = (I − e−2πωT (2π))−1

∫ 2π

0

e−iks(e−ωsT (s)x) ds,

the Hilbert space-valued Plancherel theorem for the circle implies that for all
x ∈ H,

∞∑
k=−∞

‖R(ω + ik, A)x‖2 <∞.

By the same argument applied to the C0-semigroup T∗, the analogous in-
equality holds for the adjoint of the resolvent. We can now apply Corollary
2.2.3. ////

Corollary 2.2.5. Let T be a C0-semigroup on a Hilbert space H. If the
resolvent of the generator A exists and is uniformly bounded in the right half
plane {Re z > 0}, then T is exponentially stable.

Indeed, we obtain that the spectrum of T (2π) is contained in the open unit
disc and therefore r(T (2π)) = e2πω0(T) < 1. This corollary admits a very short
proof based on the Hilbert space-valued Plancherel theorem and Paley-Wiener
theorem, which will be given in Section 3.1. The corollary breaks down for C0-
semigroups T in Banach spaces, even if T is a positive semigroup on a uniformly
convex Banach lattice. Taking into account the identity s(A) = s0(A) for
positive semigroups, a counterexample is obtained by rescaling the semigroup
of Example 1.4.4.

2.3. Eventually uniformly continuous semigroups

A C0-semigroup T on a Banach space X is said to be eventually uniformly
continuous if there exists a t0 ≥ 0 such that the map t 7→ T (t) is continuous
with respect to the uniform operator topology for t > t0. Examples of eventu-
ally uniformly continuous semigroups are eventually compact semigroups and
holomorphic semigroups.

In this section we shall prove that the spectral mapping theorem

σ(T (t))\{0} = exp(tσ(A)), t ≥ 0,

holds for eventually uniformly continuous semigroups. The proof depends on
an embedding construction that extends T to a C0-semigroup T̂ on a space X̂
containing X isometrically. This space is constructed in such a way that the
spectrum of the generator A of T coincides with the spectrum of the generator
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Â of T̂ and the approximate point spectrum of A coincides with the point spec-
trum of Â. In this way, the spectral mapping theorem becomes a consequence
of the spectral mapping theorem for the point spectrum.

We define the space l∞0 (X) as the set of all bounded sequences (xn) ⊂ X
such that

lim
t↓0

(
sup

n
‖T (t)xn − xn‖ = 0

)
.

It is trivial to check that l∞0 (X) is a closed subspace of l∞(X), the space of
all bounded sequences in X. By the very definition of l∞0 (X), T extends to
a C0-semigroup T∞

0 on l∞0 (X) by coordinatewise action; its generator will be
denoted by A∞0 . Note that

D(A∞0 ) = {(xn) ∈ l∞0 (X) : xn ∈ D(A) for all n and (Axn) ∈ l∞0 (X)}.

We claim that c0(X) ⊂ l∞0 (X), where c0(X) is the space of all sequences
in X that converge to 0. Indeed, let (xn) ∈ c0(X). Put M := lim supt↓0 ‖T (t)‖,
let ε > 0 be arbitrary and choose n0 ∈ IN such that ‖xn‖ ≤ ε/(M + 1) for all
n ≥ n0. Then, by decomposing (xn) as the sum of (x0, x1, ..., xn0−1, 0, 0, ...)
and (0, ..., 0, xn0 , xn0+1, ...), we have

lim sup
t↓0

(
sup

n
‖T (t)xn − xn‖

)
≤ lim sup

t↓0

(
sup

n≥n0

‖T (t)xn − xn‖
)
≤ ε.

This proves the claim. We now define X̂ as the quotient space

X̂ = l∞0 (X)/c0(X).

Since c0(X) is T∞
0 -invariant, the quotient semigroup T̂ is well-defined. Being

the quotient of a C0-semigroup, T̂ is a C0-semigroup on X̂. We denote by Â its
generator. By general facts concerning quotient mappings, its domain is given
by D(Â) = D(A∞0 ) + c0(X).

Note that X embeds isometrically into X̂ in the natural way: the embed-
ding is given by x 7→ (x, x, ...) + c0(X). Obviously, as a subspace of X̂, X is
T̂-invariant.

The following proposition describes the spectrum of Â:

Proposition 2.3.1. In the above situation, σ(Â) = σ(A).

Proof: Let λ ∈ σ(A).
First assume λ ∈ σa(A). Then there is an approximate eigenvector (xn)

such that limn→∞ ‖Axn − λxn‖ = 0. In particular, the sequence (Axn) is
bounded. We have

lim
t↓0

(
sup

n
‖T (t)xn − xn‖

)
= lim

t↓0

(
sup

n

∥∥∥∥∫ t

0

T (s)Axn ds

∥∥∥∥)
≤ lim

t↓0
Mt sup

n
‖Axn‖ = 0,
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where M := lim supt↓0 ‖T (t)‖. Hence, (xn) ∈ l∞0 (X). Also, since (Axn) =
λ(xn) + (yn), where (yn) := ((A− λ)xn) ∈ c0(X), we see that (Axn) ∈ l∞0 (X)
as well. Hence, (xn) ∈ D(A∞0 ). By passing to the quotient X̂ = l∞0 (X)/c0(X),
we have x := (xn) + c0(X) ∈ D(Â) and Ax̂ = λx̂. Since x̂ 6= 0 this shows that
λ ∈ σp(Â).

If λ ∈ σr(A), there exists an x0 ∈ X and an ε > 0 such that ‖x0 − (λ −
A)y‖ ≥ ε for all y ∈ D(A). Let y = (yn) ∈ D(A∞0 ) be arbitrary and let
x = (x0, x0, ...) ∈ l∞0 (X). Then, ‖x− (λ− A∞0 )y‖l∞0 (X) ≥ ε and by passing to
the quotient X̂, we see that ‖x̂− (λ− Â)ŷ‖X̂ ≥ ε for all ŷ ∈ D(Â). Therefore,
λ ∈ σr(Â).

Since by Proposition 2.1.4 we have σ(A) = σa(A) ∪ σr(A), it follows that
σ(A) ⊂ σ(Â).

Conversely, assume that λ − A is invertible. We claim that λ − Â is
injective. Indeed, if there is a non-zero x̂ ∈ D(Â) such that Âx̂ = λx̂, then
the definition of X̂ implies that there is a bounded sequence (xn) ⊂ X with
lim supn→∞ ‖xn‖ > 0 such that xn ∈ D(A) for all n and limn ‖Axn−λxn‖ = 0.
By passing to a subsequence if necessary we may assume that infn ‖xn‖ ≥ ε
for some ε > 0. But then the sequence (yn) := (‖xn‖−1xn) is an approximate
eigenvector for A. This contradicts the assumption that λ ∈ %(A) and the
claim is proved.

Let x̂ ∈ X̂ be arbitrary, say x̂ = (xn) + c0(X). Then, ŷ := (R(λ,A)xn) +
c0(X) ∈ D(Â) and (λ − Â)ŷ = (xn) + c0(X) = x̂. This shows that λ − Â is
also surjective. The closed graph theorem implies that the inverse (λ − Â)−1

is bounded, and hence λ ∈ %(Â). ////

Theorem 2.3.2. Let T be an eventually uniformly continuous semigroup
on a Banach space X, with generator A. Then the spectral mapping theorem
holds, i.e.

σ(T (t))\{0} = exp(tσ(A)), ∀t ≥ 0.

Proof: Noting that σ(T (t)) = σr(T (t)) ∪ σa(T (t)) for all t ≥ 0, in view of the
spectral inclusion theorem and the spectral mapping theorem for the residual
spectrum it suffices to prove that there exists an α ∈ σ(A) such that eατ = λ
whenever τ > 0 and 0 6= λ ∈ σa(T (τ)).

To this end, let (xn) ∈ X be an approximate eigenvector of T (τ) with
approximate eigenvalue λ. Let T be uniformly continuous for t > t0 and fix
k ∈ IN such that kτ > t0. Since limn ‖T (τ)xn − λxn‖ = 0, we also have
limn ‖T (kτ)xn − λkxn‖ = 0. By passing to a subsequence of (xn) if necessary
we may assume that ‖T (kτ)xn‖ ≥ ε for all n and some ε > 0 (we could take
ε = |λ|k/2) and we can define yn := ‖T (kτ)xn‖−1T (kτ)xn. We claim that
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(yn) ∈ l∞0 (X). Indeed, the uniform continuity of T for t > t0 implies that

lim sup
h↓0

(
sup

n
‖T (h)yn − yn‖

)
≤ lim sup

h↓0

(
sup

n
‖T (kτ)xn‖−1‖T (kτ + h)− T (kτ)‖ ‖xn‖

)
≤ lim sup

h↓0
ε−1‖T (kτ + h)− T (kτ)‖ = 0

proving the claim. Since

lim sup
n→∞

‖T (τ)yn − λyn‖ ≤ lim sup
n→∞

‖T (kτ)xn‖−1‖T (kτ)‖ ‖T (τ)xn − λxn‖ = 0,

it follows that T̂ (τ)ŷ = λŷ, where ŷ = (yn) + c0(X). We have proved that
λ ∈ σp(T̂ (τ)). By the spectral mapping theorem for the point spectrum, there
exists an α ∈ σp(Â) such that eατ = λ. But then α ∈ σ(A) by Proposition
2.3.1. ////

As the proof shows, we do not need really need Proposition 2.3.1: it suffices
to know that σp(Â) ⊂ σa(A) and this is a trivial consequence of the defintion
of Â.

The next result shows that the uniform continuity condition can be some-
what relaxed, at the price that we only get a spectral mapping theorem for
the peripheral spectrum. Recall that for a bounded operator T , the peripheral
spectrum was defined as σ(T )∩{λ ∈ C : |λ| = r(T )}; for a(n unbounded) gen-
erator A we defined the peripheral spectrum as σ(A)∩ {λ ∈ C : Reλ = s(A)}.

A C0-semigroup T is said to be uniformly continuous at infinity if

lim
t→∞

(
lim sup

h↓0
e−ω0(T)t‖T (t+ h)− T (t)‖

)
= 0.

Theorem 2.3.3. Let T be a C0-semigroup which is uniformly continuous at
infinity. Then the spectral mapping theorem holds for the peripheral spectrum
of T, i.e. for all t ≥ 0 we have

(σ(T (t))\{0})∩{λ ∈ C : |λ| = r(T (t))} = exp(tσ(A))∩{λ ∈ C : |λ| = r(T (t))}.

In particular, s(A) = ω0(T).

Proof: As in Theorem 2.3.2, it suffices to prove that λ ∈ σp(T̂ (τ)) whenever
τ > 0 and 0 6= λ ∈ σa(T (τ)) ∩ {λ ∈ C : |λ| = r(T (τ))}. If r(T (τ)) = 0, there
is nothing to prove. Therefore, by rescaling we may assume that ω0(T) = 0.
Then r(T (τ)) = 1. Let λ ∈ σa(T (τ)) ∩ {λ ∈ C : |λ| = 1} and choose an
approximate eigenvector (xn) such that limn ‖T (τ)xn − λxn‖ = 0. We claim
that (xn) ∈ l∞0 (X). To this end, let ε > 0 be arbitrary and choose k ∈ IN and
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δ > 0 such that ‖T (kτ+h)−T (kτ)‖ ≤ ε for all 0 ≤ h ≤ δ. This is possible by the
definition of uniform continuity at infinity. Since limn ‖T (kτ)xn − λkxn‖ = 0,
we can choose n0 ∈ IN such that ‖T (kτ)xn−λkxn‖ ≤ ε/(M +1) for all n ≥ n0,
where M := sup0≤h≤δ ‖T (h)‖. Then, noting that |λ| = 1, for all n ≥ n0 and
0 ≤ h ≤ δ we have

‖T (h)xn − xn‖ = ‖(T (h)− I)λkxn‖
≤ ‖(T (h)− I)(T (kτ)xn − λkxn)‖+ ‖(T (h)− I)T (kτ)xn‖
≤ ε+ ε = 2ε.

Together with the strong continuity on the first n0 vectors, this yields

lim
h↓0

(
sup

n
‖T (h)xn − xn‖

)
≤ 2ε.

Since ε > 0 was arbitrary, the claim is proved.
Since ‖xn‖ = 1 for all n, its class x̂ = (xn)+ c0(X) in X̂ is non-zero. Since

(xn) is an approximate eigenvector for T (τ), in X̂ we have T̂ (τ)x̂ = λx̂, i.e. λ
is an eigenvalue of T̂ (τ). ////

We continue with a sufficient condition for uniform continuity at infinity
for semigroups on Hilbert space.

Lemma 2.3.4. Let A be a closed operator on a Banach space X and let
Ω ⊂ %(A) be such that

sup
λ∈Ω

‖R(λ,A)‖ ≤M.

Let δ := (2M)−1 and define Ωδ := {λ ∈ C : dist (λ,Ω) ≤ δ}. Then Ωδ ⊂ %(A)
and

sup
λ∈Ωδ

‖R(λ,A)‖ ≤ 2M.

Proof: For all λ ∈ Ω and z ∈ C with dist (λ, z) ≤ δ, the series

Rz :=
∞∑

n=0

(λ− z)nR(λ,A)n+1

converges absolutely. Therefore the function z 7→ Rz is a holomorphic operator-
valued function in Ωδ, and by the resolvent identity it coincides with R(z,A)
whenever z ∈ %(A). Therefore, by Proposition 1.1.6, Ωδ ⊂ %(A) and Rz =
R(z,A) for all z ∈ Ωδ. ////

In particular, if the resolvent is uniformly bounded in the open right half
plane {Reλ > 0}, then s0(A) < 0. This will be used frequently in later sections.
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Theorem 2.3.5. Let T be a C0-semigroup on a Hilbert space H, with
generator A. Let r0 > 0 be such that the resolvent of A exists and is uniformly
bounded in the set {λ ∈ C : Reλ ≥ 0, |Imλ| ≥ r0}. Then, there are constants
ε > 0 and M > 0 such that for all t > 0,

lim sup
h↓0

‖T (t+ h)− T (t)‖ ≤Me−εt lim sup
s→±∞

‖R(is, A)‖.

Proof: Choose ε > 0 such that the resolvent of A exists and is uniformly
bounded in {λ ∈ C : Reλ ≥ −ε, |Imλ| ≥ r0}. Such ε exists by virtue of
Lemma 2.3.4. Let r ≥ r0 be arbitrary, fix ω0 > ω0(T), and let Γ = Γ1 ∪ ...∪Γ5

be the upwards oriented path defined by

Γ1 = {λ = −ε+ iη : −∞ < η ≤ −r};
Γ2 = {λ = ξ + iη : −ε ≤ ξ ≤ ω0; η = −r};
Γ3 = {λ = ω0 + iη : −r ≤ η ≤ r};
Γ4 = {λ = ξ + iη : −ε ≤ ξ ≤ ω0; η = r};
Γ5 = {λ = −ε+ iη : r ≤ η <∞}.

For each x ∈ H the map t 7→ e−ω0tT (t)x defines an element of L2(IR+,H)
of norm ≤ C‖x‖, where C is a constant independent of x. By the Plancherel
theorem, the map s 7→ R(ω0 + is, A)x is in L2(IR,H), of norm ≤ C

√
2π‖x‖.

By the resolvent identity,

R(−ε+ is, A) = (I + (ω0 + ε)R(−ε+ is, A))R(ω0 + is, A), |s| ≥ r0, (2.3.1)

and therefore there is a constant c > 0, independent of r ≥ r0, such that∫ ∞

r

‖R(−ε± is, A)x‖2 ds ≤ c2‖x‖2, ∀x ∈ H. (2.3.2)

Since the adjoint semigroup T∗ is strongly continuous (cf. the remarks preced-
ing Theorem 2.2.4), we can apply the same reasoning to T∗, and by replacing
c by some larger constant if necessary we also have∫ ∞

r

‖R(−ε± is, A∗)y‖2 ds ≤ c2‖y‖2, ∀y ∈ H. (2.3.3)

Put
Kr := sup

|s|≥r

‖R(is, A)‖

and note that by (2.3.1) (with ω0 replaced by 0) there is a constant N > 0 such
that

sup
|s|≥r

‖R(−ε+ is, A)‖ ≤ NKr.
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By a double partial integration, Lemma 1.3.2, and the fact that d
dλR(λ,A)

= −R(λ,A)2, for all x, y ∈ H and t > 0 we have∣∣∣ ∫
Γ1

eλt〈R(λ,A)x, y〉 dλ
∣∣∣

≤ e−εt
(1
t
|〈R(−ε− ir, A)x, y〉|+ 1

t2
|〈R(−ε− ir, A)2x, y〉|

)
+ e−εt

∣∣∣∣∫ ∞

r

e−ist

t2
〈R(−ε− is, A)3x, y〉 ds

∣∣∣∣
≤ e−εt

{(NKr

t
+
N2K2

r

t2

)
‖x‖ ‖y‖

+
NKr

t2

(∫ ∞

r

‖R(−ε− is, A)x‖2 ds
) 1

2
(∫ ∞

r

‖R(−ε− is, A∗)y‖2 ds
) 1

2
}

≤ e−εt
(NKr

t
+
N2K2

r

t2
+
c2NKr

t2

)
‖x‖ ‖y‖,

the first integral being in the improper sense. Here, we estimated

|〈R(−ε− is, A)3x, y〉| ≤ ‖R(−ε− is, A)2x‖ ‖R(−ε− is, A∗)y‖
≤ NKr‖R(−ε− is, A)x‖ ‖R(−ε− is, A∗)y‖

and used Hölder’s inequality along with (2.3.2) and (2.3.3). An analogous
estimate holds for the integral over Γ5.

For t > 0 we define the bounded operators Tr(t) by

Tr(t)x :=
1

2πi

∫
Γ2∪Γ3∪Γ4

eλtR(λ,A)x dλ, x ∈ H.

By the complex Laplace inversion formula (Theorem 1.3.3) and Cauchy’s the-
orem (which can be applied by virtue of Lemma 1.3.2), for all x ∈ D(A) and
y ∈ H we have

〈T (t)x, y〉 =
1

2πi

〈
PV

∫
Γ

eλtR(λ,A)x dλ, y
〉

= 〈Tr(t)x, y〉+
1

2πi

∫
Γ1∪Γ5

eλt〈R(λ,A)x, y〉 dλ.

Therefore, for all x ∈ D(A), y ∈ H, and t > 0 we have

|〈T (t)x− Tr(t)x, y〉| ≤
1
π
e−εt

(
NKr

t
+
N2K2

r

t2
+
c2NKr

t2

)
‖x‖ ‖y‖.

Since D(A) is dense, it follows that

‖T (t)− Tr(t)‖ ≤
1
π
e−εt

(
NKr

t
+
N2K2

r

t2
+
c2NKr

t2

)
, ∀t > 0.
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Next, we observe that

‖T (t+h)−T (t)‖ ≤ ‖T (t+h)−Tr(t+h)‖+‖Tr(t+h)−Tr(t)‖+‖Tr(t)−T (t)‖.

Since the map t 7→ Tr(t) is uniformly continuous for t > 0, it follows that

lim sup
h↓0

‖T (t+ h)− T (t)‖ ≤ 2
π
e−εt

(
NK

t
+
N2K2

t2
+
c2NK

t2

)
, ∀t > 0,

(2.3.4)
where

K := lim sup
r≥r0, r→∞

Kr.

If K = 0 we are done. Otherwise, we choose N0 > 0 such that

sup
0<t<1

sup
0<h<1

‖T (t+ h)− T (t)‖ ≤ 2
π
e−εN0K. (2.3.5)

By (2.3.4) with t ≥ 1 and (2.3.5),

lim sup
h↓0

‖T (t+ h)− T (t)‖ ≤Me−εtK ∀t > 0,

where M = 2π−1 max{N0, N +N2K + c2N}. ////

If in addition to the assumptions of the theorem, ω0(T) ≥ 0, then T is
uniformly continuous at infinity.

In order to understand the content of this theorem better, let us assume
that ω0(T) = 0. Then the resolvent of A is uniformly bounded in each half
plane {Reλ > ε}. Nevertheless, the spectral bound may be strictly negative,
as is shown by Example 1.2.4. The theorem says that if the resolvent extends
boundedly to the imaginary axis away from 0, we must have s(A) = ω0(T) = 0.

As a corollary, we obtain the following characterization of semigroups in
Hilbert space which are uniformly continuous for t > 0 due to P. You.

Corollary 2.3.6. Let T be a C0-semigroup on a Hilbert space H, with
generator A. Then the following assertions are equivalent:

(i) T is uniformly continuous for t > 0;
(ii) For all ω > ω0(T) we have lims→±∞ ‖R(ω + is, A)‖ = 0.
(iii) There exist ω ∈ IR and r ≥ 0 such that lim|s|≥r, s→±∞ ‖R(ω+ is, A)‖ = 0.

Proof: If T is uniformly continuous for t > 0, then the Riemann-Lebesgue
lemma applied to the function t 7→ e−ωtT (t) ·χIR+(t), where ω > ω0(T), shows
that (i) implies (ii). Trivially, (ii) implies (iii). Assume that (iii) holds for some
r ≥ 0 and ω ∈ IR. By rescaling, we may assume that ω = 0. If ω0(T) < 0,
we can apply Theorem 2.3.5 and we are done. If ω0(T) ≥ 0 we have to be
slightly more careful, due to the fact that there may be spectrum in the strip
{0 ≤ Reλ ≤ ω0(T)}. Lemma 2.3.4 shows that for each |s| ≥ r, the resolvent set
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of A contains a disc with centre is and radius 1
2‖R(is, A)‖−1; moreover, on that

disc the resolvent is bounded by 2‖R(is, A)‖. Since lim|s|→∞ ‖R(is, A)‖ = 0,
there exists an r0 ≥ r such that 1

2‖R(±is, A)‖−1 > ω0(T) + ε for all |s| ≥ r0.
But then the resolvent is uniformly bounded on the set {λ ∈ C : 0 ≤ Reλ ≤
ω0(T) + ε, |Imλ| ≥ r0}. Since the resolvent is also uniformly bounded in the
halfplane {Reλ ≥ ω0(T)+ ε}, we are in a position to apply Theorem 2.3.5 and
(i) follows. ////

2.4. Groups of non-quasianalytic growth

In this section we shall study conditions under which the weak spectral
mapping theorem

σ(T (t)) = exp(tσ(A))

holds. The main result is that this is the case for C0-groups satisfying a non-
quasi-analytic growth condition.

In order to state the results, we need the following terminology. A mea-
surable, locally bounded function ω : IR → IR is called a weight if

1 ≤ ω(t) and ω(t+ s) ≤ ω(t)ω(s), ∀t, s ∈ IR.

It is an easy consequence of the definition that every weight is exponentially
bounded. A weight ω is said to be non-quasianalytic if∫ ∞

−∞

log ω(t)
1 + t2

dt <∞.

Lemma 2.4.1. If ω is a non-quasianalytic weight on IR, then for all t ∈ IR\{0}
we have

lim
n→∞

ω(nt)
1
n = 1.

Proof: Fix t 6= 0. Since ω(−t) also defines a non-quasianalytic weight, we may
assume that t > 0. Since ω ≥ 1, it follows that lim infn→∞ ω(nt)

1
n ≥ 1. In

order to prove that lim supn→∞ ω(nt)
1
n ≤ 1 we define ρ(s) := logω(s), s ∈ IR.

Then ρ ≥ 0 and ρ is subadditive. We shall show that lim supn→∞
1
nρ(nt) ≤ 0.

If not, then there exists a sequence nk → ∞ and an ε > 0 such that ρ(nkt) ≥
nkε for all k = 0, 1, 2, .... By passing to a subsequence, we may assume that
1 ≤ n0 < n1 < ... and

lim
k→∞

1
2nk+1 − nk

nk+1
=

1
2
.

For each k, we define

Hk := {0 ≤ m ≤ nk+1 : ρ(mt) <
1
2
nk+1ε}
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and claim that #Hk ≤ 1
2nk+1. Indeed, letting

Gk := {0 ≤ m ≤ nk+1 : nk+1 −m ∈ Hk},

for any m ∈ Gk ∩Hk we have ρ(mt) < 1
2nk+1ε and ρ((nk+1 −m)t) < 1

2nk+1ε.
By the subadditivity of ρ, it follows that ρ(nk+1t) ≤ ρ(mt)+ ρ((nk+1−m)t) <
nk+1ε. Since this contradicts our assumptions, it follows that Gk ∩Hk = ∅. If,
however, #Hk = #Gk >

1
2nk+1, then necessarily Gk ∩ Hk 6= ∅. This proves

the claim.
Therefore, #Ik ≥ 1

2nk+1 − nk − 1, where

Ik := {nk ≤ m ≤ nk+1 − 1 : ρ(mt) ≥ 1
2
nk+1ε}.

Note that the sets Ik are pairwise disjoint. Let M := sup0≤s≤t ω(s). Then
M ≥ 1 and the submultiplicativity of ω implies that for all m ∈ IN and s ∈
[(m− 1)t,mt] we have ω(s) ≥M−1ω(mt) ≥ ω(mt). Therefore,∫ ∞

−∞

logω(s)
1 + s2

ds ≥
∞∑

k=0

∑
m∈Ik

∫ mt

(m−1)t

logω(s)
1 + s2

ds

≥
∞∑

k=0

∑
m∈Ik

log(ω(mt))
1 +m2t2

≥
∞∑

k=0

(
1
2
nk+1 − nk − 1)

( 1
2nk+1ε

1 + (nk+1 − 1)2t2

)
= ∞.

////

Examples of non-quasianalytic weights are the functions ω(t) = e|t|
α

, 0 ≤
α < 1.

We are going to show that weak spectral mapping theorem holds for C0-
groups T satisfying ‖T (t)‖ ≤ ω(t) for all t ∈ IR, where ω is a non-quasianalytic
weight on IR. For the proof we need some facts about the Beurling algebras
Lω(IR).

Let ω be a weight on IR. The Beurling algebra Lω(IR) is the set of all
f ∈ L1(IR) such that

‖f‖ω :=
∫ ∞

−∞
|f(t)|ω(t) dt <∞.

With respect to convolution, Lω(IR) is Banach algebra and a subalgebra of the
commutative Banach algebra L1(IR).

For the proof of the next lemma we need the following theorem of Paley
and Wiener: A function 0 ≤ ψ ∈ L2(IR) satisfies the condition∫ ∞

−∞

| logψ(s)|
1 + s2

ds <∞

if and only if there exists a function ψ0 ∈ L2(IR) such that |ψ0| = ψ a.e. and
the Fourier-Plancherel transform of ψ0 vanishes a.e. on the negative semiaxis.
A proof of this theorem can be found in the book [PW].
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Lemma 2.4.2. Let ω be a non-quasianalytic weight on IR. Then for each
0 < ε < 1

2 there exists a continuous function φ ∈ Lω(IR) and a constant M > 0
such that:

(i) 0 ≤ φ̂ ≤ 1, φ̂ ≡ 1 on [− 1
2 + ε, 1

2 − ε] and φ̂ ≡ 0 outside (− 1
2 + 1

2ε,
1
2 −

1
2ε);

(ii) |φ(−t)|ω(t) ≤M(1 + t2)−1 for almost all t ∈ IR.

Moreover, the set of all f ∈ Lω(IR) whose Fourier transform has compact
support is a dense subspace of Lω(IR).

Proof: We start with the proof of (i) and (ii). By replacing ω by the non-
quasianalytic weight ω̃(t) := ω(t)ω(−t) ≥ ω(t), we may assume that ω(t) =
ω(−t) for all t ∈ IR.

The proof is divided into several steps.
Step 1. First we observe the following property of the function ψ(t) :=

(1 + t2)−1(ω(t))−1: ψ(t) = ψ(−t) and

0 ≤ (ψ ∗ ψ)(t) =
∫ ∞

−∞

1
(1 + s2)(1 + (t− s)2)ω(s)ω(t− s)

ds

≤ 1
ω(t)

∫ ∞

−∞

1
(1 + s2)(1 + (t− s)2)

ds

=
2π

(t2 + 4)ω(t)
≤ 2πψ(t).

(2.4.1)

The second identity follows by a simple contour integration.
Step 2. In this step we fix an arbitrary δ > 0 and construct a function

φ0 ∈ Lω(IR) with the following properties:

(a) The Fourier transform φ̂0 is non-negative;
(b) φ̂0 vanishes outside the interval (−δ, δ) and satisfies φ̂0(0) 6= 0;
(c) There is a constant C > 0 such that |φ0(t)| ≤ Cψ(t) for almost all t ∈ IR.
In fact, it suffices to construct a function φ1 ∈ Lω(IR) that satisfies only (b)
and (c). Indeed, once such a function is found, we define φ2(t) := φ1(−t) and
φ0 := φ1 ∗φ2. Since the convolution of two functions in Lω(IR) is in Lω(IR), we
have φ0 ∈ Lω(IR). Moreover, by Step 1 φ0 satisfies (c), and we have φ̂0 = |φ̂1|2,
so (a) and (b) hold for φ0.

The function φ1 is constructed as follows. Since ω is non-quasianalytic, we
can apply the Paley-Wiener theorem to ψ and obtain a function ψ0 such that
|ψ0| = ψ a.e. and whose Fourier-Plancherel transform vanishes a.e. on the nega-
tive semiaxis. Since ψ ∈ L1(IR), so is ψ0 and hence its Fourier-Plancherel trans-
form coincides with the Fourier transform and is continuous. Upon replacing
ψ0(s) by eiλsψ0(s) for some λ > 0, we may assume that sup{t ∈ IR : ψ̂0(s) = 0
for all s ≤ t} = 0. Choose 0 < δ0 ≤ δ such that ψ̂0(δ0) 6= 0. Put

ψ+
0 (t) := e−iδ0tψ0(t), ψ−0 (t) := eiδ0tψ0(t)

and define φ1 ∈ L1(IR) by φ1 := ψ+
0 ∗ψ

−
0 . We claim that φ1 is the function we

are looking for. Since

φ̂1(s) = ψ̂0(s+ δ0)ψ̂0(−s+ δ0),
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the Fourier transform of φ1 vanishes outside (−δ0, δ0), hence outside (−δ, δ),
and φ̂1(0) = |ψ̂0(δ0)|2 6= 0, so φ1 satisfies (b). By Step 1,

|φ1| ≤ ψ ∗ ψ ≤ 2πψ.

This shows that φ1 satisfies (c). Since ψ ∈ Lω(IR), this also shows that φ1 ∈
Lω(IR).

Step 3. Let φ0 be the function of Step 2 satisfying (a), (b) and (c) with
δ := ε/4. Upon multiplying φ0 with a positive real number, we may assume
that ∫ ∞

−∞
φ̂0(s) ds = 1. (2.4.2)

Let χ denote the characteristic function of the interval (− 1
2 + 3

4ε,
1
2 −

3
4ε). Then

χ̂ ∈ C0(IR) ∩ L2(IR), |χ̂| is bounded, say by a constant K, and

φ(t) :=
1
2π
φ0(t) · χ̂(−t)

defines a function φ ∈ Lω(IR). For almost all t ∈ IR we have

|φ(−t)| ≤ K

2π
|φ0(−t)| ≤

KC

2π
ψ(−t) =

KC

2π
ψ(t)

and therefore (ii) is satisfied.
Clearly, φ̂ = φ̂0 ∗ χ. Since 0 ≤ χ ≤ 1 and φ̂0 ≥ 0, from the normalization

(2.4.2) we have 0 ≤ φ̂ ≤ 1. If |s| ≤ 1
2 − ε, then

φ̂(s) =
∫ ∞

−∞
φ̂0(t)χ(s− t) dt =

∫ ε
4

− ε
4

φ̂0(t)χ(s− t) dt

=
∫ ε

4

− ε
4

φ̂0(t) dt =
∫ ∞

−∞
φ̂0(t) dt = 1.

On the other hand, if φ̂(s) 6= 0, then there is a t ∈ supp φ̂0 = (− 1
4ε,

1
4ε) such

that s − t ∈ suppχ = (− 1
2 + 3

4ε,
1
2 −

3
4ε) and hence s ∈ (− 1

2 + 1
2ε,

1
2 −

1
2ε).

Consequently, φ̂ vanishes outside the interval (− 1
2 + 1

2ε,
1
2 −

1
2ε). This proves

that φ also satisfies (i).
It remains to prove the final assertion. Let Y be the subspace of all func-

tions in Lω(IR) whose Fourier transform has compact support. If Y is not
dense, there is a function φ ∈ (Lω(IR))∗ = L∞ω (IR), the space of all functions ψ
such that ess supt∈IR|ψ(t)|/ω(t) <∞, such that

〈φ, f〉 =
∫ ∞

−∞
f(t)φ(t) dt = 0, ∀f ∈ Y.
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By what we have already proved the space Y is non-empty, and clearly Y
is invariant under translations and multiplication by the functions t 7→ eiωt,
ω ∈ IR. Hence, if f ∈ Y , then∫ ∞

−∞
e−iωtf(t− s)φ(t) dt = 0, ∀s ∈ IR, ω ∈ IR.

Thus, for all s ∈ IR the Fourier transform of the function t 7→ f(t − s)φ(t)
vanishes. Consequently, for all s ∈ IR the function t 7→ f(t− s)φ(t) is zero a.e.,
which implies that φ = 0 a.e. ////

Lemma 2.4.3. Let ω be a non-quasianalytic weight on IR and let T be a
C0-group on a Banach space X, with generator A, and assume that

‖T (t)‖ ≤ ω(t), t ∈ IR.

Then the following assertions are true.

(i) σ(A) ⊂ iIR;
(ii) For all f ∈ Lω(IR) and x ∈ X, the integral

f̂(T)x :=
∫ ∞

−∞
f(t)T (t)x dt

converges absolutely. The map f 7→ f̂(T) is a continuous algebra homo-

morphism of Lω(IR) into L(X). If the Fourier transform f̂ of f belongs to
L1(IR), then

f̂(T)x =
1
2π

lim
δ↓0

∫ ∞

−∞
f̂(−t) (R(δ + it, A)−R(−δ + it, A))x dt. (2.4.3)

In particular, if f̂ is compactly supported and vanishes in a neighbourhood
of iσ(A), then f̂(T) = 0.

(iii) If X 6= {0}, then σ(A) 6= ∅.

Proof: The convergence of the integral is a trivial consequence of the definition
of Lω(IR) and the growth assumption on T. Also, one easily checks that f 7→
f̂(T) is a continuous algebra homomorphism.

By Lemma 2.4.1, for all t ∈ IR we have

r(T (t)) = lim
n→∞

‖T (nt)‖ 1
n ≤ lim sup

n→∞
ω(nt)

1
n = 1.

Therefore, by Proposition 1.2.2 the uniform growth bounds of the C0-semi-
groups {T (t)}t≥0 and {T (−t)}t≥0 are equal to zero. This implies that the
spectral bounds of both A and −A are less than or equal to zero, which proves
(i). Also, this implies that for all δ > 0 and x ∈ X we have

R(δ − it, A)x =
∫ ∞

0

e−(δ−it)sT (s)x ds
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and

R(−δ − it, A)x = −R(δ + it,−A) = −
∫ ∞

0

e−(δ+it)sT (−s)x ds,

both integrals being absolutely convergent.
If f̂ ∈ L1(IR), by the formula for the inverse Fourier transform we have

f(t) =
1
2π

∫ ∞

−∞
f̂(s)eits ds, a.a. t ∈ IR.

Using these facts, by the dominated convergence theorem and Fubini’s theorem
it follows that

f̂(T)x = lim
δ↓0

∫ ∞

−∞
e−δ|t|f(t)T (t)x dt

=
1
2π

lim
δ↓0

∫ ∞

−∞
e−δ|t|

(∫ ∞

−∞
eistf̂(s) ds

)
T (t)x dt

=
1
2π

lim
δ↓0

∫ ∞

−∞
f̂(s)

(∫ ∞

−∞
e−δ|t|eistT (t)x dt

)
ds

=
1
2π

lim
δ↓0

∫ ∞

−∞
f̂(s) (R(δ − is, A)−R(−δ − is, A))x ds.

This proves (2.4.3).
If f̂ is compactly supported and vanishes on a neighbourhood of iσ(A),

then f̂(T)x = 0 for all x ∈ X by (2.4.3) and the dominated convergence
theorem.

Finally, assume σ(A) = ∅. Then (ii) implies that f̂(T) = 0 for all f ∈
Lω(IR) whose Fourier transform f̂ has compact support. By Lemma 2.4.2,
these functions are dense in Lω(IR) and thus f̂(T) = 0 for all f ∈ Lω(IR). In
particular, by defining f0(t) := e−t for t ≥ 0 and f0(t) := 0 for t < 0 we have
f0 ∈ Lω(IR) and R(1, A) = f̂0(T) = 0. This implies X = R(1, A)X = {0}.
////

Let us note that for uniformly bounded C0-groups, Lemma 2.4.3 is entirely
elementary. Indeed, all we need is that the set of all functions in L1(IR) whose
Fourier transform is compactly supported is dense; this follows by approximat-
ing a given f in L1(IR) by f ∗ Kλ, where Kλ is the Fejér kernel (cf. Section
5.2); these functions have compactly supported Fourier transforms. This ob-
servation is important because many of the results in Chapter 5 depend on this
particular case of the lemma.

Before proving the first main result of this section, we recall some classical
facts concerning spectral projections.

Let A be the generator of a C0-semigroup T on X and suppose that σ(A)
is the disjoint union of two non-empty closed sets Ω0∪Ω1 with Ω0 compact. Let
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Γ be a counterclockwise oriented smooth simple curve around Ω0 not enclosing
any point of Ω1. In this situation we can define a bounded operator P by

Px :=
1

2πi

∫
Γ

R(z,A)x dz, x ∈ X.

The operator P is a projection, and we have a direct sum decomposition X =
X0 ⊕X1 by putting X0 := PX and X1 := (I − P )X. Since P commutes with
T, both X0 and X1 are T-invariant. Denoting the generators of the restricted
semigroups by A0 and A1 respectively, we have σ(A0) = Ω0 and σ(A1) = Ω1.
The operator P is called the spectral projection corresponding to Ω0.

Theorem 2.4.4. Let ω be a non-quasianalytic weight on IR and let T be a
C0-group on a Banach space X, with generator A, such that

‖T (t)‖ ≤ ω(t), ∀t ∈ IR.

Then,
σ(T (t)) = exp(t σ(A)), t ∈ IR.

Proof: If X = {0}, there is nothing to prove. Therefore, we assume that
X 6= {0}. The proof of the theorem is divided into several steps.

Step 1. In view of the spectral inclusion theorem and a rescaling argument
it suffices to show that −1 6∈ σ(T (2π)) if −1 6∈ exp(2πσ(A)). To this end, for
0 < ε < 1

2 let

S(ε) :=
⋃

k∈ZZ
i[k +

1
2
− ε, k +

1
2

+ ε].

Then
{−1} =

⋂
0<ε< 1

2

exp(2π S(ε)).

Since, by assumption, −1 6∈ exp(2π σ(A)), we can find some 0 < ε < 1
4 such

that
S(ε) ∩ σ(A) = ∅.

For k ∈ ZZ define
σk(A) := i[k − 1

2
, k +

1
2
] ∩ σ(A).

Then
σk(A) ⊂ i(k − 1

2
+ ε, k +

1
2
− ε).

Since σ(A) ⊂ iIR we find that σ(A) is decomposed into disjoint, closed subsets
σk(A), i.e. σ(A) =

⋃
k∈ZZ σk(A).

Step 2. For k ∈ ZZ let Pk be the spectral projection corresponding to
σk(A), which is given by

Pk =
1

2πi

∫
Γk

R(z,A) dz,
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where Γk is the counterclockwise oriented circle with centre ik and radius 1
2−ε.

By Lemma 2.4.2 we can find a continuous function φ ∈ Lω(IR) and a constant
M such that (i) and (ii) of that lemma hold. We claim that

Pkx =
∫ ∞

−∞
e−iktφ(−t)T (t)x ds, x ∈ X. (2.4.4)

Indeed, by Cauchy’s theorem we may replace the path of integration Γk in
by the rectangle spanned by the points δ + i(k − 1

2 + ε), δ + i(k + 1
2 − ε),

−δ + i(k + 1
2 − ε), and −δ + i(k − 1

2 + ε). By letting δ ↓ 0 and noting that
i(k+ 1

2−ε) ∈ %(A) and i(k− 1
2 +ε) ∈ %(A), the integrals over the two horizontal

parts tend to 0, and hence

Pkx =
1
2π

lim
δ↓0

∫ k+ 1
2−ε

k− 1
2+ε

(R(δ + it, A)−R(−δ + it, A))x dt

=
1
2π

lim
δ↓0

∫ k+ 1
2−ε

k− 1
2+ε

φ̂(t− k)(R(δ + it, A)−R(−δ + it, A))x dt, x ∈ X.

Since i(k + 1
2 − ε, k + 1

2 −
1
2ε) ⊂ %(A) and i(k − 1

2 + 1
2ε, k −

1
2 + ε) ⊂ %(A), it

follows that

1
2π

lim
δ↓0

∫ k+ 1
2−

1
2 ε

k+ 1
2−ε

φ̂(t− k)(R(δ + it, A)−R(−δ + it, A))x dt

=
1
2π

lim
δ↓0

∫ k− 1
2+ε

k− 1
2+ 1

2 ε

φ̂(t− k)(R(δ + it, A)−R(−δ + it, A))x dt = 0, ∀x ∈ X.

Also, since φ̂(·−k) is identically zero outside the interval (k− 1
2 + 1

2ε, k+ 1
2−

1
2ε),

it follows from Lemma 2.4.3 applied to the function t 7→ e−iktφ(−t) that

Pkx =
1
2π

lim
δ↓0

∫ k+ 1
2−

1
2 ε

k− 1
2+ 1

2 ε

φ̂(t− k)(R(δ + it, A)−R(−δ + it, A))x dt

=
1
2π

lim
δ↓0

∫ ∞

−∞
φ̂(t− k)(R(δ + it, A)−R(−δ + it, A))x dt

=
∫ ∞

−∞
eiktφ(−t)T (t)x dt, ∀x ∈ X.

Step 3. In this step we prove that ∪k∈ZZPkX is dense in X.
Define Y as the the closure of ∪k∈ZZPkX. Then Y is a T-invariant closed

subspace of X; let TX/Y be the quotient group on X/Y induced by T and
let AX/Y be its generator. By Proposition 1.1.7, applied to the semigroups
{T (t)}t≥0 and {T (−t)}t≥0, it follows

σ(AX/Y ) ⊂ σ(A) = ∪kσk(A), (2.4.5)
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where AX/Y is the generator of the quotient group TX/Y on X/Y .
On the other hand, we have X = X0

k ⊕ X1
k with X0

k := PkX and X1
k :=

(I−Pk)X, both being T-invariant. Let Ti
k be the respective restrictions and let

Ai
k be their generators, i = 0, 1. Since Pk is spectral projection corresponding

to σk(A), we have σ(A0
k) = σk(A) and σ(A1

k) ∩ σk(A) = ∅. But X0
k = PkX

is contained in Y , and therefore X/Y is a quotient of X/X0
k = X1

k . Applying
Proposition 1.1.7 once more, it follows that σ(AX/Y ) ⊂ σ(A1

k) and hence

σ(AX/Y ) ∩ σk(A) = ∅.

This being true for all k, together with (2.4.5) it follows that σ(AX/Y ) = ∅.
Since ‖TX/Y ‖ ≤ ‖T (t)‖ ≤ ω(t) for all t ∈ IR, Lemma 2.4.3 implies that X/Y =
{0}, i.e. Y = X.

Step 4. In this step we prove that

2π
∑

m∈ZZ
φ(−2πm)T (2πm) = I,

the convergence being in the operator norm.
By the estimate of φ we have∑

m∈ZZ
‖φ(−s− 2πm)T (s+ 2πm)‖ ≤

∑
m∈ZZ

|φ(−s− 2πm)|ω(s+ 2πm)

≤M
∑

m∈ZZ
(1 + (s+ 2πm)2)−1.

(2.4.6)

This shows that the series
∑

m∈ZZ φ(−s−2πm)T (s+2πm) converges absolutely
with respect to the operator norm of L(X). Hence, we can rewrite (2.4.4) as
follows:

Pk =
∫ ∞

−∞
e−iksφ(−s)T (s) ds

=
∑

m∈ZZ

∫ 2π(m+1)

2πm

e−iksφ(−s)T (s) ds

=
∫ 2π

0

e−iks

 ∑
m∈ZZ

φ(−s− 2πm)T (s+ 2πm)

 ds.

Observe that for all x ∈ X the 2π-periodic continuous function

ξx(s) := 2π
∑

m∈ZZ
φ(−s− 2πm)T (s+ 2πm)x, s ∈ IR,

is continuous for every x ∈ X and that Pkx is the k-th Fourier coefficient of ξx.
Since PkPl = 0 if k 6= l, for all x ∈ lin{PkE : k ∈ ZZ} we have x =

∑
k∈ZZ Pkx.
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Hence by Fejér’s theorem,

x =
∑

k∈ZZ
Pkx = (C, 1)

∑
k∈ZZ

Pkx = (C, 1)
∑

k∈ZZ
ξ̂x(k) = (C, 1)

∑
k∈ZZ

ξ̂x(k) · e−ik0

= ξx(0) = 2π
∑

m∈ZZ
φ(−2πm)T (2πm)x.

(2.4.7)
Since the linear span of the spaces PkX is dense in X by Step 3, and since the
operators φ(−2πm)T (2πm) are absolutely summable by (2.4.6), it follows from
(2.4.7) that the series 2π

∑
m∈ZZ φ(−2πm)T (2πm) converges to the identity in

the operator norm.
Step 5. To finish the proof we now assume −1 ∈ σ(T (2π)). Since the

growth bounds of {T (t)}t≥0 and {T (−t)}t≥0 are both zero, we have σ(T (t)) ⊂ Γ
for all t ≥ 0. Thus, −1 is an approximate eigenvalue of σ(T (2π)), i.e. there
exists sequence (xn) ⊂ X of norm one vectors such that

‖T (2π)xn + xn‖ → 0 as n→∞.

Let ε > 0 be arbitrary and choose N0 so large that∥∥∥∥∥I − 2π
N∑

m=−N

φ(−2πm)T (2πm)

∥∥∥∥∥ ≤ ε, ∀N ≥ N0.

Then, using that ‖xn‖ = 1, for all n we have

∣∣∣1− 2π
N∑

m=−N

φ(−2πm)(−1)m
∣∣∣

≤ ε+

∥∥∥∥∥2π
N∑

m=−N

φ(−2πm)T (2πm)xn − 2π
N∑

m=−N

φ(−2πm)(−1)mxn

∥∥∥∥∥
≤ ε+ 2π

N∑
m=−N

|φ(−2πm)| ‖T (2πm)xn − (−1)mxn‖ .

By letting n→∞, the right hand side tends to zero. Therefore,∣∣∣∣∣1− 2π
N∑

m=−N

φ(−2πm)(−1)m

∣∣∣∣∣ ≤ ε, ∀N ≥ N0.

This proves that
2π

∑
m∈ZZ

φ(−2πm)(−1)m = 1. (2.4.8)

We derive a contradiction from this as follows. Let

ψ(t) :=
1
2π

(1 + e−2πit)−1φ̂(t).
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Since supp φ̂ ⊂ (− 1
2 + 1

2ε,
1
2 −

1
2ε), ψ is a continuous, compactly supported

function. Moreover,

φ(−s) = ψ̂(s) + ψ̂(s+ 2π), s ∈ IR.

In particular,

φ(−2πm) = ψ̂(2πm) + ψ̂(2πm+ 2π), m ∈ ZZ.

Hence for all N ∈ N we have

N∑
m=−N

φ(−2πm)(−1)m =
N∑

m=−N

(−1)m(ψ̂(2πm) + ψ̂(2πm+ 2π))

= (−1)N ψ̂(2πN + 2π) + (−1)−N ψ̂(−2πN),

which tends to zero as N → ∞ by the Riemann-Lebesgue lemma. This con-
tradicts (2.4.8). ////

Although exp(tσ(A)) is dense in σ(T (t)), it can be a very small subset of
σ(T (t)). This is shown by the following simple example.

Let X = c0, the space of all complex scalar sequences with the supremum
norm, and let T be defined by

T (t)xn = eintxn, n = 0, 1, 2, ...,

where xn = (0, ..., 0, 1, 0, ...), is the n-th unit vector of c0. The generator A of
T is easily checked to be given by

D(A) = {(yn) ∈ c0 : lim
n→∞

nyn = 0},

A(yn)n∈IN = (inyn)n∈IN.

Therefore, σ(A) = {in : n ∈ IN} and exp(tσ(A)) = {eint : n ∈ IN}.
On the other hand, the definition of T shows that eint ∈ σ(T (t)) for all

n ∈ IN and t ≥ 0. Since the spectrum of a bounded operator is always a closed
set it follows that for t/2π irrational we have

Γ = {eint : n ∈ IN} ⊂ σ(T (t)).

Since T (t) is an invertible isometry, we also have σ(T (t)) ⊂ Γ, and hence
σ(T (t)) = Γ for these t.

As a corollary of Theorem 2.4.4, we have the following analogue of Gear-
hart’s theorem.

Corollary 2.4.5. Let T be a C0-group on a Banach space X, with generator
A, and let ω be a non-quasianalytic weight such that ‖T (t)‖ ≤ ω(t) for all
t ∈ IR. Then the following assertions are equivalent:

(i) 1 ∈ %(T (2π));
(ii) iZZ ⊂ %(A) and supk∈ZZ ‖R(ik, A)‖ <∞.
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Proof: (i)⇒(ii): This is proved as in Theorem 2.2.4. (ii)⇒(i): By Lemma
2.3.4, there is an ε > 0 such that an ε-neighbourhood of iZZ is contained in the
resolvent set of A. But then 1 6∈ exp(2πσ(A)). ////

The non-quasianalytic growth condition is the best possible. In fact, for
a weight ω that fails to be non-quasianalytic we are going to show that the
restriction of the translation group T on the weighted space Lp(IR, (ω(t))−pdt)
to a certain closed invariant subspace satisfies ‖T (t)‖ ≤ ω(t) and σ(A) = ∅.
Thus, the weak spectral mapping theorem fails for this restriction of T.

The idea of the construction is very elegant. It is possible to define a
weighted Hardy space Hp(IR, (ω(t))−pdt) over the upper halfplane, which is
a closed subspace of Lp(IR, (ω(t))−pdt). The crucial fact is that T leaves
Hp(IR, (ω(t))−pdt) invariant and can be extended holomorphically to a C0-
family {T (z)}Im z≥0 on Hp(IR, (ω(t))−pdt). Along the vertical semiaxis, we
then show that

lim
y→∞

log ‖T (iy)‖
y

= −∞.

Therefore, the spectrum of the generator iA of the C0-semigroup {T (iy)}y≥0

is empty. Hence also σ(A) is empty. On the other hand, the definition
of Lp(IR, (ω(t))−pdt) immediately implies that translation over t defines a
bounded operator of norm ≤ ω(t) on Lp(IR, (ω(t))−pdt), and this estimate
is inherited by passing to the closed subspace Hp(IR, (ω(t))−pdt).

We note that passing to a subspace of Lp(IR, (ω(t))−pdt) is necessary: since
Lp(IR, (ω(t))−pdt) is a Banach lattice and translation on this space defines a
positive C0-group, the spectrum of its generator is non-empty by Corollary
1.4.2.

In order to work out the details of the approach outlined above, we need
some preliminary lemmas. Let ρ : IR → IR+ be a non-negative measurable
function such that

ρ(t) ≤M(1 + |t|), t ∈ IR. (2.4.9)

For x ∈ IR and y > 0 we define

u(x+ iy) = uρ(x+ iy) :=
y

π

∫ ∞

−∞

(
1

(t− x)2 + y2
− 1
t2 + 1

)
ρ(t) dt.

By (2.4.9), this integral is absolutely convergent.

Lemma 2.4.6. The function u is harmonic in {z = x + iy : y > 0}, and for
almost all x ∈ IR we have

lim
z→x

u(z) = ρ(x)

non-tangentially. If ρ is continuous, the limit exists for all x ∈ IR.
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Proof: Fix 1 ≤ r < R arbitrary and define the function ρR : IR → IR by

ρR(t) =

 ρ(−R), t < −R;
ρ(t), −R ≤ t ≤ R;
ρ(R), t > R.

Then ρR is a bounded measurable function, and therefore its Poisson integral

(PρR)(x+ iy) :=
y

π

∫ ∞

−∞

1
(t− x)2 + y2

ρR(t) dt

is a harmonic function in the open upper halfplane, and limz→x(PρR)(z) =
ρR(x) non-tangentially for almost all x ∈ IR. If ρ is continuous, so is ρR

and PρR is continuous up to the boundary. Since the function x + iy 7→
y is harmonic as well, it follows that uR := uρR

is harmonic. Moreover,
limz→x(uR)(z) = ρR(x) non-tangentially for almost all x ∈ IR; if ρ is con-
tinuous this holds for all x ∈ IR.

We claim that limR→∞ uR(x+ iy) = u(x+ iy), uniformly on the semidisc
{x2 + y2 ≤ r2, y > 0}. Once this is proved, the lemma follows easily. In order
to establish the claim, we note that ρR = ρ on [−R,R] and therefore, using
that |x| ≤ r and R ≥ 1,

|u(x+ iy)−uR(x+ iy)|

=
y

π

∣∣∣∣∣
∫
|t|≥R

(
1

(t− x)2 + y2
− 1
t2 + 1

)
(ρ(t)− ρR(t)) dt

∣∣∣∣∣
≤ 2My

π

∫
|t|≥R

t2 + 1− (t2 − 2tx+ x2 + y2)
((t− x)2 + y2)(t2 + 1)

(1 + |t|) dt

≤ 4My

π

∫
|t|≥R

1 + 2r|t|+ r2

((t− x)2 + y2)(t2 + 1)
|t| dt

≤ 12My

π
(1 + r2)

∫
|t|≥R

1
(t− x)2 + y2

dt,

where in the last estimate we used that (1 + 2r|t| + r2)|t| ≤ t2 + 3r2t2 ≤
3(1+ r2)(t2 +1) for all |t| ≥ 1 and r ≥ 1. From this, the claim is an immediate
consequence. ////

We shall need a number of estimates for u. In the following lemmas, M is
the constant of (2.4.9).

Lemma 2.4.7. For all x ∈ IR and y > 0 we have

|u(x+ iy)| ≤M
(
2|x|+ y + 4 +

y

π
log(x2 + y2)

)
.

Proof: First we estimate |u(iy)|. If y ≥ 1 we have

|u(iy)| ≤ 2My

π

∫ ∞

0

(
1

t2 + 1
− 1
t2 + y2

)
(1 + t) dt

= M(y − 1 +
y

π
log y2).
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Similarly, if 0 < y ≤ 1, then

|u(iy)| ≤M(1− y − y

π
log y2). (2.4.10)

This proves the lemma for x = 0.
Next, we estimate |u(x + iy) − u(iy)|. First we let x > 0. The function

t 7→ ((t−x)2 + y2)−1− (t2 + y2)−1 is positive for t > x
2 and negative for t < x

2 .
Also, |t| equals t for t ≥ 0 and equals −t for t ≤ 0. Accordingly, we split the
integral into

∫∞
x
2

+
∫ x

2
0

+
∫ 0

−∞ and calculate each of them explicitly. This gives

|u(x+ iy)− u(iy)| ≤M
y

π

∫ ∞

−∞

∣∣∣∣ 1
(t− x)2 + y2

− 1
t2 + y2

∣∣∣∣ (1 + |t|) dt

= M

(
x+

y

π
log(x2 + y2)− y

π
log y2 +

4 + 2x
π

arctan
x

2y
− 2x

π
arctan

x

y

)
≤M

(
2x+ 2 +

y

π
log(x2 + y2)− y

π
log y2

)
.

In the last estimate we used that | arctan s0 − arctan s1| ≤ π
2 for all s0, s1 ≥ 0.

Hence, if x > 0 and y ≥ 1,

|u(x+ iy)| ≤ |u(x+ iy)− u(iy)|+ |u(iy)| ≤M
(
2x+ y + 1 +

y

π
log(x2 + y2)

)
and if x > 0 and 0 < y < 1,

|u(x+ iy)| ≤M

(
2x+ 3− y +

y

π
log(x2 + y2)− 2y

π
log y2

)
≤M

(
2x+ 3 +

4
πe

+
y

π
log(x2 + y2)

)
,

using that |y log y| ≤ −e−1 for all 0 < y < 1. Combining these estimates, the
lemma follows for x > 0.

By a similar proof, the same estimate holds for x < 0. ////

¿From now an, we assume in addition that ρ is subadditive. Note that
for non-negative, locally bounded, subadditive functions the estimate (2.4.9) is
automatically satisfied.

Lemma 2.4.8. For all x ∈ IR and y > 0 we have

u(x+ iy)− u(iy) ≤ ρ(x) +M(1 + min{|x|, y}).

Proof: Fix y > 0 and x ≥ 0 arbitrary. Noting that

y

π

∫ ∞

− x
2

(
1

t2 + y2
− 1

(t+ x)2 + y2

)
dt ≤ y

π

∫ ∞

−∞

1
t2 + y2

dt = 1,
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we have

u(x+ iy)− u(iy) =
y

π

∫ ∞

− x
2

(
1

t2 + y2
− 1

(t+ x)2 + y2

)
ρ(t+ x) dt

+
y

π

∫ x
2

−∞

(
1

(t− x)2 + y2
− 1
t2 + y2

)
ρ(t) dt

≤ ρ(x) +
y

π

∫ ∞

− x
2

(
1

t2 + y2
− 1

(t+ x)2 + y2

)
ρ(t) dt

+
y

π

∫ x
2

− x
2

(
1

(t− x)2 + y2
− 1
t2 + y2

)
ρ(t) dt

= ρ(x) +
y

π

∫ ∞

x
2

(
1

t2 + y2
− 1

(t+ x)2 + y2

)
ρ(t) dt

+
y

π

∫ x
2

− x
2

(
1

(t− x)2 + y2
− 1

(t+ x)2 + y2

)
ρ(t) dt

≤ ρ(x) +
My

π

∫ ∞

x
2

(
1

t2 + y2
− 1

(t+ x)2 + y2

)
(1 + t) dt

+
My

π

∫ x
2

0

(
1

(t− x)2 + y2
− 1

(t+ x)2 + y2

)
(1 + t) dt

= ρ(x) +
My

π

(
x

y

(
π

2
− arctan

x

2y
− arctan

3x
2y

)

+
2
y

(
arctan

x

y
− arctan

x

2y

)
+

1
2

log
(

9x2

4
+ y2

)
− 1

2
log(x2 + y2)

)

≤ ρ(x) +
Mx

π

(
π

2
− arctan

x

2y

)
+M.

In the last estimate we used the fact that

1
2

log
(

9x2

4
+ y2

)
− 1

2
log(x2 + y2)− x

y
arctan

3x
2y

=
∫ 3x

2

x

t

t2 + y2
dt−

∫ 3x
2

0

x

t2 + y2
dt

≤
∫ 3x

2

x

3
2x

t2 + y2
dt−

∫ 3x
2

0

x

t2 + y2
dt

≤ 1
2

∫ 3x
2

x

x

t2 + y2
dt−

∫ x

0

x

t2 + y2
dt

=
1
2

∫ x
2

0

x

(t+ x)2 + y2
dt−

∫ x

0

x

t2 + y2
dt

≤ 1
2

∫ x
2

0

x

t2 + y2
dt−

∫ x

0

x

t2 + y2
dt ≤ 0.
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Now,
Mx

π
(
π

2
− arctan

x

2y
) ≤Mx and also

Mx

π
(
π

2
− arctan

x

2y
) =

M

π

∫ ∞

1
2

x2y

t2x2 + y2
dt ≤ My

π

∫ ∞

1
2

1
t2
dt =

2My

π
.

By combining these estimates, the lemma follows for x ≥ 0. Analogously, for
x ≤ 0 one obtains u(x+ iy)− u(iy) ≤ ρ(x) +M(1 + min{|x|, y}). ////

Lemma 2.4.9. For all x ∈ IR and y > 0 and all ξ ∈ IR we have

lim sup
z→ξ

u(z + x)− u(z) ≤ 6M + ρ(x)

and
lim sup

z→ξ
u(z + iy)− u(z) ≤ 7M(1 + y) + u(iy).

Proof: Define

ρ̃(t) :=
∫ 1

2

− 1
2

ρ(t+ s) ds.

Since −ρ(−s) ≤ ρ(t+ s)− ρ(t) ≤ ρ(s) by the subadditivity of ρ, from (2.4.9) it
follows that

|ρ̃(t)− ρ(t)| =

∣∣∣∣∣
∫ 1

2

− 1
2

ρ(t+ s)− ρ(t) ds

∣∣∣∣∣ ≤ sup
− 1

2≤s≤ 1
2

ρ(s) ≤ 3
2
M, ∀t ∈ IR.

The function ρ̃ is subadditive and continuous and satisfies

ρ̃(t) ≤M

∫ 1
2

− 1
2

1 + |t+ s| ds ≤M

(
1 + |t|+

∫ 1
2

− 1
2

|s| ds

)
= M(

5
4

+ |t|).

It follows that Lemma 2.4.6 applies to ρ̃; we put ũ := uρ̃.
Fix x ∈ IR and y > 0 arbitrary. Then,

|ũ(x+ iy)− u(x+ iy)| ≤ 3My

2π

∫ ∞

−∞

1
(t− x)2 + y2

+
1

t2 + 1
dt =

3
2
M(1 + y).

Moreover, since ρ̃ is continuous, for all ξ ∈ IR we have limz→ξ ũ(z) = ρ̃(ξ) and
limz→ξ ũ(z + x) = ρ̃(ξ + x) by Lemma 2.4.6. It follows that

lim sup
z→ξ

u(z + x)− u(z) ≤ lim sup
z→ξ

3M(1 + Im z) + ũ(z + x)− ũ(z)

= 3M + ρ̃(ξ + x)− ρ̃(ξ)
≤ 6M + ρ(ξ + x)− ρ(ξ)
≤ 6M + ρ(x)

using the subadditivity of ρ. Similarly, using Lemma 2.4.8 we have

lim sup
z→ξ

u(z + iy)− u(z) ≤ 3
2
M(1 + y) +

3
2
M + ũ(ξ + iy)− ρ̃(ξ)

≤ 3M(1 + y) + 3M + u(ξ + iy)− ρ(ξ)
≤ 4M(1 + y) + 3M + u(iy).

////
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Lemma 2.4.10. For all 0 < y0 ≤ y1 we have

u(iy1)− u(iy0) ≤ 4M.

Proof: First we observe that for all 0 < y ≤ 1 by (2.4.10) we have |u(iy)| ≤ 2M.
Therefore, in order to prove the lemma it suffices to show that

u(iy1)− u(iy0) ≤ 2 sup
0<y≤1

|u(iy)|. (2.4.11)

It is an immediate consequence of the definition of u that u(iy) ≤ 0 for all
y ≥ 1. Hence it is enough to prove that y 7→ u(iy) is non-increasing for y ≥ 1.

To see this, we differentiate under the integral sign in the definition of u
and obtain

du

dy
(iy) =

1
π

∫ ∞

−∞

(
t2 − y2

(t2 + y2)2
− 1
t2 + 1

)
ρ(t) dt.

If y ≥ 1, then the right hand side is less than or equal to zero. ////

In the proof of Lemma 2.4.9 we had to introduce the function ρ̃ in order to
obtain the limes superior for all ξ ∈ IR (rather than for almost all ξ ∈ IR). This
enables us to apply the following version of the Phragmen-Lindelöf theorem:
Let γ ≥ 1

2 and let Ω := {z ∈ C : − π
2γ < arg z < π

2γ }. If f is a holomorphic
function in Ω such that
(i) lim supz→ζ |f(z)| ≤M for some constant M > 0 and all ζ ∈ ∂Ω,

(ii) lim sup
|z|→∞

log(log+ |f(z)|)
log |z|

< γ,

then supz∈Ω |f(z)| ≤M.

Lemma 2.4.11. For all x ∈ IR and y > 0 we have

sup
Imz>0

(u(z + (x+ iy))− u(z)) ≤ 13M(1 + y) + ρ(x) + u(iy).

Proof: We denote the supremum on the left hand side by Lx+iy. For x ∈ IR
and y > 0, define the holomorphic function Hx+iy(·) in the upper halfplane by

Hx+iy(z) :=
G(z)

G(z + (x+ iy))
,

where G(z) := e−u(z)−iv(z) and v is the harmonic conjugate of u. Then,

|Hx+iy(z)| = exp(u(z + (x+ iy))− u(z)).

By Lemma 2.4.9, for all x ∈ IR, y > 0, and ξ ∈ IR we have

lim sup
z→ξ

|Hx(z)| ≤ exp(6M + ρ(x)) (2.4.12)
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and
lim sup

z→ξ
|Hiy(z)| ≤ exp(7M(1 + y) + u(iy)). (2.4.13)

On the other hand, by Lemma 2.4.8 for all x ∈ X and η > 0 we have u(x +
iη)− u(iη) ≤ ρ(x) +M(1 + |x|) and therefore

|Hx(iη)| ≤ exp(ρ(x) +M(1 + |x|)). (2.4.14)

Similarly, by Lemma 2.4.10 for all y > 0 and η > 0 we have u(iy+ iη)−u(iy) ≤
4M and hence

Hiy(iη) ≤ exp(4M). (2.4.15)

By Lemma 2.4.7,

lim sup
Im z>0, |z|→∞

log(log+ |Hx+iy(z)|)
log |z|

< 2 (2.4.16)

for all x ∈ IR and y > 0. By (2.4.12)-(2.4.16), the Phragmen-Lindelöf theorem
applied to functions Hx and Hiy and γ = 2 implies that both |Hx(·)| and
|Hiy(·)| are uniformly bounded in the sectors {0 < arg z < π

2 } and {π
2 <

arg z < π}. It follows that both functions are uniformly bounded in {Im z > 0}.
Applying the Phragmen-Lindelöf theorem once more, now with γ = 1, it follows
from (2.4.12) and (2.4.13) that

sup
Im z>0

|Hx(z)| ≤ exp(6M + ρ(x))

and
sup

Im z>0
|Hiy(z)| ≤ exp(7M(1 + y) + u(iy)). (2.4.17)

These inequalities imply that Lx ≤ 6M + ρ(x) for all x ∈ X and Liy ≤
7M(1+y)+u(iy) for all y > 0. Therefore, the lemma follows from the obvious
fact that Lx+iy ≤ Lx + Liy. ////

Now let ω be a weight on IR. Since weights are exponentially bounded,
the function ρ := logω(t) satisfies (2.4.9) for some constant M . Also, the
submultiplicativity of ω implies that ρ is subadditive.

Fix 1 ≤ p <∞ and define Hp
ω to be the space of all holomorphic functions

in the upper halfplane such that f · G ∈ Hp, the usual Hardy space over the
upper halfplane; G is the function from the proof of Lemma 2.4.11. The space
Hp

ω is easily seen be a Banach space, and for each f ∈ Hp
ω the non-tangential

limits
f(x) := lim

z→x
f(z)

exists for almost all x. Indeed, the almost everywhere non-tangential limits
exist for all functions in Hp and by Lemma 2.4.6 the non-tangential limit of
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|G| exists almost everywhere (and equals ω). In terms of this boundary function
the norm of Hp

ω is given by

‖f‖Hp
ω

=
(∫ ∞

−∞
|f(x)|p(ω(x))−p dx

) 1
p

.

Thus, Hp
ω can be isometrically identified with a closed subspace of the weighted

space Lp
ω := Lp(IR, (ω(x))−p dx). On the latter space, we define the translation

group T by
(T (t)f)(x) = f(x+ t), x ∈ IR, t ∈ IR.

Lemma 2.4.12. The family T = {T (t)}t∈IR is a C0-group on Lp
ω. Moreover,

‖T (t)‖Lp
ω
≤ ω(t), t ∈ IR.

Proof: The estimate for ‖T (t)‖ is an immediate consequence of the estimate

‖T (t)f‖p
Lp

ω
=
∫ ∞

−∞
|T (t)f(x)|(ω(x))−p dx

=
∫ ∞

−∞
|f(x+ t)|(ω(x))−p dx

=
∫ ∞

−∞
|f(x)|p(ω(x− t))−p dx

≤ (ω(t))p

∫ ∞

−∞
|f(x)|(ω(x))−p dx

= (ω(t))p‖f‖p
Lp

ω
.

By Lusin’s theorem, the compactly supported continuous functions are dense
in Lp

ω. For each such function f , it is evident that

lim
t↓0

‖T (t)f − f‖Lp
ω

= 0.

Since sup0≤t≤1 ‖T (t)‖ <∞, the strong continuity of T follows from this. ////

Next, we are going to show that T leaves Hp
ω invariant and that the re-

striction to this space can be holomorphically extended to the closed upper half
plane.

For a function f ∈ Hp
ω and x ∈ IR and y ≥ 0, we define the holomorphic

function T (x+ iy)f by

(T (x+ iy)f)(z) := f(z + (x+ iy)), Im z > 0.

Theorem 2.4.13. For all x ∈ IR and y ≥ 0, the operator T (x+ iy) defines a
bounded linear operator onHp

ω. The family {T (z)}Im z≥0 is strongly continuous
on Hp

ω and
‖T (x)‖Hp

ω
≤ ω(x), x ∈ IR.

If ω fails to be non-quasianalytic, then the generator A of C0-group T =
{T (x)}x∈IR has empty spectrum.
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Proof: Fix f ∈ Hp
ω. First assume y = 0. It is evident that for all x ∈ IR, T (x)

maps Hp
ω into itself. Since Hp

ω is isometrically isomorphic to a closed subspace
of Lp

ω, the estimate ‖T (x)‖ ≤ ω(x) is a consequence of Lemma 2.4.12.
For x ∈ IR, y > 0, and Im z > 0 we have

|(T (x+ iy)f)(z)G(z)| = |f(z + (x+ iy))G(z)|
= |f(z + (x+ iy))G(z + (x+ iy))| exp(u(z + (x+ iy))− u(z)).

Therefore, By Lemma 2.4.11 and the fact that the p-norm along horizontal lines
z = y of Hp-functions is non-increasing with y, we see that (T (x+iy)f)G ∈ Hp

and
‖T (x+ iy)f‖Hp

ω
≤ e13M(1+y)+ρ(x)+u(iy)‖f‖Hp

ω
. (2.4.18)

This proves that T (x+ iy) defines a bounded operator on Hp
ω.

For the proof of strong continuity it suffices to check that limy↓0 ‖T (iy)f−
f‖ = 0 for all f ∈ Hp

ω; indeed, together with the strong continuity along the
horizontal axis it then follows that limIm z≥0,z→0 ‖T (z)f−f‖ = 0 for all f ∈ Hp

ω.
Let f ∈ Hp

ω be fixed. For all Im z > 0 and y > 0 we have

(f(z + iy)− f(z))G(z) = (f(z + iy)G(z + iy)− f(z)G(z))Hiy(z)
− f(z)G(z)(1−Hiy(z)),

(2.4.19)

where we use the notation of Lemma 2.4.11. By (2.4.17) and (2.4.10), for
0 < y < 1 we have

sup
Im z>0

|Hiy(z)| ≤ exp(14M + |u(iy)|) ≤ exp(16M).

Hence by raising (2.4.19) to the p-th power and integrating along horizontal
lines Im z =constant we obtain

lim sup
y↓0

‖f(·+ iy)− f‖Hp
ω
≤ exp(16M) lim sup

y↓0
‖(fG)(·+ iy)− (fG)(·)‖Hp .

(2.4.20)
Note that the integral arising from the second term in the right hand side of
(2.4.19) tends to 0 by the dominated convergence theorem since limy↓0Hiy(z) =
1 for all z. The right hand side of (2.4.20) tends to 0 by an elementary result
on Hp-functions. This concludes the proof of strong continuity.

Now assume that ω fails to be non-quasianalytic, i.e.∫ ∞

−∞

logω(t)
1 + t2

dt = ∞.

Let N > 0 be arbitrary and choose τ > 0 so large that∫ τ

−τ

logω(t)
1 + t2

dt ≥ N.
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Choose y ≥ 1 so large that (t2 + y2)−1 ≤ 1
2 (t2 + 1)−1 for all t ∈ [−τ, τ ]. Then,

u(iy)
y

=
1
π

∫ ∞

−∞

(
1

t2 + y2
− 1
t2 + 1

)
logω(t) dt

≤ 1
π

∫ τ

−τ

(
1

t2 + y2
− 1
t2 + 1

)
logω(t) dt

≤ − 1
2π

∫ τ

−τ

1
t2 + 1

logω(t) dt ≤ −N

2π
.

Therefore, by (2.4.18),

lim
y→∞

log ‖T (iy)‖
y

≤ lim
y→∞

13M(1 + y) + ρ(0) + u(iy)
y

= −∞.

It follows that the uniform growth bound of the C0-semigroup {T (iy)}y≥0 is
−∞. But then its generator, which is iA, has empty spectrum by the Hille-
Yosida theorem. Therefore, also σ(A) = ∅. ////

Since the spectrum of a bounded operator is always non-empty, the weak
spectral mapping theorem necessarily fails if the spectrum of the generator is
empty. Therefore, combining Theorems 2.4.4 and 2.4.13 we obtain:

Corollary 2.4.14. Let ω be a weight on IR. Then the following assertions
are equivalent:
(i) ω is non-quasianalytic;
(ii) For all Banach spaces X and all C0-groups T on X satisfying

‖T (t)‖ ≤ ω(t), t ∈ IR,

we have σ(A) 6= ∅;
(iii) For all Banach spaces X and all C0-groups T on X satisfying

‖T (t)‖ ≤ ω(t), t ∈ IR,

the weak spectral mapping theorem holds.

Since H2
ω is a Hilbert space, the word ‘Banach space’ in the corollary may

be replaced by ‘Hilbert space’.
Another interesting corollary is the following.

Corollary 2.4.15. Let ω be a weight on IR which is not non-quasianalytic.
Then there exists a continuous weight ω̃ with 1 ≤ ω̃ ≤ ω which also fails to be
non-quasianalytic.

Proof: Let T be the group on Hp
ω of Theorem 2.4.13 and define the weight

ω̃(t) := max{1, ‖T (t)‖}. Clearly, 1 ≤ ω̃ ≤ ω and ω̃ is submultiplicative. If ω̃
were non-quasianalytic, then in view of ‖T (t)‖ ≤ ω̃ the weak spectral mapping
theorem would hold for T and hence σ(A) 6= ∅, a contradiction. ////
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2.5. Latushkin - Montgomery-Smith theory

In this section we prove the surprising fact that if one tensors an arbitrary
C0-semigroup on a Banach space X with the rotation semigroup on Lp(Γ)
or C(Γ), the spectral mapping theorem holds for the resulting semigroup on
Lp(Γ, X) resp. C(Γ, X). This important result, due to Y. Latushkin and
S. Montgomery-Smith, is the basis of L. Weis’s stability theorem for positive
semigroups on Lp-spaces in Section 3.5.

The idea behind the proof is that in Lp(Γ, X) and C(Γ, X) one has more
space to construct approximate eigenvectors than in X itself; as we have seen
in Section 2.1, the failure of the spectral mapping theorem for T is caused by
the lack of approximate eigenvectors in X.

We start with the precise definitions. If T is a C0-semigroup on a Banach
space X, then for 1 ≤ p <∞ we define the semigroup Sp on Lp(Γ, X) by

(Sp(t)f)(eiθ) := T (t)f(ei(θ−t)), f ∈ Lp(Γ, X), θ ∈ [0, 2π], t ≥ 0. (2.5.1)

It is easily checked that Sp is a C0-semigroup on Lp(Γ, X); we denote its
generator by Bp. Similarly, we can use (2.5.1) to define a C0-semigroup S∞ on
C(Γ, X); the generator of this semigroup will be denoted by B∞.

Lemma 2.5.1. Let T be a C0-semigroup on a Banach space X, let 1 ≤ p ≤
∞, and let Sp be defined as above. If 1 ∈ σa(T (2π)), then 0 ∈ σa(Bp).

Proof: Since 1 ∈ σa(T (2π)) we can choose vectors xn ∈ X such that ‖xn‖ = 1
and ‖T (2π)xn − xn‖ ≤ n−1, n = 1, 2, ... Note that ‖T (2π)xn‖ ≥ 1− n−1.

Let a : [0, 2π] → [0, 1] be a smooth function with bounded derivative such
that a(θ) = 0 for θ ∈ [0, 2

3π] and a(θ) = 1 for θ ∈ [ 43π, 2π]. Define the functions
an : Γ → X by

an(eiθ) := (1− a(θ))T (2π + θ)xn + a(θ)T (θ)xn, 0 < θ < 2π.

Note an(ei(0+)) = an(ei(2π−)) = T (2π)xn, so that this function is well-defined
as a continuous function on Γ. In particular it belongs to Lp(Γ, X). Also,

(Sp(t)an)(eiθ) = (1−a((θ−t) mod 2π))T (2π+θ)xn+a((θ−t) mod 2π)T (θ)xn.

Since an is continuously differentiable with bounded derivative, it follows that
an ∈ D(Bp) and

(Bpan)(eiθ) = a′n(eiθ)T (θ)(T (2π)xn − xn), 0 < θ < 2π.

Let M := supt∈[0,2π] ‖T (t)‖ and N := supθ∈[0,2π] |a′(θ)|.
First we consider the case 1 ≤ p <∞. We have

‖Bpan‖Lp(Γ,X) ≤ (2π)
1
p
MN

n
.
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On the other hand, noting that for all 0 ≤ t ≤ 2π we have ‖T (2π)xn‖ ≤
M‖T (t)xn‖,

‖an‖p
Lp(Γ,X) ≥

∫ 2π

4
3 π

‖T (θ)xn‖p dθ

≥ 2π
3
M−p‖T (2π)xn‖p

≥ 2π
3
M−p

(
1− 1

n

)p

.

Combining these two estimates, for n ≥ 2 it follows that

‖Bpan‖Lp(Γ,X) ≤ (2π)
1
p
MN

n
≤ 3

1
pM2N

n− 1
‖an‖Lp(Γ,X).

This shows that 0 ∈ σa(Bp).
For the case p = ∞, we estimate

‖B∞an‖C(Γ,X) ≤
MN

n

and
‖an‖C(Γ,X) ≥ ‖an(0)‖ = ‖T (2π)xn‖ ≥ 1− 1

n
.

Hence
‖B∞an‖C(Γ,X) ≤

MN

n− 1
‖an‖C(Γ,X), n ≥ 2,

and 0 ∈ σa(B∞). ////

In the next theorem, we use the fact that σ(Bp) is invariant under trans-
lation by i. To see this, consider the operator Lk defined by (Lkf)(eiθ) :=
eikθf(eiθ). Then one easily checks that BpLk = Lk(B − ik) for all k ∈ ZZ and
f ∈ D(B). Since Lk is invertible for all k ∈ ZZ, it follows that Bp is invertible
if and only if B − ik is invertible.

Theorem 2.5.2. Let T be a C0-semigroup on a Banach space X, let 1 ≤
p ≤ ∞, and let Sp be defined as above. Then the following assertions are
equivalent:

(i) 0 ∈ %(Bp);
(ii) 1 ∈ %(Sp(2π));
(iii) 1 ∈ %(T (2π)).

Proof: The implication (ii)⇒(i) follows from the spectral inclusion theorem
2.1.1.

Since
(Sp(2π)f)(eiθ) = T (2π)(f(eiθ))

it follows that I − Sp(2π) is invertible in Lp(Γ, X) if I − T (2π) is invertible in
X. This proves (iii)⇒(ii).
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(i)⇒(iii): Let 1 ∈ σ(T (2π)) = σa(T (2π)) ∪ σr(T (2π)). If 1 ∈ σa(T (2π)),
then 0 ∈ σa(Bp) by Lemma 2.5.1. If 1 ∈ σr(T (2π)), we claim that 1 ∈
σr(Sp(2π)). Once this is proved, it follows that ik ∈ σ(Bp) for some k ∈ ZZ
by the spectral mapping theorem for the residual spectrum. Since σ(Bp) is
invariant under translation by i, it follows that 0 ∈ σ(Bp) and the theorem is
proved. To prove the claim, assume that I −T (2π) does not have dense range.
Then there exists a non-zero x∗0 ∈ X∗ such that

〈x∗0, (I − T (2π))x〉 = 0, ∀x ∈ X.

Let g := 1 ⊗ x∗0 ∈ Lq(Γ, X∗), 1
p + 1

q = 1. Identifying Lq(Γ, X∗) in the natural
way with a closed subspace of the dual (Lp(Γ, X))∗, for all f ∈ Lp(Γ, X) we
have

〈g, (I − Sp(2π))f〉 =
∫

Γ

〈x∗0, (I − Sp(2π))f(eiθ)〉 dθ

=
∫

Γ

〈x∗0, (I − T (2π))f(eiθ)〉 dθ = 0.

Hence, 1 ∈ σr(Sp(2π)). ////

Corollary 2.5.3. In the above situation,

s(Bp) = ω0(Sp) = ω0(T).

Proof: Clearly, s(Bp) ≤ ω0(Sp) ≤ ω0(T), so it remains to prove that ω0(T) ≤
s(Bp). If s(Bp) = −∞, then a rescaling argument and Theorem 2.5.2 imply
that σ(T (2π)) = {0}. Hence, r(T (2π)) = 0 and ω0(T) = −∞ by Proposition
1.2.2. If s(Bp) > −∞, by rescaling we may assume that s(Bp) = 0. Theorem
2.5.2 then implies that σ(T (2π)) ⊂ {|λ| ≤ 1}. Therefore, r(T (2π)) ≤ 1 and
ω0(T) ≤ 0. ////

As another corollary of Theorem 2.5.2, we have the following spectral
mapping theorem. By ek we denote the function ek(eiθ) := eikθ, θ ∈ [0, 2π].

Theorem 2.5.4. Let T be a C0-semigroup on a Banach space X, with
generator A, and let E(Γ, X) be one of the spaces Lp(Γ, X), 1 ≤ p < ∞, or
C(Γ, X). Then the following assertions are equivalent:

(i) 1 ∈ %(T (2π));
(ii) iZZ ⊂ %(A), and there exists a constant M > 0 such that for all finite

sequences x−n, ..., xn ∈ X we have∥∥∥∥∥
n∑

k=−n

ek ⊗R(ik, A)xk

∥∥∥∥∥
E(Γ,X)

≤M

∥∥∥∥∥
n∑

k=−n

ek ⊗ xk

∥∥∥∥∥
E(Γ,X)

. (2.5.2)

Proof: To start the proof, let us assume that iZZ ⊂ %(A). Let x−n, ..., xn ∈ X
and define f, g ∈ Ep(Γ, X) by

f :=
n∑

k=−n

ek ⊗ xk, g := −
n∑

k=−n

ek ⊗R(ik, A)xk. (2.5.3)
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Here, Ep(Γ, X) = Lp(Γ, X) if 1 ≤ p < ∞ and Ep(Γ, X) = C(Γ, X) if p = ∞.
Then, g ∈ D(Bp) and

Bpg =
d

dt
|t=0Sp(t)g

= −
n∑

k=−n

(ek ⊗AR(ik, A)xk − ikek ⊗R(ik, A)xk) = f.
(2.5.4)

The set of all f as in (2.5.3) is dense in Ep(Γ, X). We claim that the set of all
g as in (2.5.3) is dense in D(Bp) with respect to the graph norm. To see this,
fix λ > ω0(T) = ω0(Sp), let h ∈ D(Bp) and let ε > 0. Choose y−n, ..., yn ∈ X
such that ∥∥∥∥∥(λ−Bp)h−

n∑
k=−n

ek ⊗ yk

∥∥∥∥∥ ≤ ε.

Consider the function

g := −
n∑

k=−n

ek ⊗R(ik, A)(−I + λR(λ+ ik, A))yk.

By the above we have g ∈ D(Bp) and, using the resolvent identity,

(λ−Bp)g =
n∑

k=−n

ek⊗(λR(λ+ ik, A) + (I − λR(λ+ ik, A))) yk =
n∑

k=−n

ek⊗yk.

This shows that ‖(λ − Bp)(h − g)‖ ≤ ε. Since λ ∈ %(Bp), the norm |||f ||| :=
‖(λ−Bp)f‖ is equivalent to the graph norm on D(Bp) (apply the open mapping
theorem). This proves that h can be approximated in the norm of D(Bp) by
functions g as in (2.5.3).

Now we can prove (ii)⇒(i): The assumption (2.5.2) implies that

‖Bpg‖Ep(Γ,X) = ‖f‖Ep(Γ,X) ≥M−1‖g‖Ep(Γ,X)

for all functions f and g as in (2.5.3). By the claim these are dense in Ep(Γ, X)
and D(Bp), respectively, and therefore it follows that

‖Bpg‖Ep(Γ,X) ≥M−1‖g‖Ep(Γ,X)

holds for all g ∈ D(Bp). But this means that 0 6∈ σa(Bp), and then Lemma 2.5.1
implies that 1 6∈ σa(T (2π)). We also have 1 6∈ σr(T (2π)) since otherwise the
spectral mapping theorem for the residual spectrum would imply the existence
of a k ∈ ZZ such that ik ∈ σr(A). Therefore, 1 6∈ σ(T (2π)).

Conversely, assume (i) and let 1 ≤ p ≤ ∞. By the spectral inclusion
theorem, iZZ ⊂ %(A). Moreover, 0 ∈ %(Bp) by Theorem 2.5.2. Therefore, by
(2.5.4), for all f and g as in (2.5.3) we have

‖g‖Ep(Γ,X) = ‖B−1
p f‖Ep(Γ,X) ≤ ‖B−1

p ‖ ‖f‖Ep(Γ,X).

Hence (ii) follows with M = ‖B−1
p ‖. ////
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If X is a Hilbert space, then Parseval’s identity implies∥∥∥∥∥
n∑

k=−n

yk ⊗ ek

∥∥∥∥∥
L2(Γ,X)

=

(
2π

n∑
k=−n

‖yk‖2
) 1

2

for all finite sequences y−n, ..., yn ∈ X. Since(
n∑

k=−n

‖R(ik, A)xk‖2
) 1

2

≤M

(
n∑

k=−n

‖xk‖2
) 1

2

holds for all finite sequences x−n, ..., xn ∈ X if and only if

sup
k∈ZZ

‖R(ik, A)‖ ≤M,

it follows that Gearhart’s theorem 2.2.4 can be viewed as a special case of
Theorem 2.5.4.

In Section 3.3, we shall need a version of Lemma 2.5.1 for translations on
the halfline. If T is a C0-semigroup on a Banach space X and 1 ≤ p <∞, we
define a C0-semigroup Sp on Lp(IR+, X) by

(Sp(t))f(s) =
{
T (t)f(s− t), s− t ≥ 0;
0, else.

We denote by Bp its infinitesimal generator. Similarly, by using the right
translation semigroup on C00(IR+), the subspace of all f ∈ C0(IR+) such that
f(0) = 0, we obtain a C0-semigroup S∞ on the corresponding X-valued space
C00(IR+, X). Its generator will be denoted by B∞.

Lemma 2.5.5. Let 1 ≤ p ≤ ∞. If eiθ ∈ σa(T (1)) for some θ ∈ [0, 2π], then
0 ∈ σa(Bp).

Proof: First assume 1 ≤ p <∞. Since eiθ ∈ σa(T (1)), for each n = 1, 2, ... one
can find a norm one vector xn ∈ X such that

‖T (k)xn − eikθxn‖ ≤
1
2
, k = 1, ..., n.

In particular, 1
2 ≤ ‖T (k)xn‖ ≤ 3

2 for all n and k = 1, ..., n. Using the local
boundedness of T, it is easy to see that there are constants 0 < α ≤ β < ∞
such that

α ≤ ‖T (t)xn‖ ≤ β, t ∈ [0, n]; n = 1, 2, ...

For each n, let an : IR+ → [0, 1] be a continuously differentiable function such
that an = 0 on [0, 1

8 ] ∪ [n− 1
8 ,∞), an = 1 on [14 , n−

1
4 ], and a′n(t) ≤ 10 for all

t ≥ 0 and n = 1, 2, .... Let gn := c−1
n an(t)T (t)xn, where

cn :=
(∫ n

0

‖T (t)xn‖p dt

) 1
p

.
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Then, using that an = 1 on [14 , n−
1
4 ], we have

α

2
1
p β

≤
α(n− 1

2 )
1
p

βn
1
p

≤ ‖gn‖Lp(IR+,X) ≤ 1; n = 1, 2, ...

Also, by direct calculation one checks that

Bpgn(t) = −c−1
n a′n(t)T (t)xn, t ≥ 0.

Since |a′n| ≤ 10 on [ 18 ,
1
4 ] ∪ [n− 1

4 , n−
1
8 ] and 0 elsewhere, we have

‖BEgn‖Lp(IR+,X) ≤
10β · 8−

1
p + 10β · 8−

1
p

αn
1
p

; n = 1, 2, ...

Therefore limn→∞ ‖Bpgn‖Lp(IR+,X) = 0, showing that
(
‖gn‖−1

Lp(IR+,X) · gn

)
n≥1

is an approximate eigenvector for Bp with approximate eigenvalue 0.
Next, we show how to modify this argument for p = ∞. In this case, we

choose a C1-function an that vanishes on [0, 1
4 ]∪[n− 1

4 ,∞), and further satisfies
an( 1

2n) = 1, ‖an‖∞ = 1, and ‖a′n‖∞ ≤ 5n−1. Then gn := an(t)T (t)xn, n =
1, 2, ..., defines an approximate eigenvector for B∞ with approximate eigenvalue
0. ////

This lemma implies that the uniform growth bounds of T and Sp and the
spectral bound of Bp coincide:

Corollary 2.5.6. For all 1 ≤ p ≤ ∞ we have s(Bp) = ω0(Sp) = ω0(T).

Proof: Clearly, s(Bp) ≤ ω0(Sp) ≤ ω0(T). It remains to prove that ω0(T) ≤
s(Bp). If ω0(T) = −∞ there is noting to prove. Therefore by rescaling we may
assume that ω0(T) = 0, and it suffices to show that this implies that s(Bp) ≥ 0.
Since r(T (1)) = eω0(T) = 1, there is a θ ∈ [0, 2π] such that eiθ ∈ σ(T (1)), and
in fact, eiθ ∈ σa(T (1)) since the boundary spectrum is always contained in the
approximate point spectrum by Lemma 2.1.5. By Lemma 2.5.5, this implies
that 0 ∈ σ(Bp). ////

2.6. Hyperbolicity

In this section we shall apply some of the previous results to the problem
of finding necessary and sufficient conditions for a semigroup to be hyperbolic.

A C0-semigroup T on a Banach spaceX is hyperbolic if there exists a direct
sum decomposition X = X0⊕X1 of T-invariant closed subspaces such that the
restriction T0 of T to X0 is uniformly exponentially stable and the restriction
T1 to X1 extends to a C0-group {T (t)}t∈IR which is uniformly exponentially
stable for negative time, i.e., {T1(−t)}t≥0 is uniformly exponentially stable.

The following simple proposition characterizes hyperbolicity in terms of
spectral properties of the operators T (t).
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Proposition 2.6.1. A C0-semigroup T on a Banach space X is hyperbolic if
and only if there exists a t0 > 0 such that Γ ⊂ %(T (t0)). In that case, the direct
sum decomposition of X is induced by the spectral projection corresponding
to the part of σ(T (t0)) contained in the open unit disc.

Proof: First assume that T is hyperbolic and let π denote the projection of X
onto X0 along X1. Fix t0 > 0 arbitrary and let Ti(t0) be the restriction of T (t0)
to Xi, i = 0, 1. By Proposition 1.2.2, the spectra of the operators T0(t0) and
T1(−t0) are contained in the open unit disc. By the spectral mapping theorem
of the Dunford calculus, the spectrum of T1(t0) is contained in {|z| > 1}.
Clearly, σ(T (t0)) = σ(T0(t0)) ∪ σ(T1(t0)), so σ(T (t0)) ∩ Γ = ∅. It remains
to prove that π equals the spectral projection P corresponding to the part of
σ(T (t0)) in the open unit disc, i.e., we have to prove that

πx =
1

2πi

∫
Γ

R(z, T (t0))x dz, ∀x ∈ X.

Fix x = x0 + x1 ∈ X arbitrary. Noting that R(z, T (t0))xi = R(z, Ti(t0))xi,
i = 0, 1, and using Cauchy’s theorem for i = 1, we have

Px =
1

2πi

∫
Γ

R(z, T (t0))x dz

=
1

2πi

∫
Γ

R(z, T0(t0))x0 dz

= x0 = πx.

Conversely, assume that σ(T (t0)) ∩ Γ = ∅ for some t0 > 0 and let P be the
spectral projection corresponding to the part of σ(T (t0)) in the open unit disc.
Then the closed subspaces X0 := PX and X1 := (I−P )X are T (t0)-invariant;
let Ti(t0) denote the respective restrictions, i = 0, 1. Then σ(T0(t0)) ⊂ {|z| <
1} and r(T (t0)) < 1, and σ(T1(t0)) ⊂ {|z| > 1}. Hence, T1(t0) is invertible,
σ((T1(t0))−1) ⊂ {|z| < 1}, and r((T1(t0))−1) < 1.

Fix t ≥ 0 and x ∈ X arbitrary. Then, using that T (t) and R(z, T (t0))
commute,

PT (t)x =
1

2πi

∫
Γ

R(z, T (t0))T (t)x dz =
1

2πi
T (t)

∫
Γ

R(z, T (t0))x dz = T (t)Px.

It follows that X0 and X1 are T-invariant. Since r(T0(t0)) < 1, the restriction
T0 on X0 is uniformly exponentially stable by Proposition 1.2.2.

It remains to show that the restriction T1 to X1 extends to a C0-group,
and that this group is uniformly exponentially stable for negative time. Fix
s ∈ [0, 1] arbitrary and define the operator T1(−st0) := (T1(t0))−1T1((1−s)t0).
This is a bounded operator on X1, and

T1(st0)T1(−st0) = T1(st0)(T1(t0))−1T1((1− s)t0)

= (T1(t0))−1T1(st0)T1((1− s)t0) = I
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and similarly T1(−st0)T1(st0) = I. Thus, T1(st0) is invertible, with inverse
T1(−st0). By considering the powers of T1(st0), s ∈ [0, 1], it follows that T1(t)
is invertible for all t ≥ 0. Denoting the inverses by T1(−t), it is obvious that
the familiy {T (−t)}t≥0 is a C0-group on X1, and since r(T1(−t0)) < 1 it follows
that {T1(−t)}t≥0 is uniformly exponentially stable. ////

This proposition can be used to obtain characterizations for hyperbolicity
in terms of spectral properties of the generator. The basic idea is this: if some
version of the spectral mapping theorem is known to hold for T, one can write
down the conditions on A guaranteeing that σ(T (t0))∩Γ = ∅. As a first result
of this kind, we apply Greiner’s spectral mapping theorem 2.2.1:

Theorem 2.6.2. Let T be a C0-semigroup on a Banach space X, with
generator A. Then the following assertions are equivalent:

(i) T is hyperbolic;
(ii) iIR ⊂ %(A), and the Cesàro sum (C, 1)

∑
k∈ZZR(iω+ ik, A)x converges for

all ω ∈ IR and x ∈ X;
(iii) iIR ⊂ %(A), and the Cesàro sum (C, 1)

∑
k∈ZZ〈x

∗, R(iω+ik, A)x〉 converges
for all ω ∈ IR and x ∈ X and x∗ ∈ X∗.

Similarly, from Gearhart’s theorem 2.2.4 we obtain:

Theorem 2.6.3. Let T be a C0-semigroup on a Hilbert space H, with
generator A. Then the following assertions are equivalent:

(i) T is hyperbolic;
(ii) iIR ⊂ %(A), and supω∈IR ‖R(iω,A)‖ <∞.

Proof: The only thing that needs explanation is that supω∈IR ‖R(iω,A)‖ <∞
if supk∈ZZ ‖R(iω + ik, A)‖ <∞ for all ω ∈ IR. But this is immediate from the
identity

R(iω0 + ik, A)x = (I − e−2πiω0T (2π))−1

∫ 2π

0

e−iks(e−iω0sT (s)x) ds

where we let ω0 range over the interval [0, 1]. Note that I − e−2πiω0T (2π) is
indeed invertible by Theorem 2.2.4. ////

By the spectral mapping theorem for eventually uniformly continuous
semigroups, we obtain:

Theorem 2.6.4. Let T be an eventually uniformly continuous C0-semigroup
on a Banach space X, with generator A. Then the following assertions are
equivalent:

(i) T is hyperbolic;
(ii) iIR ⊂ %(A).
If one of these equivalent assertions holds, then the C0-group onX1 is uniformly
continuous.
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By Latushkin - Montgomery-Smith theory we obtain:

Theorem 2.6.5. Let E(Γ, X) be one of the spaces Lp(Γ, X), 1 ≤ p <∞, or
C(Γ, X) and let S be the C0-semigroup on E(Γ, X) defined by (S(t)f)(eiθ) =
T (t)f(ei(θ−t)). Let B be its generator. Then the following assertions are equiv-
alent:

(i) T is hyperbolic;
(ii) S is hyperbolic;
(iii) iIR ⊂ %(B).

Proof: If X = X0 ⊕ X1, then E(Γ, X) = E(Γ, X0) ⊕ E(Γ, X1). Hence, if
T is hyperbolic, then so is S by Corollary 2.5.3. This proves (i)⇒(ii). The
implication (ii)⇒(iii) is an obvious consequence of Proposition 2.6.1 and the
spectral inclusion theorem. Finally, if iIR ⊂ %(B), then Γ ⊂ %(T (t)) for all t > 0
by Theorem 2.5.2 and a rescaling argument, so T is hyperbolic by Proposition
2.6.1. ////

If T is dichotomous, then the factor T1 blows up exponentially for positive
time: this follows from ‖x‖ ≤ ‖T1(−t)‖ ‖T1(t)x‖ ≤ Me−ωt‖T1(t)x‖, t ≥ 0.
Under certain conditions is possible to prove that a semigroup splits into a
‘stable’ part and an ‘unstable’ part without necessarily being dichotomous; the
unstable part may even fail to extends to negative time. Our next result is
of this nature. In order to motivate it, consider a uniformly bounded positive
C0-semigroup T on a Banach lattice X. If 0 6∈ σ(A), then by virtue of Theorem
1.4.1 (i) we have s(A) < 0 and hence also ω1(T) < 0, so T is exponentially
stable. The next theorem describes the situation for arbitrary positive C0-
semigroups with 0 6∈ σ(A).

Theorem 2.6.6. Let T be a positive C0-semigroup, with generator A, on
a Banach lattice X with order continuous norm. If 0 ∈ %(A), there exists
a direct sum decomposition of X into T-invariant projection bands X =
X0 ⊕ X1 such that the restriction of T to X0 is exponentially stable and
lim supt→∞ ‖T (t)|x| ‖ = ∞ for all non-zero x ∈ X1.

Proof: Let E be the set of all x ∈ X for which the orbit t 7→ T (t)|x| is bounded.
Since T is positive, E is an ideal. Let E be its closure. Since X has order
continuous norm, E is a projection band; cf. Appendix A.3. Thus, X =
X0 ⊕X1, where X0 = PX = E, X1 = (I −P )X, and P is the band projection
of X onto E. Clearly, E is T-invariant, hence so is E = X0, and for x ∈ X0

we have PT (t)x = T (t)x = T (t)Px. This shows that P commutes with T, and
consequently also X1 is T-invariant.

Let x ∈ E and 0 < ε ∈ %(A) be fixed. Since t 7→ T (t)x is bounded, the
integral Rεx :=

∫∞
0
e−εtT (t)x dt is absolutely convergent. A simple direct cal-

culation shows that Rεx ∈ D(A) and (ε−A)Rεx = x. Hence Rεx = R(ε, A)x =∫∞
0
e−εtT (t)x dt. Note that R(ε, A)x ≥ 0 if x ≥ 0. Since also t 7→ T (t)|x| is

bounded, we can define Rε|x| in a similar way and have Rε|x| = R(ε, A)|x| =
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0
e−εtT (t)|x| dt. Moreover,

|R(ε, A)x| =
∣∣∣∣∫ ∞

0

e−εtT (t)x dt
∣∣∣∣ ≤ ∫ ∞

0

e−εtT (t)|x| dt = R(ε, A)|x|.

Hence, for t ≥ 0 we have

T (t)|R(ε, A)x| ≤ T (t)R(ε, A)|x| = R(ε, A)T (t)|x|

and therefore the orbit of |R(ε, A)x| is bounded. We have proved that E is
R(ε, A)-invariant and that R(ε, A)x ≥ 0 if 0 ≤ x ∈ E. Hence X0 = E is
invariant under R(ε, A), and since each 0 ≤ x ∈ X0 can be approximated
by positive elements in E (if xn → x with xn ∈ E, then also |xn| ∈ E and
|xn| → |x| = x), it follows that the restriction R(ε, A)|X0 of R(ε, A) to X0 is a
positive operator. Let A0 denote the generator of the restriction of T to X0.
Then ε ∈ %(A0) and R(ε, A0) = R(ε, A)|X0 . By letting ε ↓ 0, Proposition 1.1.6
shows that 0 ∈ %(A0); clearly R(0, A0) ≥ 0. By Theorem 1.4.1, this implies
that ω1(T0) = s(A0) < 0. ////

In order to give an application of this theorem, we borrow Weis’s theorem
from Section 3.5: Let (Ω, µ) be a positive σ-finite measure space, let 1 ≤ p <
∞, and let T be a positive C0-semigroup on Lp(µ), with generator A. Then
s(A) = ω0(T).

Corollary 2.6.7. Let T be a positive C0-semigroup, with generator A, on a
space Lp(µ), 1 ≤ p <∞. If 0 ∈ %(A), there exists a direct sum decomposition
of X into T-invariant projection bands X = X0 ⊕X1 such that the restriction
of T to X0 is uniformly exponentially stable and lim supt→∞ ‖T (t)|x|‖ = ∞
for all non-zero x ∈ X1.

Proof: Let X = X0 ⊕ X1 be the decomposition into projection bands as in
Theorem 2.6.6. Since every projection band in Lp(µ) is of the form Lp(µ′)
with µ′ the restriction of µ to some measurable subset Ω′ ⊂ Ω of the underlying
measure space Ω, we can apply Weis’s theorem to X0. ////

In the situation of this corollary, it need not be true that T is dichotomic.
If, however, T extends to a positive C0-group on X = Lp(µ), then 0 ∈ %(A)
does imply hyperbolicity:

Corollary 2.6.8. Let T be a positive C0-group, with generator A, on a space
Lp(µ), 1 ≤ p <∞. Then the following assertions are equivalent:

(i) T is hyperbolic;
(ii) 0 ∈ %(A).

Proof: The spectral inclusion theorem and Proposition 2.6.1 show that (i) im-
plies (ii). We shall only sketch the proof of the converse and refer to [Na, C-III,
Section 4] for the missing details. Define X0 := {x ∈ X : R(0, A)|x| ≥ 0}
and X1 := {x ∈ X : R(0, A)|x| ≤ 0}. Both X0 and X1 are closed T-invariant



74 Chapter 2

subspaces X; one can show that they are actually closed ideals. This is not
so hard to prove for X0; by considering the group {T (−t)}t∈IR generated by
−A and noting that R(0,−A) = −R(0, A) the same is true for X1. Moreover,
X0 ∩X1 = ∅ and X0 +X1 = X. The latter is not immediately obvious; it is a
consequence of the so-called Kato identity for lattice semigroups. Since Lp(µ)
has order continuous norm, X0 and X1 are projection bands and X = X0⊕X1.

A reasoning similar to the one in Theorem 2.6.6 can now be used to show
that s(A0) < 0. Applying this argument to the restriction of {T (−t)}t≥0 to X1

we also obtain s(−A1) < 0. As in Corollary 2.6.7, we can apply Weis’s theorem
to the positive C0-semigroups {T0(t)}t≥0 on X0 and {T1(−t)}t≥0 on X1 to see
that T is hyperbolic. ////

Notes. The proofs of Theorems 2.1.1 and 2.1.2 are taken from Pazy’s book.
In our definition of residual spectrum, we follow [Na].

A detailed treatment of adjoint semigroups is given in [Ne1].
The equivalence (i)⇔(ii) of Theorem 2.2.1 is due to G. Greiner [Gr]; see

also [Na], where our proof is taken from. For contraction semigroups, Theorem
2.2.4 is due to L. Gearhart [Ge]; the general case was proved independently
by I.W. Herbst [He], J.S. Howland [Hw], and J. Prüss [Pr2]. The approach to
Gearhart’s theorem via Theorem 2.2.1 is due to G. Greiner [Gr]; our proof via
2.2.1 (iii) is new.

The spectral mapping theorem for eventually uniformly continuous semi-
groups is due to E. Hille and R.S. Phillips [HP]. The concept of uniform conti-
nuity at infinity was introduced by J. Mazon and J. Martinez [MM], who proved
Theorem 2.3.3. Corollary 2.3.5 is due to P. You [Yo]. A simple proof was given
by K.-J. Engel and O. ElMennaoui [EE]. Theorem 2.3.4 is an improvement of
Theorem 2.1 of [MM]. The proof combines the ideas from [MM] and [EE].

The proof of Lemma 2.4.2 is taken from [Ly]. The formula for f̂(T) in
Lemma 2.4.3 is due to D.E. Evans [Ev], who used it to show that the spectrum
of the generator of a uniformly bounded C0-group T and the so-called Arveson
spectrum of T can be indentified. This result will be proved in Section 5.4.

Part (iii) of Lemma 2.4.3 was obtained independently in [NH] and [Vu3].
Theorem 2.4.4 was proved by G. Greiner for polynomially bounded groups; see
Theorem 7.4 in [Na, A-III]. The extension to C0-groups of non-quasianalytic
growth is due to E. Marschall [Ml]. It was obtained independently by Yu. I.
Lyubich and Vũ Quôc Phóng [LV2] and Sen-Zhong Huang and R. Nagel [NH].
We followed the proof of [NH]. In [LV2] the proof is only sketched and some
essential details are omitted. Corollary 2.4.5 is in [LV2]. A generalization to
non-quasianalytic group representations is given in [HS3].

Theorem 2.4.13 is due to Sen-Zhong Huang [HS1]; we follow his proof.
That the spectrum of the generator of a C0-groups may be empty has been
known for a long time; an example is the boundary group {I(it)}t∈IR of the
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fractional integration semigroup {Iz}Re z>0 on Lp(IR) [HP, p. 665]. Further
examples are given by J. Zabczyk (Example 1.2.4) and M. Wolff [Wo]. These
groups, however, have exponential growth.

Lemma 2.5.1, Theorem 2.5.2 and its corollaries are taken from [LM]. The
analogues of these results for translation along the real line also hold; for sepa-
rable X this was proved in [LM] and the general case is due to F. Räbiger and
R. Schnaubelt [RS]. Some special cases were obtained earlier by R. Rau [Ra].
Lemma 2.5.5 and its corollary and are slight modifications of the corresponding
results the real line proved in [RS] and are taken from [Ne4].

Proposition 2.6.1 is folklore. Theorems 2.6.2, 2.6.3, 2.6.4, and 2.6.5 are
obvious consequences of this proposition; 2.6.3 appears in [Pr2] and 2.6.5 in
[LM].

Using IR instead of Γ, the following analogue of Theorem 2.6.5 can be
proved [LM]: Let E(IR, X) be one of the spaces Lp(IR, X), 1 ≤ p < ∞, or
C0(IR, X) and let S be the C0-semigroup on E(IR, X) defined by (S(t)f)(s) =
T (t)f(s− t). Let B be its generator. Then the following assertions are equiv-
alent:
(i) T is hyperbolic;
(ii) S is hyperbolic;
(iii) 0 ∈ %(B).
This theorem can be extended in various ways; cf. [LM], [RS].

S. Montgomery-Smith [Mo] gave an example of a positive C0-semigroup on
Lp such that iIR ⊂ %(A) and 1 ∈ σ(T (2π)). Thus, for positive C0-semigroups
on Lp, 0 ∈ %(A) does not imply hyperbolicity.

The following ‘spectral’ version of Theorem 2.6.6 was proved by G. Greiner
[Gr] (see also [Na, C-III]): If T is a positive C0-group on a Bananch lattice X
with order continuous norm and 0 ∈ %(A), then X admits a decomposition into
T-invariant projection bandsX = X0⊕X1 such that σ(A0) = σ(A)∩{Re z < 0}
and σ(A1) = σ(A) ∩ {Re z > 0}. A result of W. Arendt shows that the order
continuity assumption can actually be dropped.

We have not touched upon the question of obtaining spectral decomposi-
tions for semigroups for which the imaginary axis is contained in the resolvent
set of the generator. Under certain additional conditions this is possible; typi-
cally one needs uniform boundedness of the resolvent along the imaginary axis
and convergence of its Cesàro integral. One then obtains a spectral decom-
position of the generator. If in this situation T1 extends to a C0-group and
s(A0) = ω0(T0) and s(−A1) = ω0({T1(−t)}t≥0) holds for the corresponding
restrictions, then T is hyperbolic. For more details we refer to [BGK] and [KV].
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Uniform exponential stability

In this chapter we shall study the uniform growth bound ω0(T) in more
detail. Our main concern is finding necessary and sufficient conditions for
uniform exponential stability.

In Section 3.1 we prove the Datko-Pazy theorem which asserts that T is
uniformly exponentially stable if and only if there exists a 1 ≤ p <∞ such that∫ ∞

0

‖T (t)x‖p dt <∞, ∀x ∈ X.

Actually, we shall prove the more general result that it is necessary and suffi-
cient that all orbits lie in certain vector-valued function spaces over IR+.

In Section 3.2 as a special case we derive Rolewicz’s theorem which states
that T is uniformly exponentially stable if and only if∫ ∞

0

φ(‖T (t)x‖) dt <∞, ∀x ∈ X,

for some strictly positive, non-decreasing function φ.
In Section 3.3 we prove that T is uniformly exponentially stable if and

only if convolution with T,

(T ∗ f)(t) :=
∫ t

0

T (s)f(t− s) ds,

maps Lp(IR+, X) or C0(IR+, X) into itself.
This result is applied in Section 3.4, where we prove that T is uniformly

exponentially stable if and only if

sup
s>0

∥∥∥∥∫ s

0

T (t)g(t) dt
∥∥∥∥ <∞, ∀g ∈ AP (IR+, X),

where AP (IR+, X) is the space of X-valued almost periodic functions.
In Sections 3.5 and 3.6 we consider the problem of finding sufficient con-

ditions for the equality s(A) = ω0(T) in the absence of a spectral mapping
theorem. In Section 3.5 we prove the theorem of Weis that this equality holds
for positive C0-semigroups on Lp-spaces and in Section 3.6 we give a sufficient
condition for s(A) = ω0(T) in terms of the essential spectrum of T.
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3.1. The theorem of Datko and Pazy

We start with the following general situation.

Lemma 3.1.1. Let X, Y , and Z be Banach spaces and let S : X × Y → Z
be a separately continuous bilinear map. Then there exists a constant K > 0
such that

‖S(x, y)‖ ≤ K‖x‖ ‖y‖, ∀x ∈ X, y ∈ Y.

Proof: For x ∈ X define Sx : Y → Z, Sxy := S(x, y). Then each Sx is bounded
by the continuity in the Y -variable. Using the continuity in the X-variable, it
is easy to see that the map x 7→ Sx is closed, and hence bounded by the closed
graph theorem. Denoting the norm of this map by K, for all x ∈ X and y ∈ Y
we have ‖S(x, y)‖ ≤ ‖Sx‖ ‖y‖ ≤ K‖x‖ ‖y‖. ////

We specialize this to the case where Y = X∗ and Z is a Banach function
space. For more details about Banach function spaces we refer to Appendix
A.4.

Lemma 3.1.2. Let E be a Banach function space over a positive σ-finite
measure space (Ω, µ). Let X be a Banach space and assume that S : Ω → L(X)
is a mapping such that for all x ∈ X and x∗ ∈ X∗, the function

Sx,x∗(ω) := 〈x∗, S(ω)x〉, ω ∈ Ω,

defines an element of E. Then, there exists a constant K > 0 such that

‖Sx,x∗‖E ≤ K‖x‖ ‖x∗‖, ∀x ∈ X, x∗ ∈ X∗.

Proof: Consider the map S : X × X∗ → E defined by S(x, x∗) := Sx,x∗ . We
claim that this bilinear map is separately continuous. Indeed, fix x∗ ∈ X∗.
We will show that Sx∗ : X → E defined by Sx∗x := Sx,x∗ is closed. To
this end, let xn → x in X and Sx∗xn → f in E. Since Cauchy sequences
in Banach function spaces have pointwise a.e. convergent subsequences, and
since (Sx∗xn)(ω) → (Sx∗x)(ω) for all ω, it follows that Sx∗x = f , proving
closedness. Therefore, each operator Sx∗ is bounded. Similarly, each operator
Sx : X∗ → E, Sxx

∗ := Sx,x∗ , is bounded. Therefore, S is separately continuous
and we can apply Lemma 3.1.1. ////

We are going to apply this lemma to C0-semigroups whose orbits define
elements of a given Banach function space over IR+. The key observation is
the following simple fact. It states that the scalar orbits of an operator with
spectral radius one can have arbitrarily long initial parts staying away from
zero.
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Lemma 3.1.3. Suppose T is a bounded operator on a Banach space X whose
spectral radius satisfies r(T ) ≥ 1. Then for all N ∈ IN and 0 < ε < 1, there
exist norm one vectors x ∈ X and x∗ ∈ X∗ such that

|〈x∗, Tnx〉| ≥ 1− ε, n = 0, ..., N.

Proof: Fix N ∈ IN and 0 < ε < 1 and fix λ ∈ σ(T ) with |λ| = r(T ). Then λ ∈
∂σ(T ), the boundary of the spectrum of T , so λ is an approximate eigenvalue
and |λ| ≥ 1. Let (yn) be an approximate eigenvector corresponding to λ. Since
for each k ∈ IN,

lim
n→∞

‖T kyn − λkyn‖ = 0,

we may choose n0 so large that ‖T kyn0−λkyn0‖ ≤ ε
2 , k = 0, ..., N . Put x = yn0

and let x∗ ∈ X∗ be any norm one vector such that |〈x∗, x〉| ≥ 1− ε
2 . Then for

k = 0, ..., N we have

|〈x∗, T kx〉| ≥ |λ|k|〈x∗, x〉| − ε

2
≥ 1− ε.

////

We remind the reader of the convention that unless otherwise stated all
Banach spaces are complex. For real Banach spaces, Lemma 3.1.3 is wrong. A
simple counterexample is rotation over α in X = IR2, with α/(2π) irrational.
For this operator, Lemma 3.1.3 fails for every choice of ε. We leave the easy
proof to the reader.

For a Banach function space E(IN) over IN we define

ϕE(IN)(n) = ‖χ{0,...,n−1}‖E(IN), n = 1, 2, ...,

Theorem 3.1.4. Let T be a bounded operator on a Banach space X. Let
E = E(IN) be a Banach function space over IN with limn→∞ ϕE(n) = ∞.
If, for some sequence kn → ∞ and all x ∈ X and x∗ ∈ X∗, the function
n 7→ 〈x∗, T knx〉 belongs to E, then r(T ) < 1.

Proof: For each x ∈ X and x∗ ∈ X∗, define fx,x∗(n) := 〈x∗, T knx〉. Then
‖fx,x∗‖E ≤ K‖x‖ ‖x∗‖, where K is the constant of Lemma 3.1.2.

Suppose for contradiction that r(T ) ≥ 1. Fix 0 < ε < 1 and let N ∈ IN
be arbitrary. Set ΩN = {0, ..., N − 1} and let x and x∗ norm one vectors such
that

|〈x∗, Tnx〉| ≥ 1− ε, n = 0, 1, ..., kN−1.

¿From |χΩN
| ≤ (1− ε)−1|fx,x∗ |, we see that χΩN

∈ E and ϕE(N) = ‖χΩN
‖E ≤

(1 − ε)−1K. Since this holds for all N , we have supN ϕE(N) ≤ (1 − ε)−1K, a
contradiction. ////
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The theorem obviously fails for the space E = l∞. This shows that the
condition limn→∞ ϕE(n) = ∞ cannot be omitted.

For a Banach function space E(IR+) over IR+ we define

ϕE(IR)(t) = ‖χ[0,t)‖E(IR+), t ≥ 0,

provided χ(0,t) ∈ E; otherwise we put ϕE(IR)(t) = ∞.
Let T be a C0-semigroup on X. By applying Theorem 3.1.4 to T (1) we

obtain the following result.

Theorem 3.1.5. Let T be a C0-semigroup on a Banach space X and let
E = E(IR+) be a Banach function space over IR+ with limt→∞ ϕE(t) = ∞.
If, for all x ∈ X, the maps t 7→ ‖T (t)x‖ belong to E, then T is uniformly
exponentially stable.

Proof: Let E(IN) be the Banach function space over IN consisting of all se-
quences (αn) such that

∑
n αnχ[n,n+1) ∈ E, with the norm

‖(αn)‖E(IN) :=

∥∥∥∥∥∑
n

αnχ[n,n+1)

∥∥∥∥∥
E

.

Note that limn→∞ ϕE(IN)(n) = ∞.
Let M := sup0≤t≤1 ‖T (t)‖. For all x ∈ X and t ≥ 0, t = t0 + t1 with

t0 ∈ IN and 0 ≤ t1 < 1, we have ‖T (t0 + 1)x‖ ≤M‖T (t)x‖. Therefore

‖T (·)x‖ ≥M−1
∑

n

‖T (n+ 1)‖χ[n,n+1).

It follows that for all x ∈ X the map n 7→ ‖T (n + 1)x‖ defines an element
of E(IN). Then certainly n 7→ 〈x∗, T (n + 1)x〉 ∈ E(IN) for all x ∈ X and
x∗ ∈ X∗, and the theorem follows from Theorem 3.1.4 applied to T = T (1)
and kn = n+ 1. ////

We are going to apply this theorem to certain weighted Lp-spaces. For
1 ≤ p ≤ ∞ and a strictly positive function 0 < α ∈ L1

loc(IR+), we define
Lp

α(IR+) as the set of all functions g such that αg (the pointwise a.e. product)
is in Lp(IR+). With the norm

‖g‖Lp
α(IR+) := ‖αg‖Lp(IR+),

it is easy to check that Lp
α(IR+) is a Banach function space over IR+. Note

that the strict positivity implies that only the zero function has norm zero. We
have

ϕLp
α(IR+)(t) =

(∫ t

0

(α(t))p dt

) 1
p

.

Using this space, we have the following corollary to Theorem 3.1.5.
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Corollary 3.1.6. Let 0 ≤ β ∈ L1
loc(IR+) be any function such that∫ ∞

0

β(t) dt = ∞.

Let 1 ≤ p <∞. If T is a C0-semigroup on a Banach space X such that∫ ∞

0

β(t)‖T (t)x‖p dt <∞, ∀x ∈ X,

then T is uniformly exponentially stable.

Proof: If T (t) = 0 for some t ≥ 0, then T is eventually zero and there is nothing
to prove. Therefore, we may assume that T (t) 6= 0 for all t ≥ 0. Define the
function α ∈ L1

loc(IR+) by α(t) := (β(t))
1
p . We are going to modify α to a

strictly positive function as follows. Define

α̃(t) :=
{
α(t), if α(t) 6= 0;
e−t‖T (t)‖−1, if α(t) = 0.

Since α̃ ≥ α = β
1
p ≥ 0 we have

lim
t→∞

ϕLp
α̃
(IR+)(t) ≥ lim

t→∞

(∫ t

0

β(t) dt
) 1

p

= ∞.

Also, by the triangle inequality for Lp(IR+), for all x ∈ X we have∥∥ ‖T (·)x‖
∥∥

Lp
α̃
(IR+)

≤
(∫ ∞

0

(
(α(t) + e−t‖T (t)‖−1)‖T (t)x‖

)p
dt

) 1
p

≤
(∫ ∞

0

β(t)‖T (t)x‖p dt

) 1
p

+
(∫ ∞

0

e−pt‖x‖p dt

) 1
p

<∞.

Therefore, for all x ∈ X the map t 7→ T (t)x defines an element of Lp
α̃(IR+),

and the desired conclusion follows from Theorem 3.1.5. ////

The special case β := 1 is usually referred to as the Datko-Pazy theorem.
Explicitly, it states that T is uniformly exponentially stable if and only if there
exist 1 ≤ p <∞ such that∫ ∞

0

‖T (t)x‖p dt <∞, ∀x ∈ X. (3.1.1)

If (3.1.1) holds, the closed graph theorem applied to the map X → Lp(IR+, X),
x 7→ T (·)x, implies the existence of a constant C > 0 such that∫ ∞

0

‖T (t)x‖p dt ≤ C‖x‖p, ∀x ∈ X. (3.1.2)

Our next objective is to prove the following quantitative version of the Datko-
Pazy theorem: If (3.1.2) holds, then ω0(T) ≤ −1/(pC). The proof is based on
the following non-trivial result due to V. Müller: Let T be a bounded operator
on a Banach space X with spectral radius r(T ) ≥ 1. Then for each 0 < ε < 1
and each sequence 1 ≥ α0 ≥ α1 ≥ ... ↓ 0 there exists a norm one vector x ∈ X
such that

‖Tnx‖ ≥ (1− ε)αn, ∀n = 0, 1, 2, ...
We have the following analogue for semigroups.
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Lemma 3.1.7. Let T be a C0-semigroup on a Banach space X with ω0(T) ≥
0. Then for each 0 < ε < 1 and each non-increasing function α : [0,∞) → [0, 1]
with limt→∞ α(t) = 0 there exists a norm one vector x ∈ X such that

‖T (t)x‖ ≥ (1− ε)α(t), ∀t ≥ 0.

Proof: Let the non-increasing function α : [0,∞) → [0, 1], 0 ≤ α ≤ 1, α(t) ↓ 0,
be fixed.

Step 1. Define β : [0,∞) → [0, 1] by

β(t) =
{
α(0), 0 ≤ t < 1;
α(t− 1), t ≥ 1.

Then β is non-increasing and limt→∞ β(t) = 0. Put T := T (1). Because of
the identity r(T (t)) = eω0(T)t, we have r(T ) ≥ 1. By Müller’s theorem, we can
choose a vector x0 ∈ X of norm one such that ‖T kx0‖ ≥ 1

2β(k) for all k. For
t ≥ 0 we let [t] be the integer part of t. With M := sup0≤t≤1 ‖T (t)‖, for all
t ≥ 0 we have

‖T (t)x0‖ ≥
1
M
‖T ([t] + 1)x0‖ ≥

1
2M

β([t] + 1)

=
1

2M
α([t]) ≥ 1

2M
α(t).

(3.1.3)

Step 2. Fix 0 < ε < 1. We will now show that the constant (2M)−1 in
(3.1.3) can actually be replaced by 1− ε. Fix δ > 0 such that (1− δ)/(1 + δ) ≥
1− ε. We start by choosing integers 0 = M0 < M1 < ... such that 0 ≤ α(t) ≤
(1 + δ)−n whenever t ≥ Mn. Next, choose integers 0 = N0 < N1 < ... in such
a way that Nn ≥ Mn for each n and Nm + Nn ≤ Nm+n for all m,n. Define
the non-increasing function γ : [0,∞) → [0, 1] by γ(t) := (1 + δ)−n whenever
Nn ≤ t < Nn+1. Note that 0 ≤ α ≤ γ ≤ 1 and limt→∞ γ(t) = 0.

We claim that γ(t+ s) ≥ (1 + δ)−1γ(t)γ(s) for all t, s ≥ 0. Indeed, choose
integers kt and ks such that Nkt ≤ t < Nkt+1 and Nks ≤ s < Nks+1. Then
γ(t) = (1+δ)−kt and γ(s) = (1+δ)−ks , whereas from t+s < Nkt+1 +Nks+1 ≤
Nkt+ks+2 we have γ(t+ s) ≥ (1 + δ)−kt−ks−1. This proves the claim.

Now choose a norm one vector x0 ∈ X such that ‖T (t)x0‖ ≥ (2M)−1γ(t)
for all t ≥ 0 using Step 1 applied to the function γ. Let

η := inf
t≥0

‖T (t)x0‖
γ(t)

.

Note that η ≥ (2M)−1; moreover, for all t ≥ 0 we have ‖T (t)x0‖ ≥ ηγ(t).
Choose t0 ≥ 0 such that

ηγ(t0)
‖T (t0)x0‖

≥ 1− δ

and put x := ‖T (t0)x0‖−1T (t0)x0. Then for all t ≥ 0 we have

‖T (t)x‖ =
‖T (t+ t0)x0‖
‖T (t0)x0‖

≥ ηγ(t+ t0)
‖T (t0)x0‖

≥ 1− δ

1 + δ
γ(t) ≥ (1−ε)γ(t) ≥ (1−ε)α(t).

////
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Theorem 3.1.8. Let T be a C0-semigroup on a Banach space X. If there
exist 1 ≤ p <∞ and C > 0 such that∫ ∞

0

‖T (t)x‖p dt ≤ C‖x‖p, ∀x ∈ X,

then ω0(T) ≤ −1/(pC).

Proof: By Lemma 3.1.7 applied to the C0-semigroup Tω := {e−ωtT (t)}t≥0,
where ω := ω0(T), for all δ > 0 and 0 < ε < 1 there exists a norm one vector
x = xδ,ε ∈ X such that

‖e−ωtT (t)x‖ ≥ (1− ε)e−δt, ∀t ≥ 0.

Hence, for this x we have∫ ∞

0

‖T (t)x‖p dt ≥ (1− ε)p

∫ ∞

0

e(ω−δ)pt dt = − (1− ε)p

p(ω − δ)
.

Combining this with the assumption of the theorem, we see that

− (1− ε)p

p(ω − δ)
≤ C.

Since δ > 0 and ε > 0 were arbitrary, it follows that −(ωp)−1 ≤ C, so ω ≤
−(pC)−1 as was to be proved. ////

The estimate is the best possible in the sense that ω0(T) is the infimum of
the numbers −(pC)−1, where C > 0 runs over all constants for which (3.1.2)
holds with regard to some equivalent norm. To see this, let ω0(T) < ω < 0 be
arbitrary and choose a constant M > 0 such that ‖T (t)‖ ≤Meωt for all t ≥ 0.
Define the equivalent norm ||| · ||| by

|||x||| := sup
t≥0

e−ωt‖T (t)x‖.

Then |||T (t)||| ≤ eωt for all t ≥ 0, and for all 1 ≤ p <∞ and x ∈ X we have∫ ∞

0

|||T (t)x|||p dt ≤
∫ ∞

0

eωpt|||x|||p ≤ − 1
pω
|||x|||p.

Thus, (3.1.2) holds for the norm ||| · ||| with C = −(pω)−1.
The consideration of equivalent norms is necessary because ω0(T) is an

isomorphic quantity whereas the assumption (3.1.2) is isometric.

The (qualitative) Datko-Pazy theorem leads to a short alternative proof
of Corollary 2.2.5.
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Second proof of Corollary 2.2.5: Fix ω0 > ω0(T) arbitrary. By the Hilbert
space-valued Plancherel theorem applied to the maps t 7→ e−ωtT (t)x · χIR+(t),
ω ≥ ω0, it follows that

sup
ω≥ω0

∫ ∞

−∞
‖R(ω + it, A)x‖2 dt ≤ K2‖x‖2, ∀x ∈ H, (3.1.4)

where K > 0 is a constant independent of x. By the resolvent identity, for all
ω > 0 we have

‖R(ω + it, A)‖ ≤ ‖(I + (ω0 − ω)R(ω + it, A))‖ ‖R(ω0 + it, A)‖
and hence by (3.1.4) and the uniform boundedness of the resolvent in the right
halfplane there is a constant k > 0 such that

sup
0<ω<ω0

∫ ∞

−∞
‖R(ω + it, A)x‖2 dt ≤ k2K2‖x‖2, ∀x ∈ H. (3.1.5)

Combining (3.1.4) and (3.1.5), the Hilbert space-valued Paley-Wiener theorem
now implies that for each x ∈ H there exists a function gx ∈ L2(IR+,H) such
that R(z,A)x is the Laplace transform of gx. Since the Laplace transforms
of gx and T (·)x agree on {Reλ > ω0(T)}, by the uniqueness of the Laplace
transform it follows that gx(t) = T (t)x for almost all t ≥ 0. We have proved
that ∫ ∞

0

‖T (t)x‖2 dt <∞, ∀x ∈ H.

Therefore, T is uniformly exponentially stable. ////

We conclude this section with an orbitwise analogue of Theorem 3.1.5 that
will be useful later.

Lemma 3.1.9. Let T be a C0-semigroup on a Banach space X. Let E =
E(IR+) be a rearrangement invariant Banach function space over IR+ with
limt→∞ ϕE(t) = ∞. If, for some x0 ∈ X, the map t 7→ ‖T (t)x0‖ belongs to E,
then

lim
t→∞

‖T (t)x0‖ = 0.

Proof: Suppose the contrary. Then there exists an ε > 0 and a sequence tn →
∞ such that ‖T (tn)x0‖ ≥ ε for all n ∈ IN. By passing to a subsequence, we may
assume that t0 ≥ 1 and tn+1− tn ≥ 1 for all n. Let M := sup0≤t≤1 ‖T (t)‖. For
t ∈ [tn − 1, tn] we have ‖T (tn)x0‖ ≤M‖T (t)x0‖, and hence ‖T (t)x0‖ ≥M−1ε.
It follows that

‖T (·)x0‖ ≥M−1ε · χ∪N−1
n=0 [tn−1,tn], N = 1, 2, ...,

and therefore, using the rearrangement invariance,∥∥ ‖T (·)x0‖
∥∥

E
≥M−1ε ‖χ∪N−1

n=0 [tn−1,tn]‖E

= M−1ε ‖χ[0,N ]‖E

= M−1ε ϕE(N), N = 1, 2, ...

This contradicts the assumption that limt→∞ ϕE(t) = ∞. ////
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3.2. The theorem of Rolewicz

In this section, we apply Theorem 3.1.5 to Orlicz spaces. We refer the
reader to Appendix A.4 for the definition of this class of spaces and for the
notation used here.

The key to applying Theorem 3.1.5 is the following construction.

Lemma 3.2.1. Let φ : IR+ → IR+ be a non-decreasing function. Then there
exists an Orlicz space E = E(IR+) with limt→∞ ϕE(t) = ∞, which has the
property that f ∈ E for all f ∈ L∞(IR+) that satisfy∫ ∞

0

φ(|f(s)|) ds <∞. (3.2.1)

Proof: Upon replacing φ(t) by lims↑t φ(s), we may assume that φ is left-continu-
ous. Also, upon replacing φ by some multiple of itself, we may assume that
φ(1) = 1. Define

φ̃(t) :=
{
φ(t), 0 < t ≤ 1,
1, t > 1.

Let Φ̃ be its indefinite integral,

Φ̃(t) =
∫ t

0

φ̃(s) ds, t > 0.

Fix a bounded measurable function f such that (3.2.1) is satisfied. Without
loss of generality we may assume that ‖f‖∞ ≤ 1. Since Φ̃(t) ≤ φ̃(t) = φ(t) for
all 0 ≤ t ≤ 1, we have∫

IR+

Φ̃(|f(s)|) ds ≤
∫

IR+

φ(|f(s)|) ds <∞.

It follows that
M Φ̃(f) =

∫
IR+

Φ̃(|f(s)|) ds <∞,

and hence f ∈ LΦ̃, the Orlicz space associated to Φ̃. Finally, φ̃(t) > 0 for all
t > 0 and hence limt→∞ ϕLΦ̃(t) = ∞. This proves the lemma, with E = LΦ̃.
////

Theorem 3.2.2. Let φ : IR+ → IR+ be a non-decreasing function with
φ(t) > 0 for all t > 0. If T is a C0-semigroup on a Banach space X such that∫ ∞

0

φ(‖T (t)x‖) dt <∞, ∀x ∈ X, ‖x‖ ≤ 1,

then T is uniformly exponentially stable.
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Proof: Let E be the Orlicz space of Lemma 3.2.1.
We claim that T is uniformly bounded. In fact, we have limt→∞ ‖T (t)x‖ =

0. Indeed, if there were x ∈ X, ε > 0, and a sequence tn → ∞ such that
‖T (tn)x‖ ≥ ε for all n, then for all n and all t ∈ [tn − 1, tn] we have ‖T (t)x‖ ≥
M−1ε, where M = sup0≤s≤1 ‖T (s)‖. Assuming without loss of generality that
t0 ≥ 1 and tn+1 − tn ≥ 1 for all n, it follows that

∫ ∞

0

φ(‖T (t)x‖) dt ≥
∞∑

n=0

φ(εM−1) = ∞,

a contradiction.
Since T is uniformly bounded, for each x ∈ X of norm ≤ 1 the func-

tion fx(t) := ‖T (t)x‖ satisfies the assumptions of Lemma 3.2.1, and there-
fore it belongs to E. By linearity, the same then holds for arbitrary x ∈ X.
Since limt→∞ ϕE(t) = ∞ by Proposition A.4.2, we can now apply Theorem
3.1.5. ////

For continuous φ, this result is due to S. Rolewicz.
By imposing stronger conditions on φ, it is possible to improve this re-

sult and obtain an analogue of Corollary 3.1.6. We say that φ satisfies a
∆2-condition if there is a constant K > 0 such that for all t > 0 we have
φ(t) ≤ Kφ( 1

2 t).

Theorem 3.2.3. Let T be a C0-semigroup on a Banach space X. Let
φ : IR+ → IR+ be a non-decreasing function satisfying a ∆2-condition. Let α
be a non-negative measurable function on IR+ such that φ ◦α ∈ L1

loc(IR+) and∫ ∞

0

φ
(
α(t)

)
dt = ∞.

If ∫ ∞

0

φ(α(t)‖T (t)x‖) dt <∞, ∀x ∈ X, ‖x‖ ≤ 1,

then T is uniformly exponentially stable.

Proof: Let φ(t) ≤ Kφ( 1
2 t) for all t > 0. Put t0 := 0 and let t1 > 0 be so large

that
∫ t1
0
φ(α(t)) dt ≥ 1. Inductively, suppose t0 < ... < tn−1 have been chosen

such that ∫ tk

tk−1

φ(2−k+1α(t)) dt ≥ 1, k = 1, ..., n− 1.

Since φ ◦ α ∈ L1
loc(IR+), we have

∫∞
tn−1

φ(α(t)) dt = ∞. Hence also

∫ ∞

tn−1

φ(2−n+1α(t)) dt = ∞
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by the ∆2-condition. Therefore, for tn > tn−1 large enough,∫ tn

tn−1

φ(2−n+1α(t)) dt ≥ 1.

This completes the induction step.
Suppose, for a contradiction, that ω0(T) ≥ 0. Let γ ∈ C0[0,∞) be a norm

one function such that γ(t) ≥ 2−n+1 for t ∈ [tn−1, tn); n = 1, 2, ...
By Lemma 3.1.7, there is a norm one vector x ∈ X such that ‖T (t)x‖ ≥

1
2γ(t) for all t ≥ 0. But then, using the ∆2-condition,∫ ∞

0

φ
(
α(t)‖T (t)x‖

)
dt ≥ K−1

∫ ∞

0

φ
(
α(t)γ(t)

)
dt

≥ K−1
∞∑

n=1

∫ tn

tn−1

φ(2−n+1α(t)) dt = ∞.

This contradiction concludes the proof. ////

Note that Corollary 3.1.6 corresponds to the special case φ(t) = tp and
β = α

1
p .

3.3. Characterization by convolutions

Consider the inhomogeneous abstract Cauchy problem
du

dt
(t) = Au(t) + f(t), t ≥ 0,

u(0) = x,

where A is the generator of a C0-semigroup T on a Banach space X and
f ∈ Lp(IR+, X) or C0(IR+, X). As is well-known, for all x ∈ X this problem
has a unique mild solution given by

u(t) = T (t)x+ (T ∗ f)(t),

where the convolution T ∗ f is defined by

(T ∗ f)(t) :=
∫ t

0

T (s)f(t− s) ds, t ≥ 0.

This observation motivates us to study the action by convolution of a C0-
semigroup on vector-valued function spaces over IR+.

The main result of this section, which relies on Latushkin - Montgomery-
Smith theory, is a characterization of uniform exponential stability in terms
of convolutions. In the proof we use Vitali’s theorem: If Ω1 ⊂ Ω0 ⊂ C are
simply connected open sets, (fn) is a uniformly bounded sequence of bounded
X-valued holomorphic functions on Ω0, and f is an X-valued holomorphic
function on Ω1 such that fn → f on Ω1 pointwise, then f admits a holomorphic
extension to Ω0 and we have fn → f locally uniformly on Ω0.



Uniform exponential stability 87

Theorem 3.3.1. Let T be a C0-semigroup on a Banach space X and let
1 ≤ p <∞. Then the following assertions are equivalent:

(i) T is uniformly exponentially stable;
(ii) T ∗ f ∈ Lp(IR+, X) for all f ∈ Lp(IR+, X);
(iii) T ∗ f ∈ C0(IR+, X) for all f ∈ C0(IR+, X).

Proof: For 1 ≤ p <∞, we define the C0-semigroup Sp on Lp(IR+, X) by

(Sp(t)f)(s) =
{
T (t)f(s− t), s ≥ t;
0, else.

Similarly, we define the C0-semigroup S∞ on C00(IR+, X), the space of X-
valued continuous functions vanishing at infinity satisfying f(0) = 0, by

(S∞(t)f)(s) =
{
T (t)f(s− t), s ≥ t;
0, else.

We denote the generators of these semigroups by Bp and B∞, respectively.
First we prove (ii)⇒(i).
By Lemma 2.5.5, we have to prove that s(Bp) < 0. For this, it is enough

to prove that the resolvent of Bp exists and is uniformly bounded in the right
halfplane. Indeed, once this is established, Lemma 2.3.4 shows that s(Bp) < 0.

We start by observing that there is a constant M > 0 such that

‖T ∗ f‖Lp(IR+,X) ≤M‖f‖Lp(IR+,X), ∀f ∈ Lp(IR+, X).

To see this, we claim that the map f 7→ T ∗ f is closed as a map of Lp(IR+, X)
into itself. Indeed, assume fn → f and T ∗ fn → g in Lp(IR+, X). Then it
is immediate that (T ∗ fn)(s) → (T ∗ f)(s) for all s > 0. On the other hand,
since a norm convergent sequence in Lp(IR+, X) contains a subsequence that
converges pointwise a.e., it follows that (T ∗ fnk

)(s) → g(s) for some sequence
(nk) and almost all s. Therefore, T∗ f = g, as was to be shown. The existence
of the constant M now follows from the closed graph theorem.

For T0 > 0, we define πT0 : Lp(IR+, X) → Lp([0, T0], X) by restriction:
πT0f = f |[0,T0]. For T > 0, T0 > 0 and f ∈ Lp(IR+, X), we define the entire
Lp(IR+, X)-valued function FT,f and the entire Lp([0, T0], X)-valued function
FT,T0,f by

FT,f (z) =
∫ T

0

e−ztSp(t)f dt,

FT,T0,f (z) = πT0(FT,f (z)).

For each z, the map f 7→ FT,T0,f (z) is bounded as a map Lp(IR+, X) →
Lp([0, T0], X). A trivial estimate shows that each of the functions FT,f and
FT,T0,f is bounded in each vertical strip {0 < Rez < c}, c > 0.

For λ ∈ IR and f ∈ Lp(IR+, X), let fλ(s) := eiλsf(s), s ≥ 0. The restric-
tion of Sp to the invariant subspace C00(IR+, X) ∩ Lp(IR+, X) extends to the
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C0-semigroup S∞ on C00(IR+, X). Since point evaluations on the latter space
are continuous, for f ∈ C00(IR+, X) ∩ Lp(IR+, X), T ≥ T0, and 0 ≤ s ≤ T0 we
have (∫ T

0

e−iλtSp(t)f dt

)
(s) =

∫ T

0

e−iλtSp(t)f(s) dt

=
∫ s

0

e−iλtT (t)f(s− t) dt

= e−iλs

∫ s

0

T (t)fλ(s− t) dt.

Therefore, for T ≥ T0,

‖FT,T0,f (iλ)‖Lp([0,T0],X) =

∥∥∥∥∥πT0

(
e−iλ(·)

∫ (·)

0

T (t)fλ(· − t) dt

)∥∥∥∥∥
Lp([0,T0],X)

≤ ‖πT0‖ · ‖T ∗ fλ‖Lp(IR+,X) ≤ ‖T ∗ fλ‖Lp(IR+,X)

≤M‖fλ‖Lp(IR+,X) = M‖f‖Lp(IR+,X).

Since C00(IR+, X) ∩ Lp(IR+, X) is dense in Lp(IR+, X), it follows that

‖FT,T0,f (iλ)‖Lp([0,T0],X) ≤M‖f‖Lp(IR+,X) (3.3.1)

for all λ ∈ IR, T ≥ T0 and f ∈ Lp(IR+, X). Also, if we choose constants N > 0
and ω ≥ 0 such that ‖Sp(t)‖ ≤ Neωt for all t ≥ 0, then for Rez = ω + 1 we
have

‖FT,T0,f (z)‖Lp([0,T0],X) ≤ ‖πT0‖
∫ T

0

e−(ω+1)tNeωt‖f‖Lp(IR+,X) dt

≤ N(1− e−T )‖f‖Lp(IR+,X) ≤ N‖f‖Lp(IR+,X).

It follows that for each f ∈ Lp(IR+, X) and T0 > 0 fixed, the functions z 7→
FT,T0,f (z) are bounded on the line Rez = ω + 1, uniformly with respect to
T > 0, with bound N‖f‖Lp(IR+,X). Therefore, by (3.3.1) and the Phragmen-
Lindelöf theorem, for each f and T0 fixed we have

‖FT,T0,f (z)‖Lp([0,T0],X) ≤ max{M,N}‖f‖Lp(IR+,X) (3.3.2)

for all 0 < Rez < ω + 1 and T ≥ T0. Also, for Rez > ω we have

lim
T→∞

FT,T0,f (z) = πT0R(z,Bp)f.

Combining these facts, it follows from Vitali’s theorem that for each f ∈
Lp(IR+, X) and T0 > 0 the function z 7→ πT0R(z,Bp)f has an holomorphic
extension F∞,T0,f to {0 < Rez < ω + 1}, and that for 0 < Rez < ω + 1,

F∞,T0,f (z) = lim
T→∞

FT,T0,f (z)
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uniformly on compacta. Moreover, by (3.3.2),

‖F∞,T0,f (z)‖Lp([0,T0],X) ≤ max{M,N}‖f‖Lp(IR+,X) (3.3.3)

for all 0 < Rez < ω + 1 and T0 > 0. By regarding Lp([0, T0], X) as a closed
subspace of Lp(IR+, X), for all ω < Rez < ω + 1 we have

lim
T0→∞

F∞,T0,f (z) = lim
T0→∞

πT0R(z,Bp)f = R(z,Bp)f, (3.3.4)

the convergence being with respect to the norm of Lp(IR+, X). Again by Vitali’s
theorem, now using (3.3.3), it follows that R(z,Bp)f admits a holomorphic
extension F∞,∞,f to {0 < Rez < ω + 1}, and that for all 0 < Rez < ω + 1,

lim
T0→∞

lim
T→∞

FT,T0,f (z) = lim
T0→∞

F∞,T0,f (z) = F∞,∞,f (z) (3.3.5)

uniformly on compacta. By Proposition 1.1.6, {0 < Rez < ω+1} ⊂ %(Bp) and
F∞,∞,f (z) = R(z,Bp)f .

Therefore, by (3.3.3), (3.3.5), and the uniform boundedness theorem, it
follows that R(z,Bp) is uniformly bounded in {0 < Rez < ω + 1}. By the
Hille-Yosida theorem, R(z,Bp) is also uniformly bounded in {Rez ≥ ω + 1}.
Thus, R(z,Bp) exists and is uniformly bounded in {Rez > 0}. This completes
the proof of (ii)⇒(i).

Next, we prove (i) ⇒(ii). Assume ω0(T) < 0, and choose M > 0 and µ > 0
such that ‖T (t)‖ ≤Me−µt for all t ≥ 0. Let 1 ≤ p <∞ be arbitrary and fixed.
By applying Jensen’s inequality to the probability measure µ(1−e−µs)−1e−µt dt
on [0, s], we have, noting that µ−(p−1)(1− e−µs)p−1 ≤ µ−(p−1) for all s > 0,∫ ∞

0

∥∥∥∫ s

0

T (t)f(s− t) dt
∥∥∥p

ds ≤
∫ ∞

0

(∫ s

0

Me−µt‖f(s− t)‖ dt
)p

ds

≤Mp

∫ ∞

0

µ−p(1− e−µs)p

∫ s

0

‖f(s− t)‖pµ(1− e−µs)−1e−µt dt ds

≤Mpµ−(p−1)

∫ ∞

0

∫ s

0

e−µt‖f(s− t)‖p dt ds

= Mpµ−(p−1)

∫ ∞

0

e−µt

∫ ∞

t

‖f(s− t)‖p ds dt

≤Mpµ−p‖f‖p.

This proves (i)⇒(ii).
It remains to prove the equivalence of (i) and (iii). The implication

(i)⇒(iii) is proved as follows. Choose M > 0 and µ > 0 such that ‖T (t)‖ ≤
Me−µt for all t ≥ 0. Fix ε > 0 and f ∈ C0(IR+, X) arbitrary. Choose N so
large that se−µs ≤ ε and ‖f(s)‖ ≤ ε‖f‖C0(IR+,X) for all s ≥ N . Then, for
s ≥ 2N ,∥∥∥∥∫ s

0

T (t)f(s− t)dt
∥∥∥∥ ≤∫ s

s
2

Me−µ s
2 ‖f‖C0(IR+,X)dt+

∫ s
2

0

Me−µtε‖f‖C0(IR+,X)dt

≤M(1 + µ−1)ε‖f‖C0(IR+,X).
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Since T ∗ f also is continuous, we obtain the desired conclusion.
Finally, we have to prove (iii)⇒(i). We do this by modifying the proof of

(ii)⇒(i). First we note that there exists a constant M > 0 such that

‖T ∗ f‖C0(IR+,X) ≤M‖f‖C0(IR+,X) ∀f ∈ C0(IR+, X).

Indeed, this follows from applying the uniform boundedness theorem to the
operators Ts : f 7→

∫ s

0
T (t)f(s− t) dt.

Let f ∈ C00(IR+, X) be arbitrary. Since T ∗ f ∈ C0(IR+, X) by assump-
tion and (T ∗ f)(0) = 0, it follows that T acts boundedly on C00(IR+, X) by
convolution, with norm at most M .

Let C00([0, T0], X) be the closed subspace of C00(IR+, X) consisting of all
functions vanishing on [T0,∞). For each T0 ≥ 1, define the piecewise linear
function g on IR+ by

gT0(t) =

{ 1, 0 ≤ t ≤ T0 − 1;
T0 − t, T0 − 1 ≤ t ≤ T0;
0, else

and the operator ΠT0 : C00(IR+, X) → C00([0, T0], X) by

(ΠT0f)(t) = gT0(t)f(t), 0 ≤ t ≤ T0.

Note that for all f ∈ C00(IR+, X), ‖ΠT0f‖C00([0,T0],X) ≤ ‖f‖C00(IR+,X). With
πT0 replaced by ΠT0 , the proof of now follows along the lines of (ii)⇒(i). ////

The reason of introducing the operators ΠT0 is as follows. If we simply
truncate a function in C00(IR+, X) with πT0 , the resulting function need not
define an element of C00([0, T0], X), so that we cannot perform the limiting
operation (3.3.4). With the operator ΠT0 , this poses no problems.

In the next section, we will improve part of Theorem 3.3.1 by showing that
ω0(T) < 0 if (and only if) T ∗ f is merely bounded for all f ∈ C0(IR+, X).

Theorem 3.3.1 remains valid if the role of Lp is taken over by any rear-
rangement invariant Banach function space E = E(IR+) over IR+ with order
continuous norm. By the order continuity of the norm, translation is strongly
continuous on E(IR+). The proof of (i) ⇒ (ii) then uses the fact that Lemma
2.5.4 admits a straightforward generalization to this setting, and (ii) ⇒ (i) is
proved as follows. For µ > 0 and g ∈ L1

loc(IR+), define

(Tµ(g))(s) :=
∫ s

0

e−µtg(s− t) dt, s ≥ 0.

The proof of Theorem 3.3.1, (i)⇒(ii), shows that this defines a bounded op-
erator Tµ : L1(IR+) → L1(IR+) of norm ≤ µ−1. Also, it is trivial that Tµ is
bounded as an operator L∞(IR+) → L∞(IR+), of norm ≤ µ−1. By Proposition
A.4.1, every rearrangement invariant Banach function space over IR+ with or-
der continuous norm is an interpolation space between L1(IR+) and L∞(IR+).
Therefore, Tµ is bounded as an operator E(IR+) → E(IR+).
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Now let f ∈ E(IR+, X) be arbitrary. Since ω0(T) < 0, there are constants
M > 0 and µ > 0 such that ‖T (t)‖ ≤ Me−µt for all t ≥ 0. Since ‖f(·)‖ ∈
E(IR+), we have

‖T ∗ f‖E(IR+,X) =
∥∥∥‖(T ∗ f)(·)‖

∥∥∥
E(IR+)

≤

∥∥∥∥∥
∫ (·)

0

Me−µt‖f(· − t)‖ dt

∥∥∥∥∥
E(IR+)

= M
∥∥∥Tµ(‖f(·)‖)

∥∥∥
E(IR+)

≤M‖Tµ‖E(IR+)

∥∥∥‖f(·)‖
∥∥∥

E(IR+)

= M‖Tµ‖E(IR+)‖f‖E(IR+,X).

This concludes the proof.

In the remainder of this section we study the weak analogue of Theorem
3.3.1. If E(IR+) is a given Banach function space over IR+, we want to char-
acterize those semigroups T on X for which 〈x∗,T ∗ f〉 defines an element of
E(IR+) for all x∗ ∈ X∗ and f ∈ E(IR+, X). Here, and in the following, for a
g ∈ L1

loc(IR+, X) and a functional x∗ ∈ X∗, the function 〈x∗, g〉 ∈ L1
loc(IR+) is

defined in the natural way: 〈x∗, g〉(s) = 〈x∗, g(s)〉; s ≥ 0.
For E = L1 we solve this problem as follows. A semigroup T is said to be

scalarly integrable if∫ ∞

0

|〈x∗, T (t)x〉| dt <∞, ∀x ∈ X,x∗ ∈ X∗.

Theorem 3.3.2. Let T be a C0-semigroup on a Banach space X. Then the
following assertions are equivalent:

(i) T is scalarly integrable;
(ii) 〈x∗,T ∗ f〉 ∈ L1(IR+) for all f ∈ L1(IR+, X) and x∗ ∈ X∗.

Proof: Assume (ii). The bilinear map T : X∗ ×L1(IR+, X) → L1(IR+) defined
by T (x∗, f) = 〈x∗,T∗f〉 is separately continuous by the closed graph theorem.
Therefore, by Lemma 3.1.1, there exists a constant M > 0 such that

‖〈x∗,T ∗ f〉‖L1(IR+) ≤M‖f‖L1(IR+,X)‖x∗‖, ∀f ∈ L1(IR+, X), x∗ ∈ X∗.

Fix x ∈ X, x∗ ∈ X∗ and s0 > 1 arbitrary. Choose 0 < τ0 < 1 such that

1
τ0

∣∣∣∣∫ τ0

0

〈x∗, T (s− t)x〉 dt
∣∣∣∣ ≥ 1

2
|〈x∗, T (s)x〉|, ∀1 ≤ s ≤ s0.

Then,∫ s0

1

|〈x∗, T (s)x〉| ds ≤ 2
∫ s0

1

1
τ0

∣∣∣∣∫ τ0

0

〈x∗, T (s− t)x〉 dt
∣∣∣∣ ds

= 2
∫ s0

1

1
τ0

∣∣∣∣∫ s

0

〈x∗, T (t)x〉χ[0,τ0](s− t) dt
∣∣∣∣ ds

≤ 2
τ0
‖〈x∗,T ∗ (χ[0,τ0] ⊗ x)〉‖L1(IR+)

≤ 2M
τ0

‖χ[0,τ0] ⊗ x‖L1(IR+,X)‖x∗‖ = 2M‖x‖ ‖x∗‖.
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Since s0 > 1 is arbitrary, it follows that∫ ∞

1

|〈x∗, T (s)x〉| ds ≤ 2M‖x‖ ‖x∗‖, ∀x ∈ X,x∗ ∈ X∗.

Therefore,
∫∞
0
|〈x∗, T (s)x〉| ds < ∞ for all x ∈ X and x∗ ∈ X∗, which proves

(i).
Conversely, assume (i). By Lemma 3.1.2, there exists a constant C > 0

such that ∫ ∞

0

|〈x∗, T (t)x〉| dt ≤ C‖x‖ ‖x∗‖, ∀x ∈ X,x∗ ∈ X∗.

Let N := sup0≤s≤1 ‖T (s)‖. Fix x ∈ X, x∗ ∈ X∗ and real numbers 0 ≤
t0 < t1 with t1 − t0 ≤ 1. Then,∫ ∞

0

∣∣∣∣〈x∗,∫ s

0

T (τ)(χ(t0,t1) ⊗ x)(s− τ) dτ
〉∣∣∣∣ ds

=
∫ ∞

0

∣∣∣∣∣
〈
x∗,

∫ max{s−t0,0}

max{s−t1,0}
T (τ)x dτ

〉∣∣∣∣∣ ds
=
∫ t1

t0

∣∣∣∣〈x∗,∫ s−t0

0

T (τ)x dτ
〉∣∣∣∣ ds+

∫ ∞

t1

∣∣∣∣〈x∗,∫ s−t0

s−t1

T (τ)x dτ
〉∣∣∣∣ ds

≤
∫ t1

t0

(s− t0)N‖x‖ ‖x∗‖ ds+
∫ ∞

0

∣∣∣∣〈x∗, T (s)
∫ t1−t0

0

T (τ)x dτ
〉∣∣∣∣ ds

≤ (t1 − t0)N‖x‖ ‖x∗‖+ C

∥∥∥∥∫ t1−t0

0

T (τ)x dτ
∥∥∥∥ ‖x∗‖

≤ (t1 − t0)N(1 + C)‖x‖ ‖x∗‖.

Therefore, with M = N(1 + C), we have

‖〈x∗,T ∗ (χ(t0,t1) ⊗ x)〉‖L1(IR+) ≤M(t1 − t0)‖x‖ ‖x∗‖.

Next, let f be a stepfunction of the form f =
∑n−1

k=0 χ(tk,tk+1) ⊗ xk with the
intervals (tk, tk+1) pairwise disjoint. By splitting large intervals into finitely
many smaller ones, we may assume that 0 < tk+1−tk ≤ 1 for all k = 0, ..., n−1.
By the above estimate we have

‖〈x∗,T ∗ f〉‖L1(IR+) ≤
n−1∑
k=0

‖〈x∗,T ∗ (χ(tk,tk+1) ⊗ xk)〉‖L1(IR+)

≤M
n−1∑
k=0

(tk+1 − tk)‖xk‖ ‖x∗‖ = M‖f‖L1(IR+,X)‖x∗‖.

(3.3.6)
Since the stepfunctions supported by finite unions of disjoint intervals of length
≤ 1 are dense in L1(IR+, X), (3.3.6) holds for arbitrary f ∈ L1(IR+, X). This
proves the implication (i)⇒ (ii). ////
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Scalarly integrable semigroups will be studied in more detail in Section 4.6.
Since there exist scalarly integrable semigroups whose uniform growth bound
is positive (combine Theorem 4.6.6 below and Example 1.4.4), the theorem
shows that condition (ii) does not characterize uniform exponential stability.
In Hilbert space however, a C0-semigroup T is scalarly integrable if and only
if it is uniformly exponentially stable; this will be proved in Section 4.6. In
combination with Theorem 3.3.2, this leads to the following result.

Corollary 3.3.3. Let T be a C0-semigroup on a Hilbert space H. Then the
following assertions are equivalent:

(i) T is uniformly exponentially stable;
(ii) 〈y,T ∗ f〉 ∈ L1(IR+) for all f ∈ L1(IR+,H) and y ∈ H.

3.4. Characterization by almost periodic functions

In this section we apply Theorem 3.3.1 in order to prove that a C0-semi-
group T on a Banach space X is uniformly exponentially stable if and only
if convolution with T maps certain closed subspaces of BUC(IR+, X) into
L∞(IR+, X). This, in turn, leads to a characterization of uniform exponen-
tial stability in terms of almost periodic functions.

Let BUC(IR+, X) denote the space of all X-valued, bounded, uniformly
continuous functions on IR+. A linear subspace E of BUC(IR+, X) will be
called locally dense in BUC(IR+, X) if for every ε > 0, every bounded closed
interval I ⊂ IR+, and every f ∈ C(I) there exists a function fε,I ∈ E such that

sup
t∈I

‖f(t)− fε,I(t)‖ ≤ ε.

If, in addition, there is a constant K > 0, independent of I and ε, such
that for every f ∈ C(I) the function fε,I can be chosen in such a way that
‖fε,I‖BUC(IR+,X) ≤ K‖f‖C(I), we say that E is boundedly locally dense in
BUC(IR+, X).

Theorem 3.4.1. Let T be a C0-semigroup a Banach space X and let E be a
closed, boundedly locally dense subspace of BUC(IR+, X). Then the following
assertions are equivalent:

(i) T is uniformly exponentially stable;

(ii) sup
s>0

∥∥∥∥∫ s

0

T (t)g(t) dt
∥∥∥∥ <∞, ∀g ∈ E.

Proof: The implication (i)⇒(ii) is trivial. We will prove (ii)⇒(i). By the
uniform boundedness theorem, there is a constant C > 0 such that

sup
s>0

∥∥∥∥∫ s

0

T (t)g(t) dt
∥∥∥∥ ≤ C‖g‖BUC(IR+,X), ∀g ∈ E. (3.4.1)
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For a given f ∈ C0(IR+, X) and s > 0, let Ms = sup0≤t≤s ‖T (t)‖ and let fs ∈ E
be any function such that

sup
0≤t≤s

‖f(s− t)− fs(t)‖ ≤
1

sMs
‖f‖C0(IR+,X),

and
‖fs‖BUC(IR+,X) ≤ K‖f‖C0(IR+,X).

Such an fs exists by the definition of a boundedly locally dense subspace; K is
the constant from the definition. Then, by (3.4.1),

‖(T ∗ f)(s)‖ =
∥∥∥∥∫ s

0

T (t) (f(s− t)− fs(t) + fs(t)) dt
∥∥∥∥

≤ ‖f‖C0(IR+,X) +
∥∥∥∥∫ s

0

T (t)fs(t) dt
∥∥∥∥

≤ ‖f‖C0(IR+,X) + C‖fs‖BUC(IR+,X) ≤ (1 + CK)‖f‖C0(IR+,X).
(3.4.2)

It follows that T ∗ f is a bounded continuous function. If we can prove that

lim
s→∞

∫ s

0

T (t)f(s− t) dt = 0,

it follows that convolution with T maps C0(IR+, X) into C0(IR+, X) and (3.4.2)
shows that this map is bounded. Then we can apply Theorem 3.3.1 to conclude
that ω0(T) < 0.

Fix ε > 0 arbitrary and choose N so large that ‖f(s)‖ ≤ (1 +CK)−1ε for
all s ≥ N . Write f = f0 + f1, where f0 ∈ C0(IR+, X) is chosen in such a way
that f0(s) = f(s) for all s ≥ N and ‖f0‖C0(IR+,X) ≤ (1 + CK)−1ε. Note that
the support of f1 is contained in the interval [0, N ]. By (3.4.2), for all s ≥ 0
we have ∥∥∥∥∫ s

0

T (t)f0(s− t) dt
∥∥∥∥ ≤ (1 + CK)‖f0‖C0(IR+,X) ≤ ε.

It follows that it is sufficient to prove that

lim
s→∞

T (s−N)

(∫ N

0

T (t)f1(N − t) dt

)
= lim

s→∞

∫ s

0

T (t)f1(s−t) dt = 0. (3.4.3)

Since limλ→∞ λ2R(λ,A)2f1(·) → f1(·) uniformly on [0, N ], and hence on all of
IR+, (3.4.2) shows that it is even sufficient to prove that

lim
s→∞

T (s−N)

(∫ N

0

T (t)λ2R(λ,A)2f1(N − t) dt

)
= 0 (3.4.4)

for all λ sufficiently large. Note that, for each such λ,∫ N

0

T (t)λ2R(λ,A)2f1(N − t) dt ∈ D(A2). (3.4.5)
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In order to prove (3.4.4), we claim that the resolvent of A exists and is uniformly
bounded in the right halfplane.

To prove this, fix µ > 0, g ∈ E, and s > 0 arbitrary. Choose a function
gµ,s ∈ E such that

sup
0≤t≤s

‖gµ,s(t)− e−µtg(t)‖ ≤ 1
sMs

‖g‖BUC(IR+,X)

and ‖gµ,s‖BUC(IR+,X) ≤ K‖g‖BUC(IR+,X). Then, by (3.4.1),∥∥∥∥∫ s

0

e−µtT (t)g(t) dt
∥∥∥∥ ≤ ‖g‖BUC(IR+,X) + C‖gµ,s‖BUC(IR+,X)

≤ (1 + CK)‖g‖BUC(IR+,X).

(3.4.6)

Next, let ν ∈ IR and x ∈ X be arbitrary and fixed. Let gν,x,s ∈ E be a function
such that

sup
0≤t≤s

‖gν,x,s(t)− e−iνt ⊗ x‖ ≤ 1
sMs

‖x‖

and ‖gν,x,s‖BUC(IR+,X) ≤ K‖x‖. Then, by (3.4.6),∥∥∥∥∫ s

0

e−(µ+iν)tT (t)x dt
∥∥∥∥ ≤ ‖x‖+

∥∥∥∥∫ s

0

e−µtT (t)gν,x,s(t) dt
∥∥∥∥

≤ ‖x‖+ (1 + CK)‖gν,x,s‖BUC(IR+,X)

≤ (1 + (1 + CK)K)‖x‖.

(3.4.7)

Since s > 0 and µ > 0, ν > 0 are arbitrary, (3.4.7) shows that the entire
X-valued functions z 7→

∫ s

0
e−ztT (t)x dt are bounded in the right halfplane,

uniformly in s > 0. Moreover, for Re z sufficiently large, they converge to
R(z,A)x as s → ∞. An application of Vitali’s theorem and an Proposition
1.1.6 show that the right halfplane is contained in %(A) and that the resolvent
of A is uniformly bounded there. This concludes the proof of the claim.

We next borrow a result from Chapter 4, where it is proved that the
uniform boundedness of the resolvent in the right halfplane implies exponential
stability. All we need here is the weaker (and much easier to prove) fact that
there are constants k > 0 and δ > 0 such that ‖T (t)y‖ ≤ ke−δt‖y‖D(A2) for all
y ∈ D(A2) and t ≥ 0.

Using this, it is immediate that (3.4.4) is a consequence of (3.4.5). This
concludes the proof. ////

Clearly, E = C0(IR+, X) is a closed, boundedly locally dense subspace of
BUC(IR+, X). Therefore, Theorem 3.4.1 implies:

Corollary 3.4.2. Let T be a C0-semigroup on a Banach space X. Then T
is uniformly exponentially stable if and only if

sup
s>0

∥∥∥∥∫ s

0

T (t)g(t) dt
∥∥∥∥ <∞, ∀g ∈ C0(IR+, X).
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As another application, we define the space AP (IR+, X) as the closure in
BUC(IR+, X) of the linear span of the functions {eiλ(·) ⊗ x : λ ∈ IR, x ∈ X}.
It is easy to see that AP (IR+, X) is boundedly locally dense in BUC(IR+, X).
Indeed, if I ⊂ IR+ is a bounded closed interval and f ∈ C(I) is given, we
choose N so large that I ⊂ [0, N ] and fix an arbitrary continuous function
fN ∈ C([0, N + 1]) that coincides with f on I and satisfies f(0) = f(N + 1).
Then we approximate fN uniformly in [0, N + 1] by linear combinations of
functions eiδt ⊗ x, δ ∈ {k/(2π(N + 1)) : k ∈ ZZ}, x ∈ X. Since these functions
are (N+1)-periodic, their sup-norms on IR+ are the same as their sup-norms in
[0, N + 1]. Therefore, AP (IR+, X) is boundedly locally dense in BUC(IR+, X).
Since AP (IR+, X) is also closed in BUC(IR+, X), we obtain:

Corollary 3.4.3. Let T be a C0-semigroup on a Banach space X. Then T
is uniformly exponentially stable if and only if

sup
s>0

∥∥∥∥∫ s

0

T (t)g(t) dt
∥∥∥∥ <∞, ∀g ∈ AP (IR+, X). (3.4.8)

The interest of this result is as follows. If (3.4.8) is fulfilled, the uniform
boundedness theorem implies the existence of a constant M > 0 such that

sup
s>0

∥∥∥∥∫ s

0

T (t)g(t) dt
∥∥∥∥ ≤M‖g‖BUC(IR+,X), ∀g ∈ AP (IR+, X).

Since for each λ ∈ IR the function t 7→ e−iλt ⊗ x is almost periodic, it follows
that

sup
λ∈IR

sup
s>0

∥∥∥∥∫ s

0

e−iλtT (t)x dt
∥∥∥∥ ≤M‖x‖, ∀x ∈ X. (3.4.9)

Thus, the Laplace transform of T at the imaginary axis is interpreted as point-
wise evaluation of T at the almost periodic functions e−iλt ⊗ x. In Section 4.5
we shall prove that condition (3.4.9) implies exponential stability rather than
uniform exponential stability.

We conclude this section with an improvement of Theorem 3.3.1 for the
case C0(IR+, X).

Theorem 3.4.4. Let T be a C0-semigroup a Banach space X and let E be a
closed, boundedly locally dense subspace of BUC(IR+, X). Then the following
assertions are equivalent:

(i) T is uniformly exponentially stable ;
(ii) T ∗ f ∈ L∞(IR+, X) for all f ∈ E.

Proof: The implication (i)⇒(ii) is trivial. We will prove (ii)⇒(i). By the
uniform boundedness theorem applied to the operators Ts : f 7→

∫ s

0
T (t)f(s−

t) dt, there is a constant C > 0 such that

sup
s>0

∥∥∥∥∫ s

0

T (t)f(s− t) dt
∥∥∥∥ ≤ C‖f‖BUC(IR+,X), ∀f ∈ E. (3.4.10)
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For a given f ∈ E and s > 0, let Ms = sup0≤t≤s ‖T (t)‖ and let fs ∈ E be any
function such that

sup
0≤t≤s

‖f(s− t)− fs(t)‖ ≤
1

sMs
‖f‖BUC(IR+,X),

and
‖fs‖BUC(IR+,X) ≤ K‖f‖BUC(IR+,X),

where K is the constant from the definition of a boundedly locally dense sub-
space. Then, by (3.4.10),∥∥∥∥∫ s

0

T (t)f(t) dt
∥∥∥∥ ≤ ‖f‖BUC(IR+,X) +

∥∥∥∥∫ s

0

T (t)fs(s− t) dt
∥∥∥∥

≤ ‖f‖BUC(IR+,X) + C‖fs‖BUC(IR+,X)

≤ (1 + CK)‖f‖BUC(IR+,X).

Therefore, ω0(T) < 0 by Theorem 3.4.1. ////

3.5. Positive semigroups on Lp-spaces

In Section 1.4 we saw an example of a positive C0-semigroup on the space
Lp ∩ Lq, 1 ≤ p < q < ∞, whose spectral bound is strictly smaller than the
uniform growth bound. In this section we prove the theorem of L. Weis that
this cannot happen for positive C0-semigroups on Lp(µ). The proof is based on
two key ingredients: the use of Latushkin - Montgomery-Smith theory, which
allows us to deal with the spectral bound of s(B) rather than with ω0(T) itself,
where B is the generator of the induced semigroup on Lp(Γ, Lp(µ)) as in Section
2.5; and an extrapolation technique which allows us to reduce the theorem to
the ‘easy’ cases p = 1 and p = 2.

In view of the complexity of the proof, let us sketch the main line of
argument. Let T be a positive C0-semigroup on Lp(µ). By duality, it suffices
to consider the case 1 ≤ p ≤ 2 and by rescaling, it suffices to prove that
s(A) < 0 implies ω0(T) < 0.

So let 1 ≤ p ≤ 2 and s(A) < 0. First, we show that it is possible to ex-
trapolate the operator R(0, A) to bounded operators R(r)

0 on each of the spaces
Lr(µg), 1 ≤ r ≤ ∞, where µg = g dµ for a certain strictly positive function
0 < g ∈ L1(µ). The positivity of T is used to extend the other resolvent op-
erators R(λ,A), Reλ ≥ 0, to the spaces Lr(µg) as well. One obtains a family
{R(r)

λ }Re λ≥0 of operators on each Lr(µg) satisfying the resolvent identity. For
r = p, R(p)

λ is just the resolvent of T, which by a similarity transformation
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is thought of as a semigroup on Lp(µg). For r 6= p, the operators R(r)
λ need

not be the resolvent of some operator A(r), however. To overcome this prob-
lem, we now formally imitate the Yosida approximation construction. Recall
that if A is the generator of a C0-semigroup, its Yosida approximation is the
operator Aλ := λ2R(λ,A) − λ, where λ > 0 is sufficiently large. The oper-
ators Aλ are bounded and have the property that limλ→∞Aλx = Ax for all
x ∈ D(A). Accordingly, we define the bounded operators A(r)

λ := λ2R
(r)
λ − λ

on Lr(µg). Then {etA
(r)
λ }t≥0 is a positive uniformly continuous semigroup on

Lr(µg) with generator A(r)
λ . We then prove that the resolvent of A(r)

λ is uni-
formly bounded in the right halfplane, uniformly in r ≥ 1 and λ ≥ 1. Now
Latushkin - Montgomery-Smith theory comes in: for r = 1 and r = 2 it is
easy to prove that also the resolvent of B(r)

λ is uniformly bounded in the right
halfplane, where B(r)

λ is the generator of the semigroup on Lr(Γ, Lr(µg)) in-
duced by A(r)

λ as in Section 2.5. This being done, we go back to the case r = p
by interpolation between L1(Γ, L1(µg)) and L2(Γ, L2(µg)) and conclude that
the resolvent of B(p)

λ is uniformly bounded in the right halfplane, uniformly
for λ ≥ 1. Now the operators B(p)

λ are indeed the Yosida approximation of
a generator, viz. of B on Lp(Γ, Lp(µg)), where A is the generator of T as a
semigroup on Lp(µg). By letting λ→∞ and using Vitali’s theorem, we obtain
that the resolvent of B is uniformly bounded in the right halfplane. Then, by
the results of Section 2.5, ω0(T) = s(B) < 0 and the theorem is proved.

We now start with the details of the proof. Let (Ω, µ) be a positive σ-
finite measure space. We shall use the following notation. For a function
0 ≤ g ∈ L1(µ), we denote by µg the finite measure defined by

µg(E) :=
∫

E

g dµ.

By ρg,p : Lp(µg) → Lp(µ) we denote the multiplication operator ρg,p(f) :=
fg

1
p . Note that ρg,p is invertible if and only if g is strictly positive, i.e. if g

vanishes on a set of µ-measure zero. In that case the inverse ρ−1
g,p : Lp(µ) →

Lp(µg) is given by ρ−1
g,qf = fg−

1
p . Also, a trivial calculation shows that the

restriction to Lq(µ) ( 1
p + 1

q = 1) of the adjoint of ρg,p is given by ρ−1
g,q.

Theorem 3.5.1. Let 1 ≤ p <∞ and let (Ω, µ) be a positive σ-finite measure
space. Let T be a positive operator on Lp(µ). Then there exists a strictly
positive function g ∈ L1(µ), ‖g‖L1(µ) = 1, such that for each 1 ≤ r ≤ ∞ the
following assertion is true: The operator ρ−1

g,pTρg,p maps Lp(µg) ∩ Lr(µg) into
itself and the restriction of ρ−1

g,pTρg,p to Lp(µg)∩Lr(µg) extends to a bounded

operator T (r) on Lr(µg) with norm

‖T (r)‖Lr(µg) ≤ 2‖T‖Lp(µ).

Proof: By rescaling, we may assume that ‖T‖Lp(µ) = 1.
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First assume 1 < p < ∞. Define the non-linear mapping S : L1
+(µ) →

L1
+(µ) by

Sh :=
1
2
(T (h

1
p ))p +

1
2
(T ∗(h

1
q ))q (

1
p

+
1
q

= 1).

It follows from the concavity of the functions t 7→ t
1
r , r = p, q, that S is

continuous. Also, ‖Sh‖L1(µ) ≤ ‖h‖L1(µ), and 0 ≤ g ≤ h implies 0 ≤ Sg ≤ Sh.
Fix a strictly positive f0 ∈ L1(µ), ‖f0‖L1(µ) = 1, and choose a > 1 so small
that (2a)

1
p ≤ 2 and (2a)

1
q ≤ 2. Define

fn+1 := f0 +
1
a
S(fn) n = 0, 1, 2, ...

Then 0 ≤ f0 ≤ f1 ≤ f2 ≤ ..., and for each n we have ‖fn‖L1(µ) ≤
∑n

k=0 a
−k ≤

a/(a − 1). An easy application of the monotone convergence theorem shows
that (fn) converges in L1(µ) to f := supn fn ∈ L1(µ). It follows that

f = f0 +
1
a
S(f)

and hence S(f) ≤ af. For the strictly positive function g := ‖f‖−1
L1(µ)f we

obtain
T (g

1
p ) ≤ (2S(g))

1
p ≤ 2g

1
p ;

T ∗(g
1
q ) ≤ (2S(g))

1
q ≤ 2g

1
q .

Using this, for all f ∈ Lp(µg) satisfying |f | ≤ 1 it follows that

|ρ−1
g,pTρg,p(f)| ≤ ρ−1

g,pTρg,p(1) = g−
1
pT (g

1
p ) ≤ 2;

|ρ−1
g,qT

∗ρg,q(f)| ≤ ρ−1
g,qT

∗ρg,q(1) = g−
1
q T ∗(g

1
q ) ≤ 2.

The first inequality shows that ρ−1
g,pTρg,p maps L∞(µg) into itself, with norm

≤ 2. The second inequality shows that also ρ−1
g,qT

∗ρg,q maps L∞(µg) into itself,
also with norm ≤ 2.

Next, let f ∈ Lp(µg). Then ρg,pf ∈ Lp(µ), Tρg,pf ∈ Lp(µ), and hence
ρ−1

g,pTρg,pf ∈ Lp(µg) ⊂ L1(µg), using that µg is a finite measure. For all
h ∈ L∞(µg) of norm ≤ 1 we have

|〈ρ−1
g,pTρg,pf, h〉| =

∣∣∣∣∫
Ω

g−
1
pT (fg

1
p )h dµg

∣∣∣∣
=
∣∣∣∣∫

Ω

T (fg
1
p )hg

1
q dµ

∣∣∣∣
=
∣∣∣∣∫

Ω

fg
1
pT ∗(hg

1
q ) dµ

∣∣∣∣
=
∣∣∣∣∫

Ω

fg−
1
q T ∗(hg

1
q ) dµg

∣∣∣∣
= |〈f, ρ−1

g,qT
∗ρg,qh〉|.
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Therefore,

‖ρ−1
g,pTρg,pf‖L1(µg) ≤ ‖ρ−1

g,qT
∗ρg,q‖L∞(µg)‖f‖L1(µg) ≤ 2‖f‖L1(µg).

Since Lp(µg) is dense in L1(µg), it follows that ρ−1
g,pTρg,p extends to a bounded

operator from L1(µg) into itself, of norm ≤ 2.
Thus, we have shown that ρ−1

g,pTρg,p extends to bounded operators on
L∞(µg) and L1(µg). The theorem now follows by interpolation.

If p = 1, we argue as above, now taking S(h) := Th and a = 1
2 . ////

The following approximation lemma concerns the Yosida approximation
Aλ := λ2R(λ,A) − λ of a generator A. As we already noted, these operators
have the property that

lim
λ→∞

Aλx = Ax, ∀x ∈ D(A);

this is an easy consequence of (1.1.6).

Lemma 3.5.2. Let T be a C0-semigroup on a Banach space X, with gen-
erator A. For all λ > 2 max{0, ω0(T)} and Re z > 2 max{0, ω0(T)} we have
z ∈ %(Aλ). Moreover,

lim
λ→∞

R(z,Aλ)x = R(z,A)x, ∀x ∈ X, Re z > 2 max{0, ω0(T)}.

Proof: Fix ω > ω0(T) arbitrary. By the Hille-Yosida theorem, there is a con-
stant M such that

‖R(λ,A)n‖ ≤ M

(λ− ω)n
, λ > ω, n = 1, 2, ...

Therefore, by the definition of Aλ, for λ > ω we have∥∥etAλ
∥∥ ≤ e−λt

∞∑
k=0

1
k!
tkλ2k‖R(λ,A)k‖

≤Me−λt
∞∑

k=0

1
k!

tkλ2k

(λ− ω)k

= Meλω(λ−ω)−1t.

For λ ≥ 2 max{0, ω} it follows that∥∥etAλ
∥∥ ≤Me2 max{0,ω}t, t ≥ 0.

This implies that {Re z > 2 max{0, ω}} ⊂ %(Aλ) for all λ > 2 max{0, ω} and

‖R(z,Aλ)‖ ≤ M

Re z − 2 max{0, ω}
, Re z > 2 max{0, ω}.

Let x ∈ X and Re z0 > 2 max{0, ω} be arbitrary, and put y = R(z0, A)x.
For λ large enough, let xλ = (z0 − Aλ)y. Since limλ→∞Aλy = Ay we have
limλ→∞ xλ = x, and the above estimate on the resolvent of Aλ implies that
limλ→∞R(z0, Aλ)(x− xλ) = 0. Therefore,

lim
λ→∞

R(z0, Aλ)x = lim
λ→∞

(y +R(z0, Aλ)(x− xλ)) = y = R(z0, A)x.

////
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After these preparations we can state and prove Weis’s theorem on the sta-
bility of positive semigroups on Lp. The proof presented here is a modification,
due to W. Arendt, of Weis’s original argument.

We recall from Section 2.2 that the adjoint T∗ of a C0-semigroup T on
a reflexive Banach space is strongly continuous. Since σ(A) = σ(A∗) and
‖T (t)‖ = ‖T ∗(t)‖ for all t ≥ 0, we have s(A) = s(A∗) and ω0(T) = ω0(T∗).

Theorem 3.5.3. Let (Ω, µ) be a σ-finite measure space and let 1 ≤ p < ∞.
Let T be a positive C0-semigroup on Lp(µ), with generator A. Then s(A) =
ω0(T).

Proof: Since for 2 ≤ p < ∞ the spaces Lp(µ) are reflexive, by applying the
above duality procedure it follows that it suffices to prove the theorem for
1 ≤ p ≤ 2.

By rescaling, it is enough to show that s(A) < 0 implies ω0(T) < 0. So
we shall assume that s(A) < 0.

By Theorem 1.4.1, −A−1 = R(0, A) is a positive operator. By Theorem
3.5.1 applied to T = −A−1, there exists a strictly positive function g ∈ L1(µ)
of norm one such that the following assertion is true. For each 1 ≤ r ≤ ∞,
the operator ρ−1

g,pA
−1ρg,p maps Lp(µg) ∩ Lr(µg) into itself, and the restriction

of −ρ−1
g,pA

−1ρg,p to Lp(µg) ∩ Lr(µg) extends to a bounded operator R(r)
0 on

Lr(µg) such that
‖R(r)

0 ‖Lr(µg) ≤ 2‖A−1‖Lp(µ).

We claim that for all λ ≥ 0, the operator ρ−1
g,pR(λ,A)ρg,p maps Lp(µg)∩Lr(µg)

into itself, and that the restriction of ρ−1
g,pR(λ,A)ρg,p to Lp(µg)∩Lr(µg) extends

to a bounded positive operator R(r)
λ on Lr(µg) of norm ≤ 2‖A−1‖Lp(µ).

To see this, fix 1 ≤ r ≤ ∞ and f ∈ Lp(µg) ∩ Lr(µg) arbitrary. For all
λ ≥ 0, by Theorem 1.4.1 we have

|R(λ,A)ρg,pf | = |R(λ,A)(fg
1
p )| =

∣∣∣∣ lim
τ→∞

∫ τ

0

e−λtT (t)(fg
1
p ) dt

∣∣∣∣
≤ lim

τ→∞

∫ τ

0

T (t)(|f |g
1
p ) dt = −A−1(|f |g

1
p ) = −A−1ρg,p|f |.

Therefore,

|ρ−1
g,pR(λ,A)ρg,pf | ≤ ρ−1

g,p(−A−1)ρg,p|f | = R
(r)
0 |f |.

Since R(r)
0 maps Lp(µg) ∩ Lr(µg) into itself, it follows that |ρ−1

g,pR(λ,A)ρg,pf |
∈ Lp(µg) ∩ Lr(µg) and

‖ρ−1
g,pR(λ,A)ρg,pf‖Lr(µg) ≤ ‖R(r)

0 |f | ‖Lr(µg) ≤ 2‖A−1‖Lp(µ) ‖f‖Lr(µg).

This proves the claim. Note that for r = p we have

R
(p)
λ = ρ−1

g,pR(λ,A)ρg,p, ∀λ ≥ 0.
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For all 1 ≤ r <∞ and any two λ0, λ1 ≥ 0 we have

R
(r)
λ0
−R

(r)
λ1

= (λ1 − λ0)R
(r)
λ0
R

(r)
λ1

(3.5.1)

Indeed, by the resolvent identity this holds for the restrictions to Lp(µg) ∩
Lr(µg), and by a density argument it follows for all of Lr(µg).

We now define, for 1 ≤ r <∞ and λ ≥ 0,

A
(r)
λ := λ2R

(r)
λ − λ.

These are bounded operators on Lr(µg). ¿From the identity

T
(r)
λ (t) := etA

(r)
λ = e−λtetλ2R

(r)
λ

and the positivity of R(r)
λ it follows that the uniformly continuous semigroup

T(r)
λ generated by A

(r)
λ is positive. Also, for λ > 0, by (3.5.1) we see that

λ−1 + R
(r)
0 is a two-sided, positive inverse of −A(r)

λ . Therefore, in view of
Theorem 1.4.1 (ii) and the boundedness of A(r)

λ ,

ω0(T
(r)
λ ) = s(A(r)

λ ) < 0.

It follows that {Re z > 0} ⊂ %(A(r)
λ ), and for Re z > 0 and f ∈ Lr(µg) we have

|R(z,A(r)
λ )f | =

∣∣∣∣∫ ∞

0

e−ztetA
(r)
λ f dt

∣∣∣∣ ≤ ∫ ∞

0

etA
(r)
λ |f | dt = R(0, A(r)

λ )|f |,

the integrals being in the improper sense. Therefore, for all λ > 0 and Re z > 0,

‖R(z,A(r)
λ )‖Lr(µg) ≤ ‖R(0, A(r)

λ )‖Lr(µg)

≤ λ−1 + ‖R(r)
0 ‖Lr(µg) ≤ λ−1 + 2‖A−1‖Lp(µ).

(3.5.2)

We now apply Corollary 2.5.3 to the operators A(r)
λ . It follows that the

generator B(r)
λ of the positive semigroup S(r)

λ on Lr(Γ, Lr(µg)) defined by

S
(r)
λ (t)f(eiθ) = etA

(r)
λ f(ei(θ−t))

satisfies s(B(r)
λ ) = ω0(T

(r)
λ ) < 0. This implies that {Re z > 0} ⊂ %(B(r)

λ ), and
for all Re z > 0 and f ∈ Lr(Γ, Lr(µg)) we have

R(z,B(r)
λ )f =

∫ ∞

0

e−ztS
(r)
λ (t)f dt,

the integral being in the improper sense. The next claim is that

‖R(z,B(r)
λ )‖Lr(Γ,Lr(µg)) ≤ 2(λ−1 + 2‖A−1‖Lp(µ))
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for all Re z > 0, λ > 0, and 1 ≤ r ≤ 2. First we show this for r = 1 and r = 2.
(r = 1): Using (3.5.2), for all 0 ≤ f ∈ L1(Γ, L1(µg)) we have

‖R(z,B(1)
λ )f‖L1(Γ,L1(µg))

=
∫

Γ

∥∥∥∥∫ ∞

0

e−ztetA
(1)
λ f(ei(θ−t)) dt

∥∥∥∥
L1(µg)

dθ

≤
∫

Γ

∫ ∞

0

∥∥∥etA
(1)
λ f(ei(θ−t))

∥∥∥
L1(µg)

dt dθ

=
∥∥∥∥∫ ∞

0

etA
(1)
λ

(∫
Γ

f(ei(θ−t)) dθ
)
dt

∥∥∥∥
L1(µg)

≤ ‖R(0, A(1)
λ )‖L1(µg)

∥∥∥∥∫
Γ

f(ei(θ−t)) dθ
∥∥∥∥

L1(µg)

≤ ‖R(0, A(1)
λ )‖L1(µg)‖f‖L1(Γ,L1(µg))

≤ (λ−1 + 2‖A−1‖Lp(µ))‖f‖L1(Γ,L1(µg)).

By splitting an arbitrary f ∈ L1(Γ, L1(µg)) into real and imaginary part and
each of these into positive and negative part and using the additivity of the
L1-norm, the case r = 1 follows from this.

(r = 2): We denote by ek the function ek(eiθ) := eikθ. Using the orthogo-
nality of the ek in L2(Γ), for all finite sequences f−n, ..., fn ∈ L2(µg) we have,
using (3.5.2),

∥∥∥R(z,B(2)
λ )

n∑
k=−n

ek ⊗ fk

∥∥∥2

L2(Γ,L2(µg))

=

∥∥∥∥∥
n∑

k=−n

ek ⊗R(z + ik, A
(2)
λ )fk

∥∥∥∥∥
2

L2(Γ,L2(µg))

= 2π
n∑

k=−n

∥∥∥R(z + ik, A
(2)
λ )fk

∥∥∥2

L2(µg)

≤ 2π
∥∥∥R(z + ik, A

(2)
λ )
∥∥∥2

L2(µg)

n∑
k=−n

‖fk‖2L2(µg)

≤ 2π(λ−1 + 2‖A−1‖Lp(µ))2
n∑

k=−n

‖fk‖2L2(µg)

= (λ−1 + 2‖A−1‖Lp(µ))2
∥∥∥∥∥

n∑
k=−n

ek ⊗ fk

∥∥∥∥∥
2

L2(Γ,L2(µg))

.

Since the finite linear combinations
∑n

k=−n ek ⊗ fk are dense in L2(Γ, L2(µg)),
the desired conclusion for r = 2 follows from this.
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By Appendix A.2, Proposition A.2.2, the claim follows from these two
cases by complex interpolation. Taking r = p in the claim, we obtain

‖R(z,B(p)
λ )‖Lp(Γ,Lp(µg)) ≤ 2 + 4‖A−1‖Lp(µ), ∀Re z > 0, λ ≥ 1. (3.5.3)

The next step is to prove that

lim
λ→∞

R(z,B(p)
λ )f = R(z,B(p))f (3.5.4)

for all Re z > 2 max{0, ω0(T)} and f ∈ Lp(Γ, Lp(µg)), where A(p) denotes the
generator of the induced semigroup ρ−1

g,pTρg,p on Lp(µg) and B(p) denotes the
generator of the semigroup S(p) on Lp(Γ, Lp(µg)) induced by ρ−1

g,pTρg,p:

S(p)f(eiθ) := ρ−1
g,pT (t)ρg,pf(ei(θ−t)).

To this end, we note that

A
(p)
λ = λ2R

(p)
λ − λ = λ2ρ−1

g,pR(λ,A)ρg,p − λ = ρ−1
g,pAλρg,p,

where Aλ is the Yosida approximation of A. Hence %(A(p)
λ ) = %(Aλ) and for

all z ∈ %(Aλ) we have

R(z,A(p)
λ ) = ρ−1

g,pR(z,Aλ)ρg,p.

Regarding the ek as functions in Lp(Γ), for all finite sequences f−n, ..., fn ∈
Lp(µg) we have, using Lemma 3.5.2,

lim
λ→∞

R(z,B(p)
λ )

n∑
k=−n

ek ⊗ fk = lim
λ→∞

n∑
k=−n

ek ⊗R(z + ik, A
(p)
λ )fk

= lim
λ→∞

n∑
k=−n

ek ⊗ ρ−1
g,pR(z + ik, Aλ)ρg,pfk

=
n∑

k=−n

ek ⊗ ρ−1
g,pR(z + ik, A)ρg,pfk

=
n∑

k=−n

ek ⊗R(z + ik, A(p))fk

= R(z,B(p))
n∑

k=−n

ek ⊗ fk.

Since the functions
∑n

k=−n ek ⊗ fk are dense in Lp(Γ, Lp(µg)), (3.5.4) follows

from the uniform boundedness of the operators {R(z,B(p)
λ ), λ ≥ 1, Re z > 0}.

In view of (3.5.3) and (3.5.4), we are in a position to apply Vitali’s theorem
(cf. Section 3.3) to the functions z 7→ R(z,B(p)

λ )f , f ∈ Lp(Γ, Lp(µg)), λ ≥ 1. It
follows that the maps z 7→ R(z,B(p))f admit bounded holomorphic extensions
to {Re z > 0}, with bounds (2+4‖A−1‖Lp(µ))‖f‖Lp(Γ,Lp(µg)). Proposition 1.1.6
now shows that {Re z > 0} ⊂ %(B(p)) (and that the resolvent of B(p) exists
and is uniformly bounded there with bound 2 + 4‖A−1‖Lp(µ)). Therefore,
ω0(T) = ω0(ρ−1

g,pTρg,p) = s(B(p)) < 0. ////
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It is not a coincidence that we have dealt explicitly with the cases r = 1
and r = 2 in the proof above. In fact, the theorem admits a much simpler
proof for p = 1 and p = 2. If p = 2, then L2(µ) is a Hilbert space. Therefore,
ω0(T) coincides with the abscissa of uniform boundedness of the resolvent of
its generator, and this abscissa is equal to s(A) by Theorem 1.4.1. If p = 1 we
argue as follows: For all τ > 0 and f ∈ L1(µ) we have∫ τ

0

‖T (t)f‖ dt ≤
∫ τ

0

‖T (t)|f | ‖ dt =
∫ τ

0

〈1, T (t)|f |〉 dt.

Here, 1 denotes the constant one function in L∞(µ). If s(A) < 0, then by
Theorem 1.2.3 ω1(T) < 0 and the right hand side converges to 〈1, R(0, A)|f |〉
as τ →∞. Therefore,∫ ∞

0

‖T (t)f‖ dt <∞, ∀f ∈ L1(µ),

and we can apply the Datko-Pazy theorem.

We conclude this section with the case of positive C0-semigroups on C0(Ω),
where Ω is a locally compact Hausdorff space.

If T is a C0-semigroup, then ω0(T) = ω0(T�), where T� is the strongly
continuous part of the adjoint of T as defined in Section 2.1. Indeed, it is
obvious that ‖T�(t)‖ ≤ ‖T ∗(t)‖ = ‖T (t)‖ for all t ≥ 0; on the other hand,
with M := lim supλ→∞ ‖λR(λ,A)‖ the identity

|〈x∗, T (t)x〉| = lim
λ→∞

|〈T�(t)λR(λ,A∗)x∗, x〉|

shows that |〈x∗, T (t)x〉| ≤ M‖T�(t)‖ ‖x∗‖ ‖x‖ for all x∗ ∈ X∗ and x ∈ X, so
‖T�(t)‖ ≥M−1‖T (t)‖ for all t ≥ 0. Hence

M−1‖T (t)‖ ≤ ‖T�(t)‖ ≤ ‖T (t)‖, t ≥ 0,

and the identity ω0(T) = ω0(T�) follows.

Theorem 3.5.4. Let T be a positive C0-semigroup with generator A on
C0(Ω), Ω locally compact Hausdorff. Then s(A) = ω0(T).

Proof: If ω0(T) = −∞ there is nothing to prove; hence without loss of gener-
ality we may assume that ω0(T) = 0. It suffices to prove that 0 ∈ σ(A).

Suppose the contrary. For each τ > 0, consider the bounded operator Sτ

on (C0(Ω))∗ defined by

〈Sτν, f〉 :=
∫ τ

0

〈ν, T (t)f〉 dt, f ∈ C0(Ω).

For all f ∈ C0(Ω) and ν ∈ (C0(Ω))∗ we have, using Theorem 1.4.1 and the
assumption that 0 6∈ σ(A),

lim
τ→∞

〈Sτν, f〉 = lim
τ→∞

∫ τ

0

〈ν, T (t)f〉 dt = 〈ν,R(0, A)f〉 = 〈R(0, A)∗ν, f〉.
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It follows that Sτν converges weak∗ to R(0, A)∗ν for all ν. In particular,

sup
τ>0

‖Sτ‖ =: N <∞. (3.5.5)

On the other hand, since 0 6∈ σ(A�) = σ(A) (apply Lemma 1.4.3 to the in-
clusion X� ⊂ X∗) there is an ε > 0 such that the Taylor series of R(λ,A�)
at λ = 1 has radius of convergence 1 + ε. For all 0 ≤ µ ∈ (C0(Ω))∗ we have
0 ≤ R(0, A∗)µ ∈ (C0(Ω))� and hence

R(0, A�)R(0, A∗)µ =
∞∑

n=0

(−1)n

n!
dn

dλn
|λ=1R(λ,A�)R(0, A∗)µ

=
∞∑

n=0

(−1)n

n!
dn

dλn
|λ=1

∫ ∞

0

e−λtT�(t)R(0, A∗)µdt

=
∞∑

n=0

∫ ∞

0

tn

n!
e−tT�(t)R(0, A∗)µdt.

Hence, for all 0 ≤ φ ∈ (C0(Ω))∗∗ we have, using Fubini’s theorem,

〈φ,R(0, A�)R(0, A∗)µ〉 =
∞∑

n=0

∫ ∞

0

tn

n!
e−t〈φ, T�(t)R(0, A∗)µ〉 dt

=
∫ ∞

0

∞∑
n=0

tn

n!
e−t〈φ, T�(t)R(0, A∗)µ〉 dt

=
∫ ∞

0

〈φ, T�(t)R(0, A∗)µ〉 dt.

By splitting an arbitrary φ ∈ (C0(Ω))∗∗ into real and imaginary parts, and
each of these into positive and negative parts, it follows that

weak- lim
τ→∞

∫ τ

0

T�(t)R(0, A∗)µdt = R(0, A�)R(0, A∗)µ.

By Dini’s theorem, weakly convergent, monotone nets are strongly convergent.
Hence,

lim
τ→∞

∫ τ

0

T�(t)R(0, A∗)µdt = R(0, A�)R(0, A∗)µ (3.5.6)

strongly. By considering real and imaginary parts and splitting these in positive
and negative parts, (3.5.6) holds for arbitrary µ ∈ (C0(Ω))∗.

Combining (3.5.5) and (3.5.6) and using that D(A∗) = R(0, A∗)(C0(Ω))∗

is dense in (C0(Ω))�, it follows that

lim
τ→∞

∫ τ

0

T�(t)ν dt = R(0, A�)ν, ∀ν ∈ (C0(Ω))�. (3.5.7)
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Now we use the fact that for any two 0 ≤ ν0, ν1 ∈ (C0(Ω))∗ we have

‖ν0 + ν1‖ = ‖ν0‖+ ‖ν1‖.

Splitting the integral
∫ τ

0

T�(t)λR(λ,A∗)µdt into Riemann sums, it follows

that for all 0 ≤ µ ∈ (C0(Ω))∗ and λ > 0 we have∫ τ

0

‖T�(t)λR(λ,A∗)µ‖ dt =
∥∥∥∥∫ τ

0

T�(t)λR(λ,A∗)µdt
∥∥∥∥ = ‖λR(λ,A∗)Sτµ‖.

Take an arbitrary real ν ∈ (C0(Ω))� and let ν+ and ν− denote is positive and
negative part. Then,∫ τ

0

‖T�(t)ν‖ dt = lim
λ→∞

∫ τ

0

‖T�(t)λR(λ,A�)ν‖ dt

≤ lim sup
λ→∞

∫ τ

0

‖T�(t)λR(λ,A∗)ν+‖ dt

+ lim sup
λ→∞

∫ τ

0

‖T�(t)λR(λ,A∗)ν−‖ dt

= lim sup
λ→∞

‖λR(λ,A∗)Sτν+‖

+ lim sup
λ→∞

‖λR(λ,A∗)Sτν−‖

≤M(‖Sτν+‖+ ‖Sτν−‖)
≤MN(‖ν+‖+ ‖ν−‖) = MN‖ν‖,

where M := lim supλ→∞ ‖λR(λ,A)‖. By splitting an arbitrary ν ∈ (C0(Ω))�

into real and imaginary parts, we obtain∫ τ

0

‖T�(t)ν‖ dt ≤ 2MN‖ν‖, ∀ν ∈ (C0(Ω))�.

Therefore we can apply the Datko-Pazy theorem to T� and conclude that
ω0(T) = ω0(T�) < 0. This contradiction concludes the proof. ////

The difficulty in the above argument is that it is not a priori clear whether
the positive and negative parts of a real element ν ∈ (C0(Ω))� belong to
(C0(Ω))� again. If one knew this, one could replace R(0, A∗)µ by ν+ resp. ν−
in (3.5.6), which would lead to (3.5.7) directly without the need of proving the
uniform boundedness of the operators Sτ separately. Also, the approximation
argument in the last part of the proof becomes superfluous.

For spaces C(K) with K compact Hausdorff, a much stronger result is
valid. For its proof we need the Krein-Rutnam theorem which we state next.
By M(K) we denote the space of all regular bounded Borel measures on K; so
M(K) = (C(K))∗.
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Proposition 3.5.5. Let T be a positive bounded operator on the space
C(K), K compact Hausdorff. Then there exists a non-zero 0 ≤ µ ∈ M(K)
such that T ∗µ = r(T )µ.

Proof: For all f ∈ C(K) and all λ ∈ C with |λ| > r := r(T ) we have

|R(λ, T )f | =

∣∣∣∣∣
∞∑

n=0

Tnf

λn+1

∣∣∣∣∣ ≤
∞∑

n=0

Tn|f |
|λ|n+1

= R(|λ|, T )|f |

and hence ‖R(λ, T )‖ ≤ ‖R(|λ|, T )‖. By this and Proposition 1.1.5, we obtain
that limλ↓r ‖R(λ, T )∗‖ = limλ↓r ‖R(λ, T )‖ = ∞. By the uniform bounded-
ness theorem, there exists a sequence λn ↓ r and a ν ∈ M(K) such that
limn→∞ ‖R(λn, T )∗ν‖ = ∞; by replacing ν by its modulus we may take ν to
be positive. Define

µn := ‖R(λn, T )∗ν‖−1R(λn, T )∗ν.

Then,

lim
n→∞

(r − T ∗)µn = lim
n→∞

‖R(λn, T )∗ν‖−1
(
(r − λn) + (λn − T ∗)

)
R(λn, T )∗ν

= lim
n→∞

(r − λn)µn + ‖R(λn, T )∗ν‖−1ν = 0.

By the Banach-Alaoglu theorem, the dual unit ball of any Banach space is
weak∗-compact. Therefore, the sequence (µn) has a weak∗-cluster point µ.
Clearly, µ ≥ 0. Since the operator r − T ∗ is weak∗-continuous, it follows that
(r − T ∗)µ is a weak∗-cluster point of the sequence ((r − T ∗)µn), and therefore
(r − T ∗)µ = 0. Also, since K is compact, the constant one function 1 defines
an element of C(K) and

‖T ∗µ‖ = 〈T ∗µ, 1〉 = lim
k→∞

〈T ∗µnk
, 1〉 = lim

k→∞
‖T ∗µnk

‖ = 1.

This proves that µ is non-zero. ////

Theorem 3.5.6. Let T be a positive C0-semigroup, with generator A, on
X = C(K) with K a compact Hausdorff space. Then the following assertions
are equivalent:

(i) s(A) < 0;
(ii) T is uniformly exponentially stable;
(iii) limt→∞〈x∗, T (t)y〉 = 0 for all y ∈ D(A) and x∗ ∈ X∗.

Proof: In view of Theorem 3.5.4, all we have to prove is that (iii) implies (i).
¿From the uniform boundedness theorem, for all x ∈ D(A) there is a

constant Mx such that that ‖T (t)x‖ ≤ Mx for all t ≥ 0. Hence, s(A) =
ω1(T) ≤ 0. In order to prove that s(A) < 0, by Theorem 1.4.1 it suffices to
prove that 0 6∈ σ(A).
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Suppose, for a contradiction, that 0 ∈ σ(A). By the spectral inclusion
theorem, 1 ∈ σ(T (t)) for all t ≥ 0. We also have ω0(T) = s(A) ≤ 0 by
Theorem 3.5.4 and hence r(T (t)) ≤ 1. It follows that r(T (t)) = 1 and therefore
by the Krein-Rutnam theorem there exists a non-zero µ ∈ M(K) such that
T ∗(t)µ = µ. Let f ∈ D(A) be any function such that 〈µ, f〉 6= 0; such f exists
since D(A) is dense. Then, 〈µ, T (t)f〉 = 〈T ∗(t)µ, f〉 = 〈µ, f〉 and the latter
fails to converge to zero. ////

The equivalences (i)⇔(iii) and (ii)⇔(iii) break down in the locally compact
case: the translation semigroup on C0(IR+) defined by (T (t)f)(s) := f(s+ t) is
uniformly stable and therefore (iii) holds, but T is not uniformly exponentially
stable and we have s(A) = 0.

3.6. The essential spectrum

In this section we study the essential growth bound ωess
0 (T) of a C0-

semigroup T with generator A and prove that

ω0(T) = max{s(A), ωess
0 (T)}.

Thus, the failure of the identity s(A) = ω0(T) can be interpreted in terms of
the essential spectrum of T. We also give necessary and sufficient conditions for
a C0-semigroup to converge uniformly to a rank one projection. This theorem
assumes a particularly nice form for irreducible positive C0-semigroups, which
we discuss briefly.

We start with some definitions. The two-sided ideal in L(X) of all com-
pact operators is denoted by K(X). The Calkin algebra C(X) is the quotient
L(X)/K(X). With the quotient norm, C(X) is a Banach algebra with unit.

The essential spectrum, notation σess(T ), of a bounded operator T is de-
fined as the spectrum of T +K(X) in the Banach algebra C(X). Explicitly, it
consists of the set of all λ ∈ C for which no bounded operator S can be found
such that (λ − T )S − I and S(λ − T ) − I are compact. The essential spectral
radius ress(T ) of T is defined as sup{|λ| : λ ∈ σess(T )}. We shall need the fol-
lowing fact from Fredholm theory; the proof may be found in the book [CPY].
If ress(T ) < r(T ), then σ(T ) ∩ {|λ| > ress(T )} consists of at most countably
many isolated eigenvalues (each of which is a pole of the resolvent of T ).

We define the essential growth bound ωess
0 (T) of a C0-semigroup T as the

growth bound of the quotient semigroup T+K(X) on C(X), i.e. as the infimum
of all ω ∈ IR for which there exists an M > 0 such that

‖T (t) +K(X)‖C(X) ≤Meωt, ∀t ≥ 0.

As in Proposition 1.2.2, for all t0 > 0 we have

ωess
0 (T) =

log ress(T (t0))
t0

= lim
t→∞

log ‖T (t) +K(X)‖C(X)

t
.

The following theorem describes the relation between ωess
0 (T) and ω0(T).
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Theorem 3.6.1. Let T be a C0-semigroup on a Banach space X. Then
either ωess

0 (T) = ω0(T) or the line Reλ = ω0(T) contains an eigenvalue of A.
In particular,

ω0(T) = max{s(A), ωess
0 (T)}.

Proof: Assume that ωess
0 (T) < ω0(T). Then also ress(T (1)) < r(T (1)). Let

λ ∈ σ(T (1)) with |λ| = r(T (1)) be arbitrary. Then λ is an eigenvalue of T (1)
and by the spectral mapping theorem for the point spectrum there exists a
µ ∈ σp(A) such that eµ = λ. Clearly, Reµ = ω0(T). ////

We say that A has a strictly dominant eigenvalue if σ(A)∩ {Reλ = s(A)}
consists of a single point {ω} which is an eigenvalue of A. An isolated point
λ ∈ σ(A) is called algebraically simple if the corresponding spectral projection
is a rank one operator.

The following theorem describes the asymptotic behaviour of a semigroup
with a strictly dominant, algebraically simple eigenvalue.

Theorem 3.6.2. Let T be a C0-semigroup on a Banach space X and let
ω ∈ IR. Then the following assertions are equivalent:

(i) There exists a rank one projection P such that

lim
t→∞

‖e−ωtT (t)− P‖ = 0.

(ii) ωess
0 (T) < ω0(T) and ω is a strictly dominant, algebraically simple eigen-

value of A.

In this case, the rank one projection is the spectral projection corresponding
to {ω}. Moreover, there are constants M > 0 and δ > 0 such that

‖e−ωtT (t)− P‖ ≤Me−δt, t ≥ 0,

and σ(A) ∩ {Reλ > ω − δ} = {ω}.

Proof: Assume (i). Then,

T (t)P = lim
s→∞

e−ωsT (t+ s) = eωtP

and similarly PT (t) = eωtP . Hence, T (t)P = PT (t) = eωtP , Px ∈ D(A) for
all x ∈ X and APx = ωPx, showing that ω is an eigenvalue of A.

Since P is a projection commuting with T, we have a direct sum decompo-
sition X = X0⊕X1, where X0 = PX and X1 = (I−P )X are T-invariant. Let
Ti be the corresponding restrictions and let Ai be their generators, i = 0, 1.
From

lim
t→∞

‖e−ωtT1(t)‖ = lim
t→∞

‖e−ωtT (t)(I − P )‖ = lim
t→∞

‖e−ωtT (t)− P‖ = 0

it follows that

lim
t→∞

e(ω0(T1)−ω)t = lim
t→∞

e−ωtr(T1(t)) ≤ lim sup
t→∞

e−ωt‖T1(t)‖ = 0



Uniform exponential stability 111

and therefore ω0(T1) < ω. Hence there exists a δ > 0 and a constant M =
Mδ > 0 such that

‖T1(t)‖ ≤Me(ω−δ)t, t ≥ 0.

This implies that

‖e−ωtT (t)− P‖ = ‖e−ωtT1(t)‖ ≤Me−δt.

Since P is rank one, hence compact, T (t)P is compact for all t ≥ 0 and

‖T (t) +K(X)‖C(X) = ‖T (t)(I − P ) +K(X)‖C(X)

= ‖T1(t) +K(X)‖C(X)

≤ ‖T1(t)‖ ≤Me(ω−δ)t, t ≥ 0.

This implies that ωess
0 (T) ≤ ω − δ. On the other hand, ω0(T) = ω, and it

follows that ωess
0 (T) < ω0(T). We claim that σ(A) ∩ {Reλ > ω − δ} = {ω}.

Indeed, let λ ∈ σ(A) with Reλ > ω−δ. Then eλ ∈ σ(T (1)), |eλ| > eω−δ ≥
ress(T (1)) and therefore eλ is an eigenvalue of T (1). If y is an eigenvector, then

0 = lim
n→∞

‖e−ωnT (n)y − Py‖ = lim
n→∞

‖e(−ω+λ)ny − Py‖

which is only possible if λ = ω (and y = Py). This proves the claim and at the
same time shows that ω is strictly dominant.

It remains to prove that ω is algebraically simple. For this it suffices to
prove that P = Pω, the spectral projection corresponding to ω. To this end,
we fix x ∈ X arbitrary. Let Γ = Γ δ

2 ,ω be the counterclockwise oriented circle
of radius δ

2 and centre ω. By what we have already proved, Γ ⊂ %(A) and the
only element of σ(A) enclosed by Γ is ω. Since APx = ωPx, for all λ ∈ Γ we
have R(λ,A)Px = (λ− ω)−1Px. On the other hand, for all λ ∈ Γ we have

R(λ,A)(I − P )x = R(λ,A1)(I − P )x =
∫ ∞

0

e−λtT1(t)x dt,

the integral being absolutely convergent since ω0(T1) ≤ ω − δ < Reλ. There-
fore, by Fubini’s theorem and Cauchy’s theorem,

Pωx =
1

2πi

∫
Γ

R(λ,A)x dλ

=
1

2πi

∫
Γ

Px

λ− ω
dλ+

∫ ∞

0

(
1

2πi

∫
Γ

e−λt dλ

)
T1(t)x dt

= Px+ 0 = Px.

This concludes the proof of (i)⇒(ii).
Conversely, assume (ii). We claim that there exists a δ > 0 such that

ωess
0 (T) ≤ ω − δ and Reλ ≤ ω − δ for all λ ∈ σ(A)\{ω}. Indeed, otherwise
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there would be a sequence (λn) ⊂ σ(A) such that Reλn ↑ ω. By the spectral
inclusion theorem, eλn ∈ σ(T (1)) for all n. Since |eλn | ↑ eω, it follows that the
circle with radius eω contains an accumulation point µ of the sequence (eλn).
Since the spectrum of T (1) is closed, we have µ ∈ σ(T (1)). But σ(T (1)) ∩
{|λ| > ress(T (1))} consists of isolated points, and therefore we must have
ress(T (1)) ≥ eω and hence ωess

0 (T) ≥ ω. Since on the other hand ω is an
eigenvalue of A, eω is an eigenvalue of T (1) and hence ω0(T) ≥ ω. It follows
that ω0(T) ≤ ωess

0 (T), contradicting the assumptions of (ii). This proves the
claim.

Let P = Pω the spectral projection corresponding to {ω}; by assumption
this projection is rank one. We have a direct sum decomposition X = X0⊕X1

of T-invariant closed subspaces, X0 = PX, X1 = (I − P )X. Let Ti be the
restriction of T to Xi, and let Ai be its generator, i = 0, 1. Since ωess

0 (T1) ≤
ωess

0 (T) ≤ ω − δ and s(A1) ≤ ω − δ by the claim, Theorem 3.6.1 implies that

ω0(T1) = max{s(A1), ωess
0 (T1)} ≤ ω − δ.

It follows that for all 0 < ε < δ there is a constant M = Mε > 0 such that
‖T1(t)‖ ≤Me(ω−ε)t, t ≥ 0, and hence

‖e−ωtT (t)− P‖ = ‖e−ωtT1(t)‖ ≤Me−εt.

Here we used the fact that T (t)P = eωtP , t ≥ 0; this follows from the fact
that the one-dimensional range of P is spanned by an eigenvector of A with
eigenvalue ω. ////

A positive C0-semigroup on a Banach latticeX is called irreducible ifX has
no proper T-invariant ideal other than {0}. Theorem 3.6.2 has the following
consequence.

Theorem 3.6.3. Let T be an irreducible semigroup on a Banach lattice X.
If ωess

0 (T) < ω0(T), in particular if T is eventually compact and ω0(T) > −∞,
there exist 0 ≤ x0 ∈ X, 0 ≤ x∗0 ∈ X∗ and an δ > 0 such that

‖e−s(A)tT (t)− x∗0 ⊗ x0‖ ≤ e−δt, t ≥ 0.

That Theorem 3.6.3 follows from 3.6.2 is far from obvious. We shall not
give the complete proof, which is beyond the scope of these notes, but only
sketch the main line of the argument. The detailed proof can be found in the
book [Na, Chapter C-III].

¿From the assumption ωess
0 (T) < ω0(T) it follows that s(A) = ω0(T) and

ress(T (t)) < r(T (t)) for all t > 0. Hence by Fredholm theory, for all t > 0,
r(T (t)) is a pole of the resolvent of the operator T (t). This easily implies that
s(A) is a pole of the resolvent of A. Next, one shows that s(A) is a strictly
dominant eigenvalue. For this one uses the fact that σ(A) ∩ {Reλ = s(A)} is
additively cyclic if s(A) is a pole of the resolvent. Thus, if s(A) is not strictly
dominant, there is an α > 0 such that s(A) + iαZZ ⊂ σ(A). The spectral
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inclusion theorem then implies that for all but countable many t the circle
with radius r(T (t)) is contained in the spectrum of T (t). In particular, non
of the points on this circle is isolated in σ(T (t)). By Fredholm theory, this
implies that ress(T (t)) = r(T (t)) and hence ωess

0 (T) = ω0(T), contradicting
the assumptions. Therefore s(A) is strictly dominant. Now the irreducibility
of T comes in to show that s(A) is an algebraically simple pole whenever it
is a pole, and that in this case the corresponding spectral projection is of the
form x∗0 ⊗ x0 with 〈x∗, x0〉 = 1, where 0 ≤ x0 and 0 ≤ x∗0 are eigenvectors with
eigenvalue s(A) of A and A∗, respectively.

Notes. Lemma 3.1.2 is taken from [NSW] but various forms of it have been
observed earlier by a number of authors.

R. Datko [Dk] proved Corollary 3.1.6 for α = 1 and p = 2, and A. Pazy
[Pz] obtained the case α = 1 and 1 ≤ p <∞.

The general approach taken here to the Datko-Pazy theorem not only leads
to stronger results, but also has the advantage that it yields a unified approach
to Rolewicz’s theorem. A direct proof of the Datko-Pazy theorem is given in
[Pz, Theorem 4.4.1].

Theorems 3.1.4 and 3.1.5 are taken from [Ne2]. For E = lp, Theorem
3.1.4 is due to G. Weiss [Ws2]. Earlier, special cases have been obtained by J.
Zabczyk [Zb1] and K.M. Przyluski [Pl].

Müller’s theorem is proved in [Mü] and depends of Fredholm theory. The
proof is valid only for complex Banach spaces. An elementary proof for power
bounded operators, valid for real and complex Banach spaces, is given in [Ne3].
Related results can be found in the book [Be].

The first step of Lemma 3.1.7 was proved in [Ne2]; the technique to derive
the sharper result in Step 2 is used in [Ne3]. Theorem 3.1.8 seems to be new
and answers a question raised by Q. Zheng [Zh2]. It shows that the result
in [Tg] is not sharp, contrary to what is suggested by the title of that paper.
For Hilbert spaces, Theorem 3.1.8 follows from Gearhart’s theorem and the
following result of G. Weiss (see Section 4.6): Let T be a C0-semigroup on a
Banach space X. If there exist 1 ≤ p <∞ and C > 0 such that∫ ∞

0

|〈x∗, T (t)x〉|p dt ≤ C‖x‖p‖x∗‖p, ∀x ∈ X, x∗ ∈ X∗,

then s0(A) ≤ −1/(pC). As we do not know whether Müller’s theorem holds
in real Banach spaces, it is not clear whether Lemma 3.1.7 and Theorem 3.1.8
hold in real spaces.

Theorems 3.2.2 and 3.2.3 are taken from [Ne2]. Note that the proof of The-
orem 3.2.3 depends on Step 1 of Lemma 3.1.7 only. The special case of Theorem
3.2.2 for continuous φ is due to S. Rolewicz [Ro]. He actually proves a more
slightly more general result valid for so-called evolution families {U(t, s)}t≥s≥0.
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A shorter proof of Rolewicz’s theorem is given by Q. Zheng [Zh1] who also re-
moved the continuity assumption. Another proof of (the semigroup case of)
Rolewicz’s result was offered by W. Littman [Li]. All these proofs are direct
and ad hoc. Theorem 3.2.3 with α = 1 leads to yet another proof.

The material of Sections 3.3 and 3.4 is taken from [Ne4]. A proof of Vitali’s
theorem is given in [HP, Thm 3.14.1].

Theorem 3.5.1 was proved by L. Weis [We1], thereby extending the case
p = 1 which had been obtained earlier by W.B. Johnson and L. Jones [JJ].
Theorem 3.5.3 is also due to L. Weis [We2]. His proof is based on interpolation
between L1(Γ, L1(µg)) and L∞(Γ, L∞(µg)) and duality arguments. Some diffi-
culties in the proof can be avoided if one replaces the role of L∞(Γ, L∞(µg)) by
L2(Γ, L2(µg)). This was discovered by W. Arendt (unpublished manuscript);
we follow his modification of Weis’s proof here.

A second and much shorter proof of Weis’s theorem has been announced
by S. Montgomery-Smith [Mo]. He verifies the conditions of Theorem 2.5.4
directly by first approximating a function in Lp(Γ, Lp(µ)) by stepfunctions and
then proving an inequality for Lp-valued stepfunctions. At the moment this
book went to print, there was one subtle measure-theoretic difficulty in the
proof which had not been resolved yet.

The equality s(A) = ω0(T) for positive semigroups on Lp has been a
long-standing open problem; before its final solution partial results have been
obtained by J. Voigt [Vo] and M. Hieber [Hb].

The identity s(A) = ω0(T) for positive C0-semigroups on L1(µ) and L2(µ)
is due to R. Derndinger [De] and to G. Greiner and R. Nagel [GNa], respectively.

For the spaces C(K) and C0(Ω), the identity s(A) = ω0(T) was proved by
R. Derndinger [De] and C.J.K. Batty and E.B. Davies [BD], respectively. U.
Groh and F. Neubrander [GNe] proved an extension to C∗-algebras. W. Arendt
and G. Greiner [AG] proved that for positive C0-groups on C0(Ω) the weak
spectral mapping theorem holds. This is no longer true for positive C0-groups
on arbitrary Banach lattices; an example of an irreducible positive C0-group
with s(A) < ω0(T) was given by M. Wolff [Wo].

An example of a positive C0-semigroup on a Banach lattice X for which
X� is not a sublattice of X∗ was constructed by A. Grabosch and R. Nagel
[GN]. This cannot happen on X = C0(Ω): by a result of B. de Pagter [Pa2],
in this case X� is always a projection band in X∗. In particular, X� is a
sublattice of X∗.

Theorems 3.6.1 and 3.6.2 are due to J. Prüss [Pr1] and G. Webb [Wb],
respectively. Theorem 3.6.3 is due to G. Greiner and has applications, e.g., to
the theory of age-structured populations; see for instance [Hk].
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Boundedness of the resolvent

In this chapter we study to what extent the exponential type of certain
orbits of a C0-semigroup is determined by boundedness properties of the resol-
vent in a given right half-plane. The prototype of such results has already been
proved in Section 2.2, where we showed that ω0(T) = s0(A) for C0-semigroups
on Hilbert spaces. We shall prove a generalization of this result for semigroups
in arbitrary Banach spaces.

We start in Section 4.1 by introducing the fractional growth bounds ωα(T),
α ≥ 0. These are, roughly speaking, defined by the exponential growth of
orbits originating from the domains of the fractional powers of the generator.
We prove the convexity theorem of Weis and Wrobel, which states that the
function α 7→ ωα(T) is convex.

This result is applied in Section 4.2 to prove the inequality

ω 1
p−

1
q
(T) ≤ s0(A) (4.0.1)

for C0-semigroups T on a Banach space with Fourier type p ∈ [1, 2]. Since
Hilbert spaces have Fourier type 2, the identity ω0(T) = s0(A) is recovered.
On the other hand, every Banach space has Fourier type 1 and we obtain the
inequality

ω1(T) ≤ s0(A)

for arbitrary C0-semigroups. We also present an example which shows that
(4.0.1) is the best possible.

In Section 4.3 we prove the following individual version of (4.0.1): If A
generates a C0-semigroup on a Banach space X with Fourier type p ∈ (1, 2]
and x0 ∈ X is such that the map λ 7→ R(λ,A)x0 admits a bounded holomorphic
extension to {Reλ > 0}, then for all α > 1

p and Reλ0 > ω0(T) we have

lim
t→∞

‖T (t)(λ0 −A)−αx0‖ = 0. (4.0.2)

By modifying the proof, in Section 4.4 we show that this extends to the case
p = 1 if X has the analytic Radon-Nikodym property.

In arbitrary Banach spaces, (4.0.2) is no longer true. Nevertheless, even
in the limit case α = 1 the norm of T (t)R(λ0, A)x0 cannot grow very fast: we
prove in Section 4.5 that there exists a constant M > 0 such that

‖T (t)R(λ0, A)x0‖ ≤M(1 + t), t ≥ 0.
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In Section 4.6 we apply some of the results of the previous sections to semi-
groups enjoying certain scalar integrability properties. Under fairly general
assumptions it is shown that such semigroups have uniformly bounded resol-
vent. This leads to the theorem of Huang, Liu, and Weiss that a C0-semigroup
T on a Hilbert space H is uniformly exponentially stable if and only if all orbits
are scalarly p-integrable for some 1 ≤ p <∞, i.e.,∫ ∞

0

|〈x∗, T (t)x〉|p dt <∞, ∀x, x∗ ∈ H.

By means of an example we show that uniform boundedness of the resolvent
need not imply scalar p-integrability for any p > 1. Finally, we present some
results giving sufficient conditions for scalar p-integrability of the semigroup in
terms of the behaviour along vertical lines of both the resolvent and its adjoint.

4.1. The convexity theorem of Weis and Wrobel

In this section we introduce the fractional growth bounds ωα(T) and study
their basic properties. For 0 ≤ α ≤ 1, these quantities interpolate between
ω0(T) and ω1(T). The relevant definitions and facts concerning fractional
powers and interpolation theory are collected in Appendices A.1 and A.2, re-
spectively.

Let A be the generator of a C0-semigroup T on a Banach space X and let
Reω > ω0(T). Then for Aω := A−ω we have ‖R(λ,Aω)‖ ≤M/(1+λ) for some
M > 0 and all λ > 0. Consequently, the fractional powers (−Aω)α are defined.
By Proposition A.1.2 in Appendix A.1, for real ω the domains D((−Aω)α) are
independent of ω > ω0(T). We will denote this common domain by Xα.

For α ≥ 0 we define the fractional growth bound ωα(T) as the infimum of
all ω ∈ IR such that for all x ∈ Xα there exists a constant M = Mω,x > 0 such
that ‖T (t)x‖ ≤Meωt for all t ≥ 0. Note that for α = 0 and α = 1 this reduces
to the definitions of ω0(T) and ω1(T) given before.

¿From property (iii) in Appendix A.1 it follows that the map α 7→ ωα(T)
is non-increasing. In fact, much more is true: this map is convex.

Theorem 4.1.1. The function α 7→ ωα(T) is convex on [0,∞).

Proof: Let 0 ≤ α0 ≤ α1 and 0 < θ < 1 be arbitrary, and put αθ := (1− θ)α0 +
θα1. We have to show that

ωαθ
(T) ≤ (1− θ)ωα0(T) + θωα1(T).

By Proposition A.2.1 of Appendix A.2, for all 0 < ε < θ we have a continuous
inclusion

D((−A)αθ ) ⊂ [D((−A)α0), D((−A)α1)]θ−ε. (4.1.1)
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Fix αi > ωαi
(T), i = 0, 1, α0 ≥ α1. By definition of the growth bounds ωα(T),

for each x ∈ D((−A)αi) we have

T (·)x ∈ L1(IR+, e
−αitdt,X), i = 0, 1,

and by the closed graph theorem the maps

T :D((−A)αi) → L1(IR+, e
−αitdt,X),

Tx := T (·)x,

are bounded, i = 0, 1. Using Proposition A.2.3, by interpolation it follows that
T is bounded as a map

T :[D((−A)α0), D((−A)α1)]θ−ε

→ [L1(IR+, e
−α0tdt,X), L1(IR+, e

−α1tdt,X)]θ−ε = L1(IR+, e
−αθ−εtdt,X),

where αθ−ε = (1− (θ − ε))α0 + (θ − ε)α1. Therefore, by (4.1.1), T is bounded
as a map

T : D((−A)αθ ) → L1(IR+, e
−αθ−εtdt,X).

This means that for all x ∈ D((−A)αθ ) the map t 7→ T (t)x defines an element of
L1(IR+, e

−αθ−εtdt,X). By Lemma 3.1.9 applied to the C0-semigroup Tαθ−ε
=

{e−αθ−εtT (t)}t≥0, this implies that the map t 7→ e−αθ−εtT (t)x is bounded for
all x ∈ D((−A)αθ ). Hence,

ωαθ
(T) ≤ αθ−ε = (1− (θ − ε))α0 + (θ − ε)α1.

Since this holds for all 0 < ε < θ and αi > ωαi
(T), i = 0, 1, it follows that

ωαθ
(T) ≤ (1− θ)ωα0(T) + θωα1(T).

////

Corollary 4.1.2. The map α 7→ ωα(T) is continuous on (0,∞).

4.2. Exponential stability and growth of the resolvent

In this section, as an application of the Weis-Wrobel convexity theorem
we will discuss the asymptotic behaviour of C0-semigroups whose resolvent is
uniformly bounded in a given right half-plane.

In order to treat the Banach space case and the Hilbert space case simul-
taneously, we include the so-called Fourier type of the underlying Banach space
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into our considerations. Let 1 ≤ p ≤ 2. A Banach space X has Fourier type p
if the Fourier transform F extends to a bounded operator

F : Lp(IR, X) → Lq(IR, X),
1
p

+
1
q

= 1.

In other words, it is assumed that the Hausdorff-Young theorem holds for
Lp(IR, X). Trivially, every Banach space has Fourier type 1. Only a Hilbert
space has Fourier type 2 [Kw]. The Banach space Lp(Ω, µ) has Fourier type
min{p, q}, 1

p + 1
q = 1 [Pe]. Every uniformly convex space has Fourier type p

for some p with 1 < p ≤ 2 [Bo]. If a Banach space has Fourier type p for some
1 ≤ p ≤ 2, then it has Fourier type r for all 1 ≤ r ≤ p.

Let A be a linear operator whose resolvent is uniformly bounded in the
right half-plane. Then by Lemma 2.3.4, the resolvent is even bounded in
{Reλ > −ε} for ε > 0 small enough. For all ω ∈ (−ε, 0), α > 0, and x ∈ D(A),
the integral

(Sαx)(t) :=
1

2πi

∫
Re λ=ω

eλt(−λ)−αR(λ,A)x dλ (4.2.1)

is absolutely convergent and independent of the choice of ω. The absolute con-
vergence follows by writing x = R(µ,A)y and applying the resolvent identity.
We also define

(Sα,ωx)(t) := e−ωt(Sαx)(t).

Lemma 4.2.1. Let X be a Banach space with Fourier type p for some
1 ≤ p ≤ 2. Let A be the generator of a C0-semigroup T on X whose resolvent
is uniformly bounded in the right half-plane. Then, for all α > 1

p −
1
q , ε > 0

small enough, and ω ∈ (−ε, 0), Sα,ω extends to a bounded linear operator
Sα,ω : X → Lq(IR+, X).

Proof: Let ε > 0 be such that the resolvent is uniformly bounded in {Reλ >
−ε}. Fix ω ∈ (−ε, 0) and x ∈ D(A), and define g : IR → X by

g(s) = (−ω + is)−αR(ω − is, A)x.

Then g ∈ L1(IR, X), and from the definition of Sα,ωx and (4.2.1) we have

(Sα,ωx)(t) =
1
2π

∫ ∞

−∞
e−istg(s) ds =

1
2π
Fg(t). (4.2.2)

We are going to show that g ∈ Lp(IR, X). ChooseM > 0 such that ‖R(λ,A)‖ ≤
M for all Reλ ≥ ω. Let ω0 > max{0, ω0(T)} be arbitrary and fixed. By the
resolvent identity, for all s ∈ IR we have

‖R(ω − is, A)x‖ = ‖(I + (ω0 − ω)R(ω − is, A))R(ω0 − is, A)x‖
≤ (1 +M |ω0 + ε|) ‖R(ω0 − is, A)x‖.
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Since 1
r := 1

p −
1
q < α, we can apply Hölder’s inequality and obtain

(∫ ∞

−∞
||g(s)||p ds

) 1
p ≤

(∫ ∞

−∞
|ω − is|−αr (1 +M |ω0 + ε|)r

ds

) 1
r

·
(∫ ∞

−∞
||R(ω0 − is, A)x||qds

) 1
q

.

The first of the integrals on the right hand side is absolutely convergent; let
N denote its value. As to the second integral, since ω0 > ω0(T) there exists a
constant C > 0 independent of x such that

(∫ ∞

−∞
‖R(ω0 − is, A)x‖q ds

) 1
q

=
(∫ ∞

−∞
‖R(ω0 + is, A)x‖q ds

) 1
q

≤ cp

(∫ ∞

0

‖e−ω0tT (t)x‖p dt

) 1
p

≤ cpC‖x‖.

Here, cp is the norm of the Fourier transform as a map Lp(IR, X) → Lq(IR, X).
Summarizing, we find that g ∈ Lp(IR, X) and

‖g‖p ≤ NcpC‖x‖.

Using once more the Fourier type of X, from (4.2.2) we obtain

||(Sα,ωx)(·)||Lq(IR+,X) ≤
cp
2π
‖g‖p ≤

Nc2pC

2π
||x||.

Since D(A) is dense in X, the lemma follows from this. ////

We can express (Sα,ωx)(t) in terms of the semigroup:

Lemma 4.2.2. Let A be the generator of a C0-semigroup T on a Banach
space X and assume that the resolvent of A is uniformly bounded in the right
half-plane. Then for all α > 0, ε > 0 small enough, ω ∈ (−ε, 0), and x ∈ D(A2),
we have

(Sα,ωx)(t) = e−ωtT (t)(−A)−αx, ∀t ≥ 0.

Proof: Let ε > 0 be as in Lemma 4.2.1. By Cauchy’s theorem,

1
2πi

∫
Re λ=ω

eλt(−λ)−α−1 dλ = 0. (4.2.3)

Using this and writing −λ = (−λ+A)−A, we see that

(Sαx)(t) =
1

2πi

∫
Re λ=ω

eλt(−λ)−α−1R(λ,A)(−Ax) dλ.
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Since −Ax ∈ D(A), we may differentiate under the integral sign and obtain

d

dt
(Sαx)(t) =

1
2πi

∫
Re λ=ω

λeλt(−λ)−α−1R(λ,A)(−Ax) dλ

= A
( 1

2πi

∫
Re λ=ω

eλt(−λ)−α−1R(λ,A)(−Ax) dλ
)

= A((Sαx)(t)).

To obtain the second identity we used (4.2.3) once more.
By the resolvent identity, ‖R(λ,A)x‖ = O(1 + |λ|)−1 as |λ| → ∞ in the

half-plane Reλ ≥ ω. Therefore, by Cauchy’s theorem we can deform the path
of integration in (4.2.1) to the path in (A.1.2) of Appendix A.1. It follows that
(Sαx)(0) = (−A)−αx.

We have shown that (Sαx)(·) is a solution to the abstract Cauchy problem

du

dt
(t) = Au(t), t ≥ 0,

u(0) = (−A)−αx.

By uniqueness of solutions, we must have (Sαx)(t) = T (t)(−A)−αx. In view
of the definition of Sα,ωx, this proves the lemma. ////

By an easy density argument it can be shown that the lemma actually
holds for all x ∈ D(A); we will not need this fact.

Lemma 4.2.3. Let X be a Banach space with Fourier type p for some
1 ≤ p ≤ 2. Let A be the generator of a C0-semigroup T on X and assume that
the resolvent of A is uniformly bounded in the right half-plane. Then for all
α > 1

p −
1
q and x ∈ D((−A)α), the map t 7→ T (t)x belongs to Lq(IR+, X).

Proof: Let ε > 0 be as before and fix ω ∈ (−ε, 0).
Let x ∈ D((−A)α) be arbitrary and put y := (−A)αx. Choose a sequence

yk → y with yk ∈ D(A2) for each k. By Lemma 4.2.1, Sα,ωyk → Sα,ωy
in Lq(IR+, X). By taking a subsequence if necessary, we may assume that
(Sα,ωyk)(t) → (Sα,ωy)(t) for almost all t ≥ 0. For any such t, by Lemma 4.2.2
we have

e−ωtT (t)x = e−ωtT (t)(−A)−αy

= lim
k→∞

e−ωtT (t)(−A)−αyk

= lim
k→∞

(Sα,ωyk)(t) = (Sα,ωy)(t).

Therefore, e−ω(·)T (·)x is equal a.e. to the function (Sα,ωy)(·) ∈ Lq(IR+, X).
Since ω < 0, the lemma follows from this. ////

We now come to our main stability result for semigroups on Banach spaces
with Fourier type.
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Theorem 4.2.4. Let 1 ≤ p ≤ 2 and let X be a Banach space with Fourier
type p. Let A be the generator of a C0-semigroup T on X. Then,

ω 1
p−

1
q
(T) ≤ s0(A),

1
p

+
1
q

= 1.

Proof: By rescaling it is enough to prove the following: if the resolvent of A is
uniformly bounded in the right half-plane, then ω 1

p−
1
q
(T) ≤ 0.

If 1
p −

1
q = 0, then p = 2 and we are in the case of a generator on a Hilbert

space. By Corollary 2.2.5, in that case we have ω0(T) = s0(A). Therefore, in
the rest of the proof we assume that 1

p −
1
q > 0.

Let α > 1
p −

1
q be arbitrary and fix x ∈ D((−A)α). By Lemma 4.2.3,

T (·)x ∈ Lq(IR+, X). By Lemma 3.1.9, this implies that T (·)x is bounded. As
this holds for all x ∈ D((−A)α), it follows that ωα(T) ≤ 0. Since α 7→ ωα(T)
is continuous on (0,∞) by Corollary 4.1.2, the theorem is proved. ////

Note that the Weis-Wrobel theorem was only used to improve the inequal-
ity

ωα(T) ≤ s0(A), ∀α > 1
p
− 1
q
,

to
ω 1

p−
1
q
≤ s0(A).

We record some interesting special cases of Theorem 4.2.4, using what is known
about Fourier type of the spaces in question.

Corollary 4.2.5. Let A be the generator of a C0-semigroup T on a uniformly
convex Banach space. Then there exists 0 < ε ≤ 1 such that ω1−ε(T) ≤ s0(A).

Corollary 4.2.6. Let A be the generator of a C0-semigroup T on a space
Lp(µ), 1 ≤ p <∞. Then ω| 1p−

1
q |

(T) ≤ s0(A).

Corollary 4.2.7. Let A be the generator of a C0-semigroup T on an arbitrary
Banach space. Then ω1(T) ≤ s0(A).

Corollary 4.2.8. Let T be a C0-semigroup on an arbitrary Banach space. If
the resolvent of the generator A exists and is uniformly bounded in the right
half-plane, then there exists 0 < ε ≤ 1 such that ω1−ε(T) < 0. In particular,
T is exponentially stable.

Proof: By Lemma 2.3.4, s0(A) < 0, so ω1(T) < 0 by Corollary 4.2.7, and the
result follows from Corollary 4.1.2. ////

Theorem 4.2.4 and its corollaries can be considered as analogues for C0-
semigroups of the classical Lyapunov stability theorem for matrices.

The following example shows that Theorem 4.2.4 is the best possible.
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Example 4.2.9. Let 1 ≤ p ≤ 2, 1
p + 1

q = 1, and let T be the C0-semigroup
on X := Lp(1,∞) ∩ Lq(1,∞) defined by

(T (t)f)(s) = f(set), s > 1.

Since both Lp(1,∞) and Lq(1,∞) have Fourier type p, so does their intersection
X. As we have seen in Section 1.4,

s(A) = ω1(T) = −1
p
; ω0(T) = −1

q
.

We are going to prove that

ωα(T) =

{
− 1

q − α, 0 ≤ α ≤ 1
p −

1
q ;

− 1
p ,

1
p −

1
q ≤ α ≤ 1.

(4.2.4)

Let f : (1,∞) → C be a smooth function with supp f ⊂ (1, 2). For n ∈ IN we
define the function fn ∈ X by

fn(s) :=
{
f(s− n), s− n > 1;
0, else.

Then fn ∈ D(A) for all n and supp fn ⊂ (n+1, n+2). Since (Afn)(s) = sf ′n(s),
for all n we have

‖Afn‖ ≤ (n+ 2)‖f ′n‖ = (n+ 2)‖f ′‖ ≤ (n+ 2)‖Af‖.

Fix 0 < α < 1. By (A.2.5) in Appendix A.2 there is a constant C > 0 such
that for all n ≥ 1,

‖fn‖D((−A)α) ≤ C‖fn‖1−α‖Afn‖α

≤ C(n+ 2)α‖f‖1−α ‖Af‖α

≤ 3Cnα‖f‖1−α ‖Af‖α.

Since supp fn ⊂ (n+ 1, n+ 2), by (1.4.3) for all t ≤ log n we have

‖T (t)fn‖ = max{‖Tp(t)fn‖p, ‖Tq(t)fn‖q} = max{e−
t
p ‖fn‖p, e

− t
q ‖fn‖q},

where Tp and Tq have the obvious meaning. By the uniform boundedness
theorem, for each ω > ωα(T) there exists an M > 0 such that

‖T (t)fn‖ ≤Meωt‖fn‖D((−A)α), ∀n ∈ IN.

Hence for n ≥ 1 and t := log n we have

max{n−
1
p ‖fn‖p, n

− 1
q ‖fn‖q} = ‖T (log n)fn‖ ≤ 3CM nω+α‖f‖1−α ‖Af‖α.
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Since this holds for all n ≥ 1, it follows that ω + α ≥ − 1
q . This proves that

ωα(T) ≥ −1
q
− α, 0 < α < 1. (4.2.5)

Of course, by what is already known this also holds for α = 0 and α = 1. On
the other hand, since X has Fourier type p, by Theorem 4.2.4 we have

ω 1
p−

1
q
(T) ≤ s0(A).

For all β > 1
p , the function fβ(s) := s−β is an eigenfunction of A with eigenvalue

−β. It follows that e−βt is an eigenvalue of T (t) for all β > 1
p , and therefore

ωα(T) ≥ − 1
p for all α ≥ 0. In particular, using Theorem 1.4.1 we have

−1
p
≤ ω 1

p−
1
q
(T) ≤ s0(A) = s(A) = ω1(T) = −1

p
.

This proves that

ωα(T) = −1
p
, ∀1

p
− 1
q
≤ α ≤ 1.

Let 0 ≤ θ ≤ 1. Then for αθ := θ( 1
p−

1
q ), by the Weis-Wrobel convexity theorem

and (4.2.5) we have

−1
q
− αθ ≤ ωαθ

(T) ≤ (1− θ)ω0(T) + θω 1
p−

1
q
(T)

= −(1− θ)
1
q
− θ

1
p

= −1
q
− αθ.

This proves that

ωα(T) = −1
q
− α, ∀0 ≤ α ≤ 1

p
− 1
q

and the proof of (4.2.4) is complete.

By rescaling, for every 0 < α < 1
p −

1
q we obtain a positive C0-semigroup

T for which s0(A) = ω1(T) < 0 and ωα(T) > 0. This shows that Theorem
4.2.4 is indeed the best possible.

4.3. Individual stability in B-convex Banach spaces

Let A be the generator of a C0-semigroup on a Banach space X with
Fourier type p ∈ (1, 2]. In this section we prove that

lim
t→∞

‖T (t)(λ0 −A)−αx0‖ = 0
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for all α ≥ 0 with α > 1
p and all Reλ0 > ω0(T), provided the local resolvent

λ 7→ R(λ,A)x0 extends to a bounded holomorphic function in the open right
half-plane. This result can be interpreted as an individual version of Theorem
4.2.4. The case p = 1 is more delicate and will be discussed separately in the
next two sections.

Actually we shall address the following slightly more general problem: de-
scribe the asymptotic behaviour of t 7→ PT (t)(λ0 − A)−αx0 assuming bound-
edness of a holomorphic extension of the map λ 7→ PR(λ,A)x0, where P is an
arbitrary bounded operator on X. Accordingly we assume that PX has Fourier
type rather than X itself. This enables us to treat the strong case and the weak
case simultaneously: weak analogues are obtained by considering the rank one
operators P = x∗ ⊗ x (cf. Corollary 4.4.3 below). This extra generality may
also be relevant to applications, for instance to matrix semigroups arising from
higher order abstract Cauchy problems, in which case P could be a coordinate
projection.

For an non-negative real number α we let [α] denote the integer part of α,
i.e. the unique n ∈ IN such that n ≤ α < n+ 1.

Lemma 4.3.1. Let A be the generator of a C0-semigroup T on a Banach
space X and let P be a bounded operator on X. Let x0 ∈ X be such that the
map λ 7→ PR(λ,A)x0 admits a bounded holomorphic extension F (λ) in the
open right half-plane. Then for all α ≥ 0 and Reλ0 > max{0, ω0(T)}, the map
λ 7→ PR(λ,A)(λ0 −A)−αx0 admits a holomorphic extension G(λ) in the open
right half-plane, and for all ω0 ∈ (0,Reλ0) there exists an M > 0 such that

‖G(λ)‖ ≤M(1 + |λ|)max{−α,−1−α+[α]}, 0 < Reλ < ω0. (4.3.1)

Moreover, G is PX-valued.

Proof: Fix Reλ0 > max{0, ω0(T)}; by rescaling we may assume that λ0 is real.
Also fix ω0 ∈ (0, λ0).

Write α = n + δ with n ∈ IN and 0 ≤ δ < 1 and put y0 := R(λ0, A)nx0.
In view of the identity

R(λ,A)y0 =
R(λ,A)x0

(λ0 − λ)n
−

n−1∑
k=0

R(λ0, A)k+1x0

(λ0 − λ)n−k
,

the map λ 7→ PR(λ,A)y0 admits a holomorphic extension F1(λ) to {Reλ > 0}
which satisfies

‖F1(λ)‖ ≤M ′(1 + |λ|)max{−n,−1}, 0 < Reλ < ω0, (4.3.2)

for some constant M ′ > 0. Consider the holomorphic function

G(λ) := PR(λ,A)(λ0 −A)−αx0 = PR(λ,A)(λ0 −A)−δy0, Reλ > ω0(T).
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By the resolvent identity and the real representation of fractional powers, cf.
(A.1.3) in the Appendix, for Reλ > ω0(T) we have

G(λ) =
sinπδ
π

∫ ∞

0

t−δPR(λ,A)R(λ0 + t, A)y0 dt

=
sinπδ
π

∫ ∞

0

t−δ PR(λ,A)y0 − PR(λ0 + t, A)y0
t+ λ0 − λ

dt.

Passing to the holomorphic extension, we see from (4.3.2) that

G(λ) :=
sinπδ
π

∫ ∞

0

t−δ F1(λ)− F1(λ0 + t)
t+ λ0 − λ

dt (4.3.3)

converges absolutely and defines a holomorphic extension of G in the strip
{0 < Reλ < λ0}.

We claim that G takes values in PX. To see this, it is enough to show
that this is true for F1. To this end let q : X → X/PX be the quotient map.
Then qF1 is a holomorphic extension of λ 7→ qPR(λ,A)y0. Since the latter is
identically 0 in {Reλ > ω0(T)}, by analytic continuation we have qF1 ≡ 0 on
{Reλ > 0}. This means that F1(λ) ∈ PX for all Reλ > 0.

For ω > 0 consider the functions Gω : IR → X defined by

Gω(s) := G(ω − is), s ∈ IR.

Then Gω(s) = PR(ω − is, A)(λ0 − A)−αx0 for ω > ω0(T). In view of the
estimate ‖R(λ,A)‖ ≤ const · (Reλ − ω0)−1 for all Reλ > λ0, we see that
c := supτ>0 τ‖F1(τ)‖ < ∞. Hence by (4.3.2) and (4.3.3), for all 0 < ω < ω0

and s ∈ IR we have

‖Gω(s)‖ ≤ sinπδ
π

∫ ∞

0

t−δM
′(1 + (ω2 + s2)

1
2 )max{−n,−1} + c(λ0 + t)−1

((t+ λ0 − ω)2 + s2)
1
2

dt

≤ const · (1 + s2)
1
2 ·max{−n−δ,−1−δ}

= const · (1 + s2)
1
2 ·max{−α,−1−δ},

where the constant is independent of s ∈ IR and ω ∈ (0, ω0). ¿From this
estimate the lemma follows. ////

The main result of this section imposes no restriction on the Fourier type.

Theorem 4.3.2. Let P be a bounded operator on a Banach space X and
assume that PX has Fourier type p ∈ [1, 2]. Let A be the generator of a C0-
semigroup T on X and let x0 ∈ X be such that the map λ 7→ PR(λ,A)x0

admits a bounded holomorphic extension F (λ) in the open right half-plane.
Then for all α > 1

p and all Reλ0 > ω0(T) we have

PT (·)(λ0 −A)−αx0 ∈ Lq(IR+, X),
1
p

+
1
q

= 1.
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Proof: Without loss of generality we may assume that ω0(T) ≥ 0. By rescaling
we may also assume that λ0 is real. Fix ω0 ∈ (ω0(T), λ0).

Lemma 4.3.1 shows that λ 7→ PR(λ,A)(λ0 − A)−αx0 has a PX-valued
holomorpic extension G(λ) in the open right half-plane which satisfies (4.3.1).
Let Gω(s) := G(ω − is), s ∈ IR. Then by (4.3.1) and the assumption α > 1

p ,
Gω ∈ Lp(IR, X) for all ω ∈ (0, ω0) and

sup
0<ω<ω0

‖Gω‖p ≤ C := const ·
(∫ ∞

−∞
(1 + |s|)p·max{−α,−1−δ} ds

) 1
p

,

where δ = α − [α]. Since PX has Fourier type p, the Fourier transform gω :=
1
2πFGω of Gω defines an element of Lq(IR, X), 1

p + 1
q = 1.

Let ω ∈ (0, ω0) be fixed. We claim that

gω(t) = e−ωtPT (t)(λ0 −A)−αx0 for a.a. t > 0.

Because of the operator P we cannot proceed as in Lemma 4.2.2 and have to
rely more closely on Laplace transform techniques. Define, for each r > 0,

Gω,r := Gω · χ[−r,r].

Then limr→∞Gω,r = Gω in the norm of Lp(IR, X), so for the Fourier transforms
gω,r = 1

2πFGω,r we have limr→∞ gω,r = gω in Lq(IR, X). Let Γ be the rectangle
spanned by the points ω−ir, ω+ir, ω0+ir, and ω0−ir. By Cauchy’s theorem,
for all t > 0 we have

1
2πi

∫ ω+ir

ω−ir

eztG(z) dz =
1

2πi

∫ ω0+ir

ω0−ir

eztG(z) dz +Rr(t)

=
1

2πi

∫ ω0+ir

ω0−ir

eztPR(z,A)(λ0 −A)−αx0 dz +Rr(t),

(4.3.4)

where Rr(t) represents the integrals over the two horizontal parts of Γ. From
(4.3.1) we see that limr→∞ ‖Rr(t)‖ = 0 for all t > 0. By the complex inversion
theorem for the Laplace transform, the Cesàro means of the integral on the
right hand side in (4.3.4) converge to PT (t)(λ0 − A)−αx0 as r → ∞; here we
use that ω0 > ω0(T). It follows that for all t > 0,

lim
m→∞

1
m

∫ m

0

1
2πi

∫ ω+ir

ω−ir

eztG(z) dz dr = PT (t)(λ0 −A)−αx0. (4.3.5)

On the other hand, for t > 0 we have

gω,r(t) =
1
2π

∫ r

−r

e−istG(ω − is) ds =
1

2πi
e−ωt

∫ ω+ir

ω−ir

eztG(z) dz (4.3.6)
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It follows from (4.3.5) and (4.3.6) that

lim
m→∞

((
1
m

∫ m

0

gω,r dr

)
(t)
)

= lim
m→∞

1
m

∫ m

0

gω,r(t) dr

= e−ωtPT (t)(λ0 −A)−αx0

for all t > 0. In the first identity we used the fact that the map r 7→ gω,r is
continuous as a map into C0(IR, X) by the Riemann-Lebesgue lemma. There-
fore the integrals with respect to r can be regarded as Bochner integrals in
C0(IR, X) and we may use the continuity of point evaluations.

We also have

lim
m→∞

(
1
m

∫ m

0

gω,r dr

)
= lim

r→∞
gω,r = gω

in the norm of Lq(IR, X). Since norm convergent sequences have pointwise
a.e. convergent subsequences, we see that gω(t) = e−ωtPT (t)(λ0 −A)−αx0 for
almost all t > 0 and the claim is proved.

It follows that t 7→ e−ωtPT (t)(λ0 −A)−αx0 ∈ Lq(IR+, X) and

‖e−ω(·)qPT (·)(λ0 −A)−αx0‖q ≤ ‖gω‖q ≤
cp
2π
‖Gω‖p ≤

cpC

2π
,

where cp is the norm of the Fourier transform from Lp(IR, PX) into Lq(IR, X).
By the monotone convergence theorem, upon letting ω ↓ 0 we obtain

‖PT (·)(λ0 −A)−αx0‖q ≤
cpC

2π
.

////

For α = n ∈ IN the use of fractional powers in the above proof can be
avoided by considering the function G(λ) := PR(λ,A)R(λ0, A)nx0. This sim-
plifies the proof.

In Section 4.6 we will show that, at least for p = 2, Theorem 4.3.2 is the
best possible in the sense that it fails for all α ∈ [0, 1

2 ).
For P = I and p ∈ (1, 2], Theorem 4.3.2 has the following consequence:

Corollary 4.3.3. Let X be a Banach space with Fourier type p ∈ (1, 2], let
A be the generator of a C0-semigroup T on X. Let x0 ∈ X be such that the
local resolvent λ 7→ R(λ,A)x0 admits a bounded holomorphic extension F (λ)
in the open right half-plane. Then for all α > 1

p and all Reλ0 > ω0(T) we have

lim
t→∞

‖T (t)(λ0 −A)−αx0‖ = 0.

Proof: By Theorem 4.3.2 applied to the case P = I we find that the function
f(t) := T (t)(λ0 −A)−αx0 defines an element of Lq(IR+, X), 1

p + 1
q = 1. Hence

by Lemma 3.1.9, limt→∞ ‖f(t)‖ = 0. ////
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A Banach space is said to be B-convex if it has non-trivial type p, i.e. type
p ∈ (1, 2]. By a result of J. Bourgain [Bo], every B-convex Banach space has
non-trivial Fourier type, and conversely it is not difficult to show that every
Banach space with non-trivial Fourier type is B-convex (cf. [BP, p. 354]).

Corollary 4.3.4. Let T be a C0-semigroup on a B-convex Banach space X,
with generator A. If x0 ∈ X is such that the local resolvent λ 7→ R(λ,A)x0

admits a bounded holomorphic extension to the open right half-plane, then for
all Reλ0 > ω0(T) we have

lim
t→∞

‖T (t)R(λ0, A)x0‖ = 0.

We next discuss the analogue of Corollary 4.3.3 for P 6= I. Although the
proof of Corollary 4.3.3 breaks down, for slightly larger values of α we can
prove:

Theorem 4.3.5. Let P be a bounded operator on a Banach space X and
assume that PX is B-convex. Let A be the generator of a C0-semigroup T on
X and let x0 ∈ X be such that the map λ 7→ PR(λ,A)x0 extends to a bounded
holomorphic function F (λ) in the open right half-plane. Then for all α > 1
and Reλ0 > ω0(T) we have

lim
t→∞

‖PT (t)(λ0 −A)−αx0‖ = 0.

Proof: Let p ∈ (1, 2] be the Fourier type of PX. Choose δ ≥ 0 with δ > 1
p in

such a way that 1
q < β := α− δ < 1. Consider the functions

f(t) := PT (t)(λ0 −A)−δx0, t ≥ 0,

and
g(t) := PT (t)(λ0 −A)−αx0, t ≥ 0.

By Theorem 4.3.2, f ∈ Lq(IR+, X). For t ≥ 0 we have

g(t) = PT (t)(λ0 −A)−δ−βx0

= PT (t)(λ0 −A)−δ

(
sinπβ
π

∫ ∞

0

s−βR(λ0 + s,A)x0 ds

)
=

sinπβ
π

P (λ0 −A)−δ

∫ ∞

0

s−β

∫ ∞

0

e−(λ0+s)rT (t+ r)x0 dr ds

=
sinπβ
π

∫ ∞

0

s−β

∫ ∞

0

e−(λ0+s)rf(t+ r)x0 dr ds.

(4.3.7)

Now, ∥∥∥∥∫ ∞

0

e−(λ0+s)rf(t+ r)x0 dr

∥∥∥∥
≤
(∫ ∞

0

e−(λ0+s)rp dr

) 1
p

·
(∫ ∞

0

‖f(t+ r)‖q dr

) 1
q

=
1

(p(λ0 + s))
1
p

(∫ ∞

t

‖f(r)‖q dr

) 1
q

.
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Combining this estimate with (4.3.7) yields

‖g(t)‖ ≤ sinπβ

πp
1
p

∫ ∞

0

s−β(λ0 + s)−
1
p ds ·

(∫ ∞

t

‖f(r)‖q dr

) 1
q

.

Since 1
q < β < 1, the first integral in the above expression is absolutely conver-

gent, and the second tends to 0 as t→∞. This proves that limt→∞ ‖g(t)‖ = 0.
////

Theorem 4.3.5 is optimal in the sense that it fails for every 0 ≤ α < 1.
Indeed, consider the case that the resolvent R(λ,A) itself is uniformly bounded
in {Reλ > 0}. Then the assumptions of Theorem 4.3.5 are satisfied for all
x0 ∈ X and all operators P = x∗ ⊗ x. Hence if the theorem holds for some
α ≥ 0, then from the uniform boundedness principle we conclude that

sup
t≥0

‖T (t)(λ0 −A)−α‖ <∞.

For 0 ≤ α < 1, Example 4.2.9 shows that this need not be true.
In the next section we will give an example which shows that the results

of this section break down if no restrictions on the underlying Banach space
are imposed.

4.4. Individual stability in spaces with the analytic RNP

The case p = 1 of Theorem 4.3.2 implies that for each α > 1 the orbit
T (·)(λ0 − A)−αx0 is bounded provided the local resolvent at x0 extends to
a bounded holomorphic function in the open right half-plane. This can be
improved in two ways: if X has the analytic Radon-Nikodym property, we
actually have strong convergence to 0, and if X is an arbitrary Banach space
we have weak convergence to 0. These results will be proved in the present
section.

We start by recalling some facts concerning vector-valued Hardy spaces
over the disc D = {z ∈ C : |z| < 1}.

For p ∈ [1,∞] we let Hp(D,X) denote the set of all holomorphic functions
f : D → X for which

‖f‖Hp := sup
0<r<1

(∫ 2π

0

‖f(reiθ)‖p dθ

) 1
p

<∞.

In case p = ∞ we interpret the above integral in terms of the supemum norm
in the obvious way. It is not difficult to see that Hp(D,X) is a Banach space
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with respect to the norm ‖ · ‖Hp . We let Hp
0 (D,X) denote the subspace of

Hp(D,X) consisting of all functions f for which the radial limits

f̃(eiθ) := lim
r↑1

f(reiθ)

exist for almost all θ. By Fatou’s lemma,∫ 2π

0

‖f̃(eiθ)‖p dθ ≤ lim inf
r↑1

∫ 2π

0

‖f(reiθ)‖p dθ.

This shows that the boundary function f̃ , if it exists a.e., belongs to Lp(Γ),
where Γ = {z ∈ C : |z| = 1}. In this case, f can be recovered from f̃ by the
Poisson integral

f(reiθ) =
1
2π

∫ 2π

0

f̃(eiη)
1− r2

1− 2r cos (θ − η) + r2
dη.

Defining fr(eiθ) := f(reiθ), as in the scalar case it follows from this represen-
tation that

lim
r↑1

‖f̃ − fr‖Lp(Γ) = 0.

A Banach space X is said to have the analytic Radon-Nikodym property if
Hp

0 (D,X) = Hp(D,X). Equivalently, X has the analytic Radon-Nikodym
property if for all f ∈ Hp(D,X) the radial limits f̃(eiθ) := limr↑1 f(reiθ) exist
for almost all θ, and in this case we have fr → f̃ in the Lp-norm.

The role of the exponent p needs some clarification: it can be shown that if
Hp

0 (D,X) = Hp(D,X) holds for some p ∈ [1,∞], then it holds for all p ∈ [1,∞].

The following facts are well-known:

(i) If X has the Radon-Nikodym property, then X has the analytic Radon-
Nikodym property;

(ii) If X has the analytic Radon-Nikodym property, then X contains no closed
subspace isomorphic to c0;

(iii) A Banach lattice X has the analytic Radon-Nikodym property if and only
if X contains no closed subspace isomorphic to c0.

It follows from (i) that every reflexive Banach space and every separable dual
Banach space has the analytic Radon-Nikodym property. By (iii), the spaces
L1(µ) have the analytic Radon-Nikoym property. The proofs can be found in
[Bu] and [BD].

By mapping a rectangle conformally onto the unit disc it is not difficult
to prove the following.

Proposition 4.4.1. Let Γ and Γr, 0 < r < 1, be the rectangles in C spanned
by the points ±a ± ib and ±ra ± irb, respectively. Let f be a holomorphic



Boundedness of the resolvent 131

X-valued function in the interior of Γ. Assume that X has the analytic Radon-
Nikodym property and that

sup
0<r<1

∫
Γr

‖f(z)‖ |dz| <∞.

Then, the strong limits limr↑1 f(rz) exist for almost all z ∈ Γ and define a

function f̃ ∈ L1(Γ). Moreover,

lim
r↑1

∫
Γ

‖f̃(z)− f(rz)‖ |dz| = 0.

////

Theorem 4.4.2. Let P be a bounded operator on a Banach space X and
assume that PX has the analytic Radon-Nikodym property. Let A be the
generator of a C0-semigroup T on X. Assume that for some x0 ∈ X, the map
λ 7→ PR(λ,A)x0 admits a bounded holomorphic extension F (λ) to the open
right half-plane. Then for all Reλ0 > ω0(T) and α > 1 we have

lim
t→∞

‖PT (t)(λ0 −A)−αx0‖ = 0.

Proof: Without loss of generality we may assume that ω0(T) ≥ 0. Fix λ0 >
ω0(T); by rescaling we may also assume that λ0 is real. Fix ω0 ∈ (ω0(T), λ0).

By Lemma 4.3.1, the PX-valued functions Gω(s) := PR(ω − is, A)(λ0 −
A)−αx0 belong to L1(IR, X), uniformly for ω ∈ (0, ω0). By the complex in-
version theorem for the Laplace transform and Cauchy’s theorem (the use of
which is justified by (4.3.1)), for all ω ∈ (0, ω0) we have

PT (t)(λ0 −A)−αx0 =
1

2πi

∫
ω+iIR

eλtG(λ) dλ =
1
2π

∫ ∞

−∞
e(ω−is)tGω(s) ds,

(4.4.1)
where G(λ) = PR(λ,A)(λ0 − A)−αx0. Since PX has the analytic Radon-
Nikodym property, we may apply Proposition 4.4.1 and conclude that the
boundary function G̃ of G exists a.e., defines an element in L1

loc(iIR, X), and
that

lim
ω↓0

∫ r

−r

‖G̃(is)−G(ω + is)‖ ds = 0

for all r > 0. But then (4.3.1) easily implies that we actually have G̃ ∈
L1(iIR, X) and

lim
ω↓0

∫ ∞

−∞
‖G̃(is)−G(ω + is)‖ ds = 0.

Hence by passing to the limit ω ↓ 0 in (4.4.1), we obtain

PT (·)(λ0 −A)−αx0 = lim
ω↓0

e−ωtPT (·)(λ0 −A)−αx0

=
1
2π

lim
ω↓0

FG(ω − i(·))(t)

=
1
2π
FG̃(−i(·))(t).
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Therefore, PT (·)(λ0−A)−αx0 ∈ C0(IR+, X) by the Riemann-Lebesgue lemma.
////

Taking P := x∗0⊗x with x ∈ X non-zero and x∗0 ∈ X∗, and noting that the
one-dimensional space spanned by x has the analytic Radon-Nikodym property,
we obtain the following result.

Corollary 4.4.3. Let A be the generator of a C0-semigroup T on a Ba-
nach space X. Assume that for some x0 ∈ X and x∗0 ∈ X∗, the map λ 7→
〈x∗0, R(λ,A)x0〉 admits a bounded holomorphic extension F (λ) to the open
right half-plane. Then for all α > 1 and Reλ0 > ω0(T) we have

lim
t→∞

〈x∗0, T (t)(λ0 −A)−αx0〉 = 0.

Of course, this can be proved without reference to the analytic Radon-
Nikodym property: just take P := x∗0 ⊗ x in the proof of Theorem 4.4.2 and
apply the scalar version of Proposition 4.4.1.

The following example shows that the main results of this section and the
previous one fail in arbitrary Banach spaces.

Example 4.4.4. Let X = C0(IR) and consider the left translation group T
on X. Let f ∈ X be any non-zero function with support in [0, 1]. Then for all
Reλ > 0 and s ∈ IR we have

|(R(λ,A)f)(s)| =
∣∣∣∣∫ ∞

0

e−λtf(t+ s) dt
∣∣∣∣ ≤ ‖f‖∞.

Consequently,
sup

Re λ>0
‖R(λ,A)f‖∞ ≤ ‖f‖∞,

but since T is isometric and (λ0 −A)−α is injective (cf. Appendix A.1) we see
that

lim
t→∞

‖T (t)(λ0 −A)−αf‖∞ = ‖(λ0 −A)−αf‖∞ 6= 0; ∀α ≥ 0, λ0 > 0.

4.5. Individual stability in arbitrary Banach spaces

In the preceding sections we proved that

lim
t→∞

‖T (t)R(λ0, A)x0‖ = 0

if the local resolvent λ 7→ R(λ,A)x0 extends to a bounded holomorphic function
in the open right half-plane and the underlying space X is either B-convex or
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has the analytic Radon-Nikodym property, and by means of an example we
showed that this result fails if no restrictions on X are imposed. Also, for
arbitrary X we proved that

lim
t→∞

〈x∗, T (t)(λ0 −A)−αx0〉 = 0

for all x∗ ∈ X∗ and α > 1. It thus remains open what can be said for α = 1,
i.e. about the behaviour of T (t)R(λ0, A)x0, in arbitrary Banach spaces. In this
direction, we will prove next that there exists a constant M > 0 such that

‖T (t)R(λ0, A)x0‖ ≤M(1 + t), t ≥ 0.

We start with a simple lemma.

Lemma 4.5.1. For all r > 0 and t > 0,∣∣∣∣∫ ∞

r

eiλt

λ
dλ

∣∣∣∣ ≤ 3π
2rt

.

Proof: Integrate z 7→ z−1eitz along the closed contour consisting of the semi-
circle Γr of radius r in the upper half-plane, the interval [r,R], the semicircle
ΓR, and the interval [−R,−r]. By letting R→∞, we find that∣∣∣∣∫ ∞

r

sinλt
λ

dλ

∣∣∣∣ ≤ ∣∣∣∣ 1
2i

∫
Γr

eizt

z
dz

∣∣∣∣ ≤ 1
2

∫ π

0

e−rt sin θ dθ ≤ π

2rt
,

in the last estimate using the obvious facts that sin(π−θ) = sin θ and sin θ ≥ 2θ
π

for all 0 ≤ θ ≤ π
2 . We also have

∣∣∣∣∫ ∞

r

cosλt
λ

dλ

∣∣∣∣ = ∣∣∣∣∫ ∞

rt

sin(τ + π
2 )

τ
dτ

∣∣∣∣
≤ π

2(rt+ π
2 )

+
∫ ∞

rt

∣∣∣∣sin(τ +
π

2
)
(

1
τ
− 1
τ + π

2

)∣∣∣∣ dτ ≤ π

rt
.

¿From these two estimates, the lemma follows. ////

Theorem 4.5.2. Let A be the generator of a C0-semigroup T on a Banach
space X and let P be a bounded operator on X. Let x0 ∈ X be such that the
map λ 7→ PR(λ,A)x0 admits a bounded holomorphic extension F (λ) to the
open right half-plane. Let Reλ0 > ω0(T). Then there exists a constant M > 0
such that

‖PT (t)R(λ0, A)x0‖ ≤M(1 + t), t ≥ 0.
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Proof: Choose N > 0 and ω > ω0(T) such that ‖T (t)‖ ≤ Neωt for all t ≥ 0.
Choose K > 0 in such a way that supRe λ>0 ‖F (λ)‖ ≤ K‖P‖ ‖x0‖.

First we assume that λ0 = ω+ 1; the case of a general Reλ0 > ω0(T) will
be reduced to this special case by a rescaling procedure.

Put Aω+1 := A − ω − 1 and let F0(λ) denote the bounded holomorphic
extension of PR(λ,Aω+1)x0 to {Reλ > −ω − 1}.

Fix t > 0. By Theorem 1.3.3 and the resolvent identity, for all ξ >
ω0(Tω+1) we have

PTω+1(t)A−1
ω+1x0 =

1
2πi

P

∫
ξ+iIR

eλtR(λ,Aω+1)A−1
ω+1x0 dλ

=
1

2πi

∫
ξ+iIR

eλtλ−1(PA−1
ω+1x0 + F0(λ)) dλ.

By Cauchy’s theorem, we may shift the path of integration to Γ = Γ1 ∪ Γ2 ∪
Γ3 ∪ Γ4 ∪ Γ5, where

Γ1 = {z = iη : η ≤ −r};
Γ2 = {z = ξ + iη : −δ ≤ ξ ≤ 0, η = −r};
Γ3 = {z = ξ + iη : ξ = −δ, −r ≤ η ≤ r};
Γ4 = {z = ξ + iη : −δ ≤ ξ ≤ 0, η = r};
Γ5 = {z = iη : η ≥ r}.

Here, δ ∈ (0, ω + 1) is arbitrary and fixed, and r > 0 is to be chosen later. We
are going to estimate the integrals over Γi, i = 1, ..., 5, separately.

We start with the integral over Γ1. ¿From ‖T (t)‖ ≤ Neωt, for all x∗ ∈ X∗

we have (∫ ∞

0

|〈x∗, PTω+1(t)x0〉|2 dt
) 1

2

≤ N√
2
‖P‖ ‖x0‖ ‖x∗‖.

Hence by the Plancherel theorem,(
1
2π

∫ ∞

−∞
|〈x∗, PR(iη, Aω+1)x0〉|2 dη

) 1
2

≤ N√
2
‖P‖ ‖x0‖ ‖x∗‖.

Therefore, by Lemma 4.5.1 and Hölder’s inequality,∣∣∣∫
Γ1

eλtλ−1(〈x∗, PA−1
ω+1x0 + F0(λ)〉) dλ

∣∣∣
=
∣∣∣∫

Γ1

eλtλ−1〈x∗, PA−1
ω+1x0 + PR(λ,Aω+1)x0〉 dλ

∣∣∣
≤ 3π

2rt
‖P‖ ‖A−1

ω+1x0‖ ‖x∗‖+N
√
π ‖P‖ ‖x0‖ ‖x∗‖ ·

(∫ ∞

r

1
η2
dη

) 1
2

≤ 3πN
2rt

‖P‖ ‖x0‖ ‖x∗‖+
N
√
π

r
1
2
‖P‖ ‖x0‖ ‖x∗‖,
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noting that ‖A−1
ω+1‖ = ‖R(ω + 1, A)‖ ≤

∫∞
0
Ne−t dt = N .

The same estimate holds for the integral over Γ5. Also, we have∥∥∥∥∫
Γ2

eλtλ−1(PA−1
ω+1x0 + F0(λ)) dz

∥∥∥∥ ≤ δ r−1(N +K)‖P‖ ‖x0‖,

and the same estimate holds for the integral over Γ4. Finally, for the integral
over Γ3 we have∥∥∥∫

Γ3

eλtz−1(PA−1
ω+1x0 + F0(λ)) dλ

∥∥∥
≤ e−δt(N +K)‖P‖ ‖x0‖ ·

∫ r

−r

1
| − δ + iη|

dη

≤ 2(N +K)e−δt log(1 +
r

δ
)‖P‖ ‖x0‖.

Putting everything together, we find

|〈x∗, PTω+1(t)A−1
ω+1x0〉|

≤
(

3πN
rt

+
2N

√
π

r
1
2

+
2δ(N +K)

r
+

2(N +K)
eδt

log(1 +
r

δ
)
)
‖P‖ ‖x0‖ ‖x∗‖.

So far, r > 0 and x∗ ∈ X∗ were arbitrary. For fixed t > 0 we now take
r = e2(ω+1)t. This yields

‖PTω+1(t)A−1
ω+1x0‖ ≤

( 3πN
te2(ω+1)t

+
2N

√
π

e(ω+1)t
+

2δ(N +K)
e2(ω+1)t

+
2(N +K)

eδt
log
(
1 +

e2(ω+1)t

δ

))
‖P‖ ‖x0‖.

Letting δ → ω + 1, it follows that for all t ≥ 1 we have

‖PT (t)R(ω + 1, A)x0‖ = e(ω+1)t‖PTω+1(t)A−1
ω+1x0‖

≤
(
3πN + 2N

√
π + 2(ω + 1)(N +K)

+ 2(N +K) log
(
1 +

e2(ω+1)t

ω + 1

))
‖P‖ ‖x0‖

≤
(
13N + 2(ω + 1)(N +K)(1 + 2t)

)
‖P‖ ‖x0‖.

This proves the theorem for λ0 = ω + 1.
The general case follows by rescaling: first we may assume that λ0 ∈ IR

and then we apply the special case proved above to the semigroup T(ε) =
{T (εt)}t≥0, where ε = (λ0 − ω)−1. ////

Note that an alternative proof of Corollary 4.2.7 is obtained by combining
Theorem 4.5.2 with the uniform boundedness theorem.

The following proposition gives a sufficient condition for boundedness of
PR(λ,A)x0 in the right half-plane.
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Proposition 4.5.3. Let T be a C0-semigroup on a Banach space X, with
generator A. Let P be a bounded operator on X. If, for some x0 ∈ X,

sup
ω∈IR

sup
s>0

∥∥∥∥∫ s

0

e−iωtPT (t)x0 dt

∥∥∥∥ <∞,

then the map λ 7→ PR(λ,A)x0 admits a bounded holomorphic extension to
{Reλ > 0}.

Proof: We use the technique of Theorem 3.3.1. For reasons of completeness we
give the details. Choose a constant K > 0 such that

sup
ω∈IR

sup
s>0

∥∥∥∥∫ s

0

e−iωtPT (t)x0 dt

∥∥∥∥ ≤ K‖P‖ ‖x0‖.

Consider the entire functions Fs(λ) =
∫ s

0
e−λtPT (t)x0 dt. By assumption, each

Fs is bounded on the imaginary axis, with bound K‖P‖ ‖x0‖. Also, a simple
estimate shows that each Fs is bounded on vertical lines. Choose constants
N > 0 and ω0 ≥ 0 such that ‖T (t)‖ ≤ Neω0t for all t ≥ 0, and let ξ = ω0 + 1.
Then,

‖Fs(ξ + iη)‖ ≤
∫ s

0

e−ξt‖PT (t)x0‖ dt ≤
∫ s

0

Ne−t‖P‖ ‖x0‖ dt ≤ N‖P‖ ‖x0‖.

Therefore, by the Phragmen-Lindelöf theorem, each Fs is uniformly bounded
in the strip Sξ := {0 ≤ Reλ ≤ ξ}, with bound max{K,N}‖P‖ ‖x0‖. Moreover,
for Reλ > ω0 we have

lim
s→∞

Fs(λ) = PR(λ,A)x0.

By Vitali’s theorem, the limit lims→∞ Fs(λ) exists for all λ ∈ Sξ, the conver-
gence being uniformly on compacta. The limit function F is analytic in the
interior of Sξ and coincides with PR(λ,A)x0 for ω0 < Reλ ≤ ξ. Moreover,
F is uniformly bounded in Sξ, with bound max{K,N}‖P‖ ‖x0‖. This proves
that PR(λ,A)x0 admits a bounded holomorphic extension F to the interior of
Sξ. By the Hille-Yosida Theorem, PR(λ,A)x0 is also uniformly bounded in
{Reλ ≥ ξ}. Therefore, F is uniformly bounded in {Reλ > 0}. ////

We recall from Theorem 1.2.3 that the growth bound ω1(T) and the ab-
scissa of improper convergence of the Laplace transform of T coincide. The
following result is a quantitative version of this. The reader should compare
this result with Corollary 3.4.3 and the remarks following it.

Corollary 4.5.4. Let T be a C0-semigroup on a Banach space X, with
generator A. If, for all x ∈ X and x∗ ∈ X∗,

sup
ω∈IR

sup
s>0

∣∣∣∣∫ s

0

e−iωt〈x∗, T (t)x〉 dt
∣∣∣∣ <∞,

then ω1(T) < 0.
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Finally we give and individual version of the identity s(A) = ω1(T) for
positive C0-semigroups. In order to treat the strong- and the weak case simul-
taneously, we formulate it in terms of a positive operator P .

Corollary 4.5.5. Let T be a positive C0-semigroup on a Banach lattice X,
with generator A. Let P ≥ 0 be a positive operator on X. If, for some 0 ≤
x0 ∈ X, the map λ 7→ PR(λ,A)x0 has a holomorphic extension to {Reλ > 0},
then for all Reλ0 > ω0(T) the map t 7→ PT (t)R(λ0, A)x0 has exponential type
less than or equal to 0.

Proof: Let ω1(P, x0) denote the abscissa of simple convergence of the Laplace
transform of the positive function t 7→ PT (t)x0. By the Pringsheim-Landau
theorem (Theorem 1.3.4), ω1(P, x0) is a singular point for the holomorphic
function

λ 7→ lim
s→∞

∫ s

0

e−λtPT (t)x0 dt.

Therefore, the fact that PR(λ,A)x0 has an extension F (λ) to {Reλ > 0}
implies that ω1(P, x0) ≤ 0. Then it is evident that for all λ0, λ1 ∈ C with
Reλ1 ≥ Reλ0 > 0,

|F (λ1)| =
∣∣∣∣ lim
s→∞

∫ s

0

e−λ1tPT (t)x0 dt

∣∣∣∣
≤ lim

s→∞

∫ s

0

e−Reλ1tPT (t)x0 dt

≤ lim
s→∞

∫ s

0

e−Reλ0tPT (t)x0 dt = F (Reλ0).

This implies that F (λ) is uniformly bounded in each half-plane {Reλ > ε}. It
then follows from Theorem 4.5.2 that t 7→ PT (t)R(λ0, A)x0 has exponential
type ≤ ε for each ε > 0. ////

4.6. Scalarly integrable semigroups

In this section we study the stability properties of scalarly integrable semi-
groups.

We start by showing that the resolvent of the generator of a C0-semigroup,
all of whose weak orbits belong to certain rearrangement invariant Banach
function spaces, is uniformly bounded in the right half-plane. The proof is based
on the following simple estimate for the Laplace transform in rearrangement
invariant Banach function spaces. We will use freely the results about this class
of spaces that are collected in Appendix A.4.
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Lemma 4.6.1. Let E be a rearrangement invariant Banach function space
over IR+. Then the Laplace transform of elements of E converges absolutely
in the right half-plane {Reλ > 0} and∣∣∣∣∫ ∞

0

e−λtf(t) dt
∣∣∣∣ ≤ 1

1− e−1
ϕE′

(
1

Reλ

)
‖f‖E , ∀f ∈ E, Reλ > 0.

Proof: The absolute convergence of the Laplace transform in the open right
half-plane follows from the fact that E ⊂ L1 + L∞. For µ > 0, define the
function eµ : IR+ → IR+ by eµ(t) = e−µt. Then for all s > 0 we have

0 ≤ eµ ≤ χ[0,s] + eµ|(s,∞).

Let E′ denote the associate space of E. By the rearrangement invariance of E′

we have
‖eµ|(s,∞)‖E′ = e−µs‖eµ‖E′ .

Therefore,
‖eµ‖E′ ≤ ϕE′(s) + e−µs‖eµ‖E′ .

By taking s = µ−1 we obtain ‖eµ‖E′ ≤ ϕE′(µ−1) + e−1‖eµ‖E′ and hence

‖eµ‖E′ ≤ 1
1− e−1

ϕE′(µ−1).

Now fix f ∈ E and λ ∈ C with Reλ > 0 arbitrary. By Hölder’s inequality,∣∣∣∣∫ ∞

0

e−λtf(t) dt
∣∣∣∣ ≤ ‖eRe λ‖E′‖f‖E ≤ 1

1− e−1
ϕE′((Reλ)−1)‖f‖E .

////

Theorem 4.6.2. Let T be a C0-semigroup on a Banach space X, with
generator A. Let E be a rearrangement invariant Banach function space over
IR+ with limt→∞ ϕE(t) = ∞. If, for all x ∈ X and x∗ ∈ X∗, the map t 7→
〈x∗, T (t)x〉 defines an element of E, then R(λ,A) is uniformly bounded in the
right half-plane. In particular, T is exponentially stable.

Proof: Since the Laplace transforms of 〈x∗, T (·)x〉 are holomorphic in {Reλ >
0}, it follows from Lemma 1.1.6 that {Reλ > 0} ⊂ %(A) and

〈x∗, R(λ,A)x〉 =
∫ ∞

0

e−λt〈x∗, T (t)x〉 dt, x ∈ X, x∗ ∈ X∗, Reλ > 0.

By Lemma 4.6.1 this implies

‖R(λ,A)‖ ≤ C

1− e−1
ϕE′((Reλ)−1), Reλ > 0, (4.6.1)
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where C > 0 is such that ‖〈x∗, T (·)x〉‖E ≤ C‖x‖ ‖x∗‖ for all x ∈ X and x∗ ∈
X∗. Note that such C exists by virtue of Lemma 3.1.2. Since limt→∞ ϕE(t) =
∞, there is a t0 > 0 such that ϕE(t−1

0 ) ≥ 2C(1− e−1)−1. Then by (4.6.1) and
the identity ϕE(t)ϕE′(t) = t (A.4.1), for all s ∈ IR we have ‖R(t0 + is, A)‖ ≤
(2t0)−1. Moreover, by the resolvent identity, for all 0 < t ≤ t0 and s ∈ IR we
have

‖R(t+ is, A)‖ =

∥∥∥∥∥
∞∑

k=0

(t0 − t)kR(t0 + is, A)k+1

∥∥∥∥∥ ≤
∞∑

k=0

tk0 ·
1

(2t0)k+1
=

1
t0
.

(4.6.2)
By (4.6.1) and (4.6.2), the resolvent is uniformly bounded in {Reλ > 0}. ////

By going through the above argument for φ(t) = tp and then applying
Lemma 2.3.4 (to Ω = {Reλ = t0}, using the estimate (4.6.2), and observing
that the constant 2 in the lemma can be improved to 1+ ε) one can prove that
the condition(∫ ∞

0

|〈x∗, T (t)x〉|p dt
) 1

p

≤ C‖x‖ ‖x∗‖, ∀x ∈ X, x∗ ∈ X∗,

implies s0(A) ≤ −1/(pC). This is due to G. Weiss and can be considered as a
weak analogue of Theorem 3.1.8.

As an application of Theorem 4.6.2 we prove a weak analogue of Rolewicz’s
theorem. In contrast to the situation of integrability of ‖T (·)x‖ with respect
to some function φ, integrability with respect to φ of the weak orbits does not
imply their boundedness. Because of this we restrict ourselves to uniformly
bounded semigroups.

Theorem 4.6.3. Let φ : IR+ → IR+ be non-decreasing with φ(t) > 0 for all
t > 0.

(i) If T is a uniformly bounded C0-semigroup on a Banach space X such that∫ ∞

0

φ(|〈x∗, T (t)x〉)|) dt <∞

for all norm one vectors x ∈ X and x∗ ∈ X∗, then T is exponentially
stable.

(ii) If T is a uniformly C0-semigroup on a Hilbert space H such that∫ ∞

0

φ(|〈x∗, T (t)x〉)|) dt <∞

for all norm one vectors x ∈ H and x∗ ∈ H, then T is uniformly exponen-
tially stable.

Proof: By Lemma 3.2.1, the maps t 7→ 〈x∗, T (t)x〉 define elements of an Orlicz
space E satisfying limt→∞ ϕE(t) = ∞. By linearity, the same holds for arbi-
trary x ∈ X and x∗ ∈ X∗, resp. x ∈ H and x∗ ∈ H. By Theorem 4.6.2, the
resolvent of A exists and is uniformly bounded in the right half-plane. There-
fore (i) and (ii) follow from Corollaries 4.2.7 and 2.2.5, respectively. ////
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Condition in (i) does not imply uniform exponential stability, even if φ(t) =
t, T is uniformly bounded, and X is uniformly convex. A counterexample is
obtained by rescaling the semigroup of Example 1.4.4 with e

t
q ; the resulting

semigroup S is uniformly bounded and ω0(S) = 0. On the other hand, since
for its generator B we have s(B) = 1

q −
1
p < 0, Theorem 4.6.5 below shows that

S is scalarly integrable with respect to φ(t) = t.
The content of the following theorem is that a uniformly bounded C0-

semigroup whose growth bound ω1(T) is non-negative has weak orbits that
decay arbitrarily slowly. It can be regarded as a weak analogue of Lemma
3.1.7.

Theorem 4.6.4. Let T be a uniformly bounded C0-semigroup on a Banach
space X with ω1(T) ≥ 0. Then there exists an ε > 0 with the following
property. For each t > 0, there exist norm one vectors x ∈ X and x∗ ∈ X∗

such that

meas {|〈x∗, T (·)x〉| ≥ ε} ≥ t.

The same conclusion holds for uniformly bounded C0-semigroups T on Hilbert
spaces with ω0(T) ≥ 0.

Proof: Assume the contrary. Then, for each n = 1, 2, ... we have

µn := sup
{

meas
{
|〈x∗, T (·)x〉| ≥ 1

n+ 1

}}
<∞,

where the supremum is taken over all norm one vectors x ∈ X and x∗ ∈ X∗.
Note that 0 < µ1 ≤ µ2 ≤ .... Define the function φ : IR+ → IR+ by

φ(t) =

µ−1
1 , t ≥ 1

2 ;
(n+ 1)−2µ−1

n+1, (n+ 2)−1 ≤ t < (n+ 1)−1, n = 1, 2, ...;
0, t = 0.

Then φ is non-decreasing and strictly positive away from 0. Fix x ∈ X and
x∗ ∈ X∗ of norm one arbitrary and put E0 := {|〈x∗, T (t)x〉| ≥ 1

2}, En :=
{(n + 2)−1 ≤ |〈x∗, T (t)x〉| < (n + 1)−1}, n = 1, 2, ... Then measEn ≤ µn+1,
n = 0, 1, 2, ..., and

∫ ∞

0

φ(|〈x∗, T (t)x〉|) dt =
∞∑

n=0

∫
En

φ(|〈x∗, T (t)x〉|) dt

≤
∞∑

n=0

µn+1 ·
1

(n+ 1)2µn+1
<∞.

Therefore we can apply Theorem 4.6.3. ////

For positive semigroups we have the following simple result.
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Theorem 4.6.5. For a positive C0-semigroup on a Banach lattice X, with
generator A, the following assertions are equivalent:

(i) s(A) < 0;

(ii) For all x ∈ X and x∗ ∈ X∗ we have

∫ ∞

0

|〈x∗, T (t)x〉| dt <∞.

Proof: If s(A) = ω1(T) < 0, then Theorem 1.2.3 shows that for all x ∈ X and
x∗ ∈ X∗ we have∫ ∞

0

|〈x∗, T (t)x〉| dt ≤
∫ ∞

0

〈|x∗|, T (t)|x|〉 dt = 〈|x∗|, R(0, A)|x|〉 <∞.

Conversely, (ii) implies (i) by Theorem 4.6.2. ////

We call a C0-semigroup T on X scalarly p-integrable if∫ ∞

0

|〈x∗, T (t)x〉|p dt <∞, ∀x ∈ X, x∗ ∈ X∗.

Instead of ‘scalarly 1-integrable’, we shall simply say ‘scalarly integrable’. Theo-
rem 4.6.2 shows that ω1(T) < 0 if T is scalarly p-integrable for some 1 ≤ p <∞.
In terms of the fractional growth bounds ωα(T), this result can be improved.
To this we turn next.

Lemma 4.6.6. Let T be C0-semigroup on a Banach space X with uniformly
bounded resolvent in the right half-plane. Let p ∈ [1, 2], α ≥ 0, and Reλ0 >
ω0(T) be such that∫ ∞

0

|〈x∗, T (t)(λ0 −A)−αx〉|p dt <∞, ∀x ∈ X, x∗ ∈ X∗.

Then for all β > 1
p we have

sup
t≥0

‖T (t)(λ0 −A)−α−β‖ <∞.

Proof: For x ∈ X and x∗ ∈ X∗ put

fx,x∗(t) := 〈x∗, T (t)(λ0 −A)−αx〉, t ≥ 0.

Then fx,x∗ ∈ Lp(IR+) and by Lemma 3.1.2 there exists a constant C > 0 such
that ‖fx,x∗‖p ≤ C‖x‖ ‖x∗‖ for all x ∈ X and x∗ ∈ X∗. By the Hausdorff-Young
theorem, s 7→ 〈x∗, R(is, A)(λ0 − A)−αx〉 ∈ Lq(IR), 1

p + 1
q = 1. Hence for all

β > 1
p and ω > 0, by Hölder’s inequality the function

gω,x,x∗(s) := (ω + is)−β〈x∗, R(−is, A)(λ0 −A)−αx〉
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belongs to L1(IR). In particular, the Fourier transforms Fgω,x,x∗ are bounded.
We claim that

Fgω,x,x∗(t) = 〈x∗, T (t)(λ0 −A)−α−βx〉, a.a. t > 0.

Indeed, for t > 0 we have, with Aω := A− ω,

1
2π
Fgω,x,x∗(t) =

1
2π

∫ ∞

−∞
e−ist(ω + is)−β〈x∗, R(−is, A)(λ0 −A)−αx〉 ds

=
1

2πi
eωt

∫
Re λ=−ω

eλt(−λ)−β〈x∗, R(λ,Aω)(λ0 −A)−αx〉 dλ

If x ∈ D(A2) = D(A2
ω), then by Lemma 4.2.3 the right most hand equals

eωt〈x∗, Tω(t)(−Aω)−β(λ0 −A)−αx〉 = 〈x∗, T (t)(ω −A)−β(λ0 −A)−αx〉.

For general x ∈ X we choose a sequence xn → x with xn ∈ D(A2) for all
n. Then fxn,x∗ → fx,x∗ in Lp(IR+) for all x∗ ∈ X∗, hence gω,xn,x∗ → gω,x,x∗

in L1(IR), and so Fgω,xn,x∗ → Fgω,x,x∗ in L∞(IR). Therefore, for almost all
t > 0,

1
2π
Fgω,x,x∗(t) = lim

n→∞

1
2π
Fgω,xn,x∗(t)

= lim
n→∞

〈x∗, T (t)(ω −A)−β(λ0 −A)−αxn〉

= 〈x∗, T (t)(ω −A)−β(λ0 −A)−αx〉.

This proves the claim. If follows that t 7→ 〈x∗, T (t)(ω − A)−β(λ0 − A)−αx〉 is
bounded. The theorem follows from this by taking ω = λ0 and applying the
uniform boundedness theorem. ////

This lemma implies that, at least for p = 2, Theorem 4.3.2 is optimal in
the sense that it fails for all α ∈ [0, 1

2 ). Indeed, consider the case that the
resolvent R(λ,A) is uniformly bounded in {Reλ > 0}. If Theorem 4.3.2 holds
for p = 2 and some α ≥ 0, then for all λ0 > ω0(T) we have∫ ∞

0

|〈x∗, T (t)(λ0 −A)−αx〉|2 dt <∞, ∀x ∈ X, x∗ ∈ X∗.

Hence from Lemma 4.6.6 we see that

sup
t≥0

‖T (t)(λ0 −A)−α−β‖ <∞, ∀β > 1
2
.

It follows that ωα+β(T) ≤ 0 for all β > 1
2 . By Example 4.2.9, this can only

be true for all semigroups with uniformly bounded resolvent if α+ β ≥ 1, and
therefore we must have α ≥ 1

2 .
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Theorem 4.6.7. Let T be a C0-semigroup which is scalarly p-integrable for
some 1 ≤ p <∞. Then ωα(T) < 0 for all α > max{ 1

p ,
1
2} and ωmax{ 1

p , 1
2}

(T) ≤
0.

Proof: We start by observing that s0(A) < 0 by Theorem 4.6.2 and Lemma
2.3.4. Hence, by the Weis-Wrobel convexity theorem and the fact that ω1(T) <
0, it is enough to show that ωβ(T) ≤ 0 for all β > max{ 1

p ,
1
2}. For 1 ≤ p ≤ 2

this follows from Lemma 4.6.6 by taking α = 0. If 2 < p < ∞, then for all
ε > 0 the rescaled semigroup Tε is scalarly square integrable and we can apply
what we already know for p = 2 to see that ωβ(Tε) ≤ s0(Aε) for all β > 1

2 . In
view of Proposition A.1.2 this implies ωβ(T) ≤ s0(A) for all β > 1

2 . ////

We saw in Theorem 4.6.5 that for a positive C0-semigroup, uniform bound-
edness of the resolvent in the right half-plane implies scalar integrability; recall
that s(A) = s0(A) for positive semigroups. Conversely, we have seen in The-
orem 4.6.2 that scalar p-integrability for some 1 ≤ p < ∞ implies uniform
boundedness of the resolvent in the right half-plane. We are going to apply
Theorem 4.6.7 to construct a positive C0-semigroup on a reflexive Banach lat-
tice X which has uniformly bounded resolvent in the right half-plane but fails
to be scalarly p-integrable for all p > 1. This shows that the converse of Theo-
rem 4.6.2 does not hold for φ(t) = tp, 1 < p <∞, and that scalar integrability
in Theorem 4.6.5 cannot be replaced by scalar p-integrability, 1 < p <∞.

Example 4.6.8. For n = 1, 2, ... choose 1 < rn < 2 close enough to 1 in or-

der that
1
rn

− 1
r′n

>
n

n+ 1
, where r′n is the conjugate exponent of rn. Let T(n)

be the semigroup of Example 1.4.4 on Xn := Lrn(1,∞) ∩ Lr′n(1,∞). Since by
Example 4.2.9 the map α 7→ ωα(T(n)) is linear and decreasing on [0, 1

rn
− 1

r′n
]

and constant on [ 1
rn
− 1

r′n
, 1], by rescaling with some λn > 0 we obtain a

C0-semigroup T(n)
−λn

= {eλntT (n)(t)}t≥0 with the properties that s(A(n)
−λn

) =

ω1(T
(n)
−λn

) < 0 and ωn/(n+1)(T
(n)
−λn

) > 0. By Theorem 4.6.7, T(n)
−λn

is not

scalarly (1 + 1
n )-integrable. Choosing εn > 0 so small that still s(A(n)

−λn−εn
) =

ω1(T
(n)
−λn−εn

) < 0, Hölder’s inequality implies that T(n)
−λn−εn

fails to be scalarly
p-integrable for all p ≥ 1 + 1

n .
Let T[n] be the positive C0-semigroup on Xn defined by

T [n](t) := T
(n)
−λn−εn

(αnt),

where αn := ‖(A(n)
−λn−εn

)−1‖Xn
. Then T[n] fails to be scalarly p-integrable for

all p ≥ 1 + 1
n , 0 ∈ %(A[n]), and

‖(A[n])−1‖Xn
= 1 (4.6.3)

by the choice of αn, using the Laplace transform representation of the the
resolvent of Theorem 1.4.1.
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Now letX be the Banach lattice of all sequences x = (xn)n≥1 with xn ∈ Xn

and

‖x‖ :=

( ∞∑
n=1

‖xn‖2Xn

) 1
2

<∞.

Define the positive C0-semigroup T on X coordinatewise by T = (T[n])n≥1.
The generator A of T is given coordinatewise by A = (A[n])n≥1 with maximal
domain. By (4.6.3), the positive operator ((A[n])−1)n≥1 is bounded on X and
agrees coordinatewise with the resolvent of T at the origin. It follows that
0 ∈ %(A) and A−1 = ((A[n])−1)n≥1, and Theorem 1.4.1 implies that s0(A) =
s(A) < 0. Thus, A has uniformly bounded resolvent in the right half-plane. On
the other hand, it is obvious from the construction that T fails to be scalarly
p-integrable for all p > 1. Finally, X is reflexive, being the l2-sum of reflexive
spaces.

If we assume certain integrability properties of the resolvent and its adjoint
along vertical lines, then uniform boundedness of the resolvent does imply scalar
p-integrability of the semigroup for certain p. This is the content of the next
theorem.

Theorem 4.6.9. Let T be a C0-semigroup on a Banach space X whose
resolvent is uniformly bounded in the right half-plane. Let 1 ≤ r0, r1 ≤ ∞ be
such that 1

2 ≤
1
p := 1

r0
+ 1

r1
≤ 1. If there exists an ω0 > ω0(T) such that∫ ∞

−∞
‖R(ω0 + is, A)x‖r0 ds <∞, ∀x ∈ X,

and ∫ ∞

−∞
‖R(ω0 + is, A∗)x∗‖r1 ds <∞, ∀x∗ ∈ X∗,

then T is scalarly r-integrable for all 2 ≤ r ≤ q, 1
p + 1

q = 1. In particular,

ω 1
2
(T) < 0.

Proof: Fix r ∈ [2, q] arbitrary.
Since ω0 > ω0(T), the functions s 7→ R(ω0 + is, A)x and s 7→ R(ω0 +

is, A∗)x∗ are bounded. Since they also belong to Lr0(IR) and Lr1(IR) respec-
tively, it follows that in the assumptions of the theorem we may replace r0 and
r1 by larger values in such a way that 1

r0
+ 1

r1
= 1

r′ , where 1
r + 1

r′ = 1. In other
words, without loss of generality we may assume that r = q.

For x ∈ X and x∗ ∈ X∗ we define

gx,x∗(s) := 〈x∗, R(−is, A)R(ω0 − is, A)x〉, s ∈ IR.

Since the resolvent is uniformly bounded in the right half-plane and

‖R(−is, A)x‖ ≤ ‖(I + ω0R(−is, A))‖ ‖R(ω0 − is, A)x‖,
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Hölder’s inequality implies that gx,x∗ belongs to Lp(IR). By the Hausdorff-
Young theorem, there exists a constant cp > 0 such that∥∥∥∥〈x∗, (C, 1)

∫ ∞

−∞
eis(·)R(is, A)R(ω0 + is, A)x ds

〉∥∥∥∥
q

= ‖Fgx,x∗‖q ≤ cp‖gx,x∗‖p.

(4.6.4)
Also, by Theorem 1.3.3, for all t > 0 we have

1
2π

(C, 1)
∫ ∞

−∞
eistR(ω0 + is, A)x ds = e−ω0tT (t)x.

Since ω0 > ω0(T), it follows that there is a constant C > 0 such that∥∥∥∥(C, 1)
∫ ∞

−∞
eis(·)R(ω0 + is, A)x ds

∥∥∥∥
q

= 2π‖e−ω0(·)T (·)x‖q ≤ C‖x‖. (4.6.5)

Multiply the resolvent identity

R(is, A) = R(ω0 + is, A) + ω0R(is, A)R(ω0 + is, A)

on both sides with eist and integrate. Using Theorem 1.3.3, (4.6.4), and (4.6.5),
we obtain

2π ‖〈x∗, T (·)x〉‖q =
∥∥∥∥(C, 1)

∫ ∞

−∞
eis(·)〈x∗, R(is, A)x〉 ds

∥∥∥∥
q

≤ C ‖x‖ ‖x∗‖+ cp|ω0| ‖gx,x∗‖p <∞.

This proves that T is scalarly q-integrable. Moreover, Theorem 4.6.7 implies
that ω 1

2
(T) ≤ 0. Applying this to the semigroup Tε = {e−εtT (t)}t≥0, where

ε > 0 is so small that the resolvent of Tε is still uniformly bounded in the right
half-plane, it follows that ω 1

2
(T) ≤ −ε. ////

Notice that the function R : s 7→ ‖R(ω0 + is, A∗)x∗‖ is always measurable,
even though the adjoint semigroup T∗ need not be strongly continuous. Indeed,
let (sn) be a countable dense set in IR. For ech n, choose a countable set
(xnm) ⊂ X with ‖xnm‖ ≤ 1 such that

‖R(ω0 + isn, A
∗)x∗‖ = sup

m∈IN
|〈R(ω0 + isn, A

∗)x∗, xnm〉|

for all n. Then by the weak∗-continuity of s 7→ R(ω0 + is, A∗)x∗, for all s ∈ IR
we have

‖R(ω0 + is, A∗)x∗‖ = sup
n,m∈IN

|〈R(ω0 + is, A∗)x∗, xnm〉|.

This shows that R is measurable, being the supremum of countably many
continuous functions.

If both X and X∗ have Fourier type 4
3 ≤ p ≤ 2, the assumption of the

corollary is satisfied and together with Theorem 4.6.2 we obtain:
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Corollary 4.6.10. Let T be a C0-semigroup on a Banach space X. Assume
that both X and X∗ have Fourier type 4

3 ≤ p ≤ 2 and let 1
p + 1

q = 1. Then the
following assertions are equivalent:

(i) The resolvent is uniformly bounded in the right half-plane;
(ii) T is scalarly r-integrable for some 2 ≤ r ≤ q;
(iii) T is scalarly r-integrable for all 2 ≤ r ≤ q.

In the situation of this corollary, we have ω 1
2
(T) < 0 by Theorem 4.6.9.

This, however, follows already if we only assume that X has Fourier type
4
3 ≤ p ≤ 2. Indeed, since 1

p −
1
q ≤ 1

2 an application of Theorem 4.2.4 shows
that ω 1

2
(T) ≤ s0(A) < 0.

Theorem 4.6.9 applied to r0 = r1 = 2 gives the following continuous
analogue of Corollary 2.2.3.

Corollary 4.6.11. Let A be the generator of a C0-semigroup T on a Banach
space X. Assume that there is an ω0 > ω0(T) such that∫ ∞

−∞
‖R(ω0 + is, A)x‖2 ds <∞, ∀x ∈ X,

and ∫ ∞

−∞
‖R(ω0 + is, A∗)x∗‖2 ds <∞, ∀x∗ ∈ X∗.

Then, ω0(T) = s0(A). In particular, if in addition the resolvent of A is uni-
formly bounded in the right half-plane, then ω0(T) < 0.

Notes. Theorems 4.1.1 and 4.2.4 are due to Weis and Wrobel [WW]. Theorem
4.2.4 solved the problem whether ω1(T) ≤ s0(A) for arbitrary C0-semigroups.
This had been open for quite some time. The following partial results into this
direction were known:
• M. Slemrod [Sl] showed that ωn+2(T) ≤ sn(A) for all n = 0, 1, ...;
• V. Wrobel [Wr] showed that ωn+1(T) ≤ sn(A) in uniformly convex Banach

spaces; n = 0, 1, ...;
• G. Weiss [Ws3] showed that ωn(T) = sn(A) for C0-semigroup on a Hilbert

space; n = 0, 1, ...;
• It was shown in [NSW] that ωα(T) ≤ s0(A) for all α > 1

p −
1
q . At least for

p = 1, it is shown in [NS] that this inequality generalizes to a wider class
of operators A.

In these results, the the quantities sn(A) are defined as the infimum of all ω ∈ IR
for which there exists a constant M = Mω > 0 such that {Reλ > ω} ⊂ %(A)
and ‖R(λ,A)‖ ≤M(1 + |λ|)n for all Reλ > ω.

Example 4.2.9 is taken from [WW].
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The material of Sections 4.3 and 4.4 is taken from [HN] and the results of
Section 4.5 slightly extend those of [Ne5]. For Hilbert spaces, the case α = 1 of
Corollary 4.3.3 is due to S.Z. Huang [Hu4]. Proposition 4.4.1 is a special case
of a result in [Ch]. For more information concerning B-convex spaces we refer
to the monograph [Pi].

The results of Sections 4.2, 4.3, 4.4, and 4.5 can be extended to resolvents
with polynomial growth in a right half-plane. Defining for real β ≥ 0 the
abscissae sβ(A) in the natural way, in spaces with Fourier type p we have the
inequality [WW]

ωβ+ 1
p−

1
q
(T) ≤ sβ(A), β ≥ 0,

ifX has Fourier type p. Similarly, if in Theorems 4.3.2 and 4.3.5 we assume that
the function F is polynomially bounded of order β in a strip {0 < Reλ < ω0}
for some β ≥ −1 and ω0 > max{0, ω0(T)}, then the conclusions of the theorems
hold for all α ≥ 0 with α > β+ 1

p and all α > max{0, β+1}, respectively [HN].
In both cases, the proofs for the case β = 0 need only minor modifications.
Finally, from Theorem 4.5.2 and Lemma 4.3.1 it follows immediately that

‖PT (t)(λ0 −A)−β−1x0‖ ≤M(1 + t), t ≥ 0,

whenever x0 ∈ X and β ≥ 0 are such that λ 7→ PR(λ,A)x0 admits a holomor-
phic extension to the open right half-plane which is polynomially bounded of
order β in a strip {0 < Reλ < ω0} for some ω0 > max{0, ω0(T)}.

That scalarly p-integrable semigroups have uniformly bounded resolvent
is proved by G. Weiss in [Ws1] (he actually proves the quantitative result men-
tioned after Theorem 4.6.2); a slightly simpler proof is given in [NSW]. Whether
scalar p-integrability is equivalent to uniform exponential stability in Hilbert
spaces was asked by A.J. Pritchard and J. Zabzcyk [PZ]. The affirmative an-
swer was obtained independently by Falun Huang and Kangsheng Liu [HL] and
G. Weiss [Ws1]; their proofs are essentially equivalent. Our approach general-
izes their arguments to the setting of rearrangement invariant Banach function
spaces. Results about (scalar) integrability have applications to control theory;
cf. [Zb1], [PZ], [Pl], [Ws1].

Most of Theorem 4.6.7 is proved in [NSW]: there it is shown that if T is
scalarly p-integrable for some 1 ≤ p ≤ 2, then ωα(T) ≤ 0 for all α > 1

p .
Example 4.6.8 provides a counterexample to Lemma 4 in [HF3]. In the

same paper, this lemma is used to prove that uniform boundedness of the
resolvent implies scalar integrability of the semigroup. Whether this is indeed
the case is left open by our results.

Corollary 4.6.11 is due to M.A. Kaashoek and S.M. Verduyn Lunel [KV].
The present proof simplifies their arguments somewhat.

We close with some open questions:
(i) Do some of the results of Sections 4.3 and 4.4 still hold in the limit case

(Theorem 4.3.2 for α = 1
p , etc.)?

(ii) In the situation of Theorem 4.5.2, is T (·)R(λ0, A)x0 necessarily bounded?
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(iii) Does there exist a C0-semigroup with uniformly bounded resolvent in the
right half-plane which is not scalarly integrable?

(iv) If T is an arbitrary C0-semigroup on a space C0(Ω) or Lp(µ), 1 ≤ p <∞,
does it follow that s0(A) = ω0(T)?

(v) Does the local version of Gearhart’s theorem hold, i.e., if T is a C0-
semigroup on a Hilbert space and the map λ 7→ R(λ,A)x0 extends to a
bounded holomorphic function in {Reλ > 0}, does it follow that limt→∞ ‖T (t)x0‖ =
0?

Question (iv) is motivated by the observation that on these spaces we always
have s(A) = ω0(T) for positive C0-semigroups. The results of this chapter seem
to indicate that for general semigroups one should consider s0(A) rather than
s(A); furthermore in Hilbert space the identity s0(A) = ω0(T) indeed holds.

The last question is based on the observation that, although Theorem 4.3.2
is in some sense optimal in its stated form, the example in Section 4.6 showing
this depends essentially on the use of finite rank operators P and the fact
that one-dimensional subspaces are ‘better’ than the space itself. Therefore it
cannot be ruled out for P = I the theorem may be improved.



Chapter 5.

Countability of the unitary spectrum

In this chapter we study sufficient conditions for certain orbits T (·)x of a
C0-semigroup T to be stable, i.e. limt→∞ ‖T (t)x‖ = 0.

We start in Section 5.1 with the theorem of Arendt, Batty, Lyubich, and
Vũ: a uniformly bounded C0-semigroup is uniformly stable if the unitary spec-
trum σ(A) ∩ iIR of its generator A is countable and contains no residual spec-
trum.

In Section 5.2 we apply this result to derive a theorem of Katznelson-
Tzafriri type for C0-semigroups: if T is uniformly bounded and f is of spectral
synthesis with respect to iσ(A) ∩ IR, then limt→∞ ‖T (t)f̂(T)‖ = 0.

In both sections, we actually prove versions of these theorems for an in-
dividual orbit of a uniformly bounded semigroup. Instead of making global
spectral assumptions on the semigroups, we consider holomorphic extension
properties of the local resolvent λ 7→ R(λ,A)x0.

In Section 5.3 we extend the results to individual bounded uniformly con-
tinuous orbits of a (possibly unbounded) semigroup.

In Section 5.4 we give an elementary semigroup proof of the fact that
closed subsets of IR with countable boundary are sets of spectral synthesis.
This result is needed in Section 5.5, where we derive an explicit expression for
limt→∞ ‖T (t)x‖ for contraction semigroups with σ(A)∩ iIR countable in terms
of the distance of x to the subspace X0 = {x ∈ X : limt→∞ ‖T (t)x‖ = 0}.

In Section 5.6 the stability problem for semigroups is approached from the
Laplace transform point of view. An abstract Tauberian theorem for Laplace
transforms of bounded strongly measurable functions is proved and then ap-
plied to bounded orbits of semigroups to yield further individual stability the-
orems.

In the final Section 5.7 we prove the Glicksberg-DeLeeuw splitting theorem:
an almost periodic C0-semigroup can be decomposed into a uniformly bounded
group and a uniformly stable semigroup. Moreover, necessary and sufficient
conditions for almost periodicity are given for a C0-semigroup whose generator
has countable spectrum on the imaginary axis.

5.1. The stability theorem of Arendt, Batty, Lyubich, and Vũ

In this section we prove the following stability theorem: if T is a uni-
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formly bounded C0-semigroup such that the unitary spectrum σ(A) ∩ iIR is
at most countable and σp(A∗) ∩ iIR = ∅, then T is uniformly stable, i.e.
limt→∞ ‖T (t)x‖ = 0 for all x ∈ X. The proof relies of a reduction to iso-
metric semigroups and then to isometric groups, which allows us to apply the
spectral theory of uniformly bounded C0-groups of Section 2.4.

A bounded operator T on a Banach spaceX is called an isometry if ‖Tx‖ =
‖x‖ for all x ∈ X; we do not suppose T to be invertible.

Lemma 5.1.1. Let T be a C0-semigroup of isometries on a Banach space X,
and let A be its generator.

(i) For all x ∈ D(A) and λ ∈ C we have ‖(λ−A)x‖ ≥ |Reλ| ‖x‖;
(ii) If E ⊂ IR is closed and x ∈ X is such that the map λ 7→ R(λ,A)x has

a holomorphic extension F to a connected neighbourhood V of {Reλ ≥
0}\iE, then for all λ ∈ V \iIR we have ‖F (λ)‖ ≤ |Reλ|−1‖x‖.

Proof: (i): We may assume that Reλ 6= 0. From the identity

e−λtT (t)x = x+
∫ t

0

e−λs(A− λ)T (s)x ds

we have
e−Re λt‖x‖ = e−Re λt‖T (t)x‖

≤ ‖x‖+
∫ t

0

e−Re λs‖T (s)(λ−A)x‖ ds

= ‖x‖+
(∫ t

0

e−Re λs ds

)
‖(λ−A)x‖

= ‖x‖+
e−Re λt − 1
−Reλ

‖(λ−A)x‖.

This proves the lemma for Reλ < 0. For Reλ > 0 the inequality follows from
the Laplace transform representation of the resolvent.

(ii): This is proved in the same way, after first substituting R(λ,A)x for
x in the first formula and passing to the holomorphic extension. ////

Theorem 5.1.2. Let T be C0-semigroup of contractions on a Banach space
X, with generator A. Then there exists a Banach space Y , a bounded operator
π : X → Y with dense range, and a C0-semigroup U of isometries on Y with
generator B such that:

(i) U(t)π = πT (t) for all t ≥ 0. Moreover, πD(A) ⊂ D(B) and Bπx = πAx
for all x ∈ D(A);

(ii) limt→∞ ‖T (t)x‖ = ‖πx‖ for all x ∈ X;
(iii) σ(B) ⊂ σ(A).

If σ(A)∩ iIR is a proper subset of iIR, then U extends to a C0-group of isome-
tries.
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Proof: On X we define the seminorm l by l(x) := limt→∞ ‖T (t)x‖. Since T
is contractive, this limit indeed exists. Let π : X → Y0 := X/ker l be the
quotient mapping. The seminorm l induces a norm l0 on Y0 in the natural way
by l0(πx) := l(x), and we have

l0(πx) = l(x) = lim
t→∞

‖T (t)x‖.

For t ≥ 0, we define U0(t) : Y0 → Y0 by U0(t)πx := πT (t)x. We have

l0(U0(t)πx) = l0(πT (t)x) = l(T (t)x) = l(x) = l0(πx).

This shows that U0(t) is isometric with respect to the norm l0. Let Y be the
completion of Y0 with respect to l0. Then each operator U0(t) extends to an
isometry U(t) on Y . Strong continuity of the family U = {U(t)}t≥0 follows
from the denseness of πX in Y , the contractivity of the operators U(t), and
the estimate

lim sup
t↓0

‖U(t)πx− πx‖ = lim sup
t↓0

(
lim

s→∞
‖T (t+ s)x− T (s)x‖

)
≤ lim sup

t↓0
‖T (t)x− x‖ = 0, x ∈ X.

If x ∈ D(A), then

lim
t↓0

1
t
(U(t)πx− πx) = π lim

t↓0

1
t
(T (t)x− x) = πAx,

proving that πx ∈ D(B) and Bπx = πAx.
We have proved (i) and (ii). Next we prove (iii). Let λ ∈ %(A) be given.

We define the linear operator Rλ on Y0 by

Rλπx := πR(λ,A)x.

This operator is well-defined and

l0(Rλπx) = lim
t→∞

‖T (t)R(λ,A)x‖

≤ ‖R(λ,A)‖ lim
t→∞

‖T (t)x‖ = ‖R(λ,A)‖ l0(πx).

Therefore, Rλ extends to a bounded operator on Y and ‖Rλ‖ ≤ ‖R(λ,A)‖. For
all x ∈ X we have Rλπx = πR(λ,A)x ∈ πD(A) ⊂ D(B) and (λ − B)Rλπx =
(λ−B)πR(λ,A)x = π(λ−A)R(λ,A)x = x. Similarly, for all x ∈ D(A) we have
πx ∈ D(B) and Rλ(λ−B)πx = Rλπ(λ−A)x = πR(λ,A)(λ−A)x = x. There-
fore, to prove that Rλ is a two-sided inverse of λ−B, in view of the closedness
of B it remains to prove that πD(A) is dense in D(B) with respect to the graph
norm. So let y ∈ D(B) be arbitrary. Fix µ > 0 arbitrary and choose z ∈ Y
such that y = R(µ,B)z. Pick a sequence (xn) ⊂ X such that πxn → z in Y and
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put yn := πR(µ,A)xn. Then yn ∈ πD(A), yn = R(µ,B)πxn → R(µ,B)z = y,
and Byn = BR(µ,B)πxn → BR(µ,B)z = By. Here we used that πR(µ,A) =
R(µ,B)π by the Laplace transform representation of the resolvents and that
BR(µ,B) = µR(µ,B)− I is a bounded operator on Y . Thus, yn → y in D(B)
with respect to the graph norm. This concludes the proof of (iii).

Suppose σ(A)∩ iIR is properly contained in iIR. We have to prove that U
extends to a C0-group of isometries. By Lemma 5.1.1 (i), for all y ∈ D(B) and
Reλ < 0 we have

‖(λ−B)y‖ ≥ |Reλ| ‖y‖.
It follows from this that the open left half-plane C− contains no approximate
eigenvalues for B. In particular, C− contains no elements of the boundary of
σ(B). Hence, either C− ⊂ σ(B) or C− ∩ σ(B) = ∅. But in the first case, also
iIR ⊂ σ(B) since σ(B) is closed. This contradicts the assumption, so we must
have the second alternative.

It follows that σ(B) ⊂ iIR. For Reλ > 0 we have

‖R(λ,−B)‖ = ‖R(−λ,B)‖ ≤ 1
|Re (−λ)|

=
1

Reλ
.

By the Hille-Yosida theorem, −B is the generator of a C0-semigroup V of
contractions on Y . We check that U(t) is invertible for all t ≥ 0 with inverse
V (t). For all x ∈ D(B) = D(−B), the maps t 7→ U(t)V (t)x and t 7→ V (t)U(t)x
are differentiable with derivative identically zero. It follows that the maps are
constant, and by letting t ↓ 0 it follows that U(t)V (t) = V (t)U(t) = I on the
dense set D(B), hence on all of Y . Finally, each operator V (t) is an isometry,
being the inverse of an isometry. ////

The condition σ(A)∩ iIR 6= iIR cannot be omitted from the last statement.
Indeed, let X = L2(IR+) and consider the right translation semigroup on X:

(T (t)f)(s) =
{
f(s− t), s ≥ t;
f(0), else.

Then T is isometric, σ(A) ∩ iIR = iIR, and T does not extend to a C0-group.
The triple (Y, π,U) will be called the isometric limit (semi)group associ-

ated to T.

Corollary 5.1.3. If T is an isometric C0-semigroup on X with σ(A)∩ iIR 6=
iIR, then T extends to an isometric C0-group.

Proof: By the isometric nature of T we have l(x) = x for all x ∈ X, so Y = X
and T = U. But U extends to a C0-group since σ(A) ∩ iIR 6= iIR. ////

An invertible operator is called doubly power bounded if

sup
k∈ZZ

‖T k‖ <∞.

Lemma 5.1.4. Let T a doubly power bounded operator on a Banach space
X with σ(T ) = {1}. Then T = I.
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Proof: Since log z is holomorphic in a neighbourhood of z = 1, by Dunford
calculus we may define the bounded operator S := −i log T. Then T = eiS and
the spectral mapping theorem implies that σ(mS) = {0} for all m ∈ IN. Also,
for all m ∈ IN we have σ(sin(mS)) = sin(σ(mS)) = {sin 0} = {0}, and

‖(sin(mS))n‖ =
∥∥∥∥(Tm − T−m

2i

)n∥∥∥∥ ≤ sup
k∈ZZ

‖T k‖.

Let
∑∞

n=0 cnz
n be Taylor series of the principle branch of arcsin z at z = 0. As

is well-known, cn ≥ 0 for all n and
∑∞

n=0 cn = arcsin(1) = π
2 . Consequently,

‖mS‖ = ‖ arcsin(sin(mS))‖ ≤
∞∑

n=0

cn‖(sin(mS))n‖ ≤ π

2
sup
k∈ZZ

‖T k‖.

Since this holds for all m ∈ IN, it follows that S = 0 and T = eiS = I. ////

Now we are in a position to prove the theorem of Arendt, Batty, Lyubich,
and Vũ.

Theorem 5.1.5. Let T be a uniformly bounded C0-semigroup on a Banach
space X, with generator A. If

(i) σ(A) ∩ iIR is countable, and
(ii) σp(A∗) ∩ iIR = ∅,
then T is uniformly stable, i.e. limt→∞ ‖T (t)x‖ = 0 for all x ∈ X.

Proof: By renorming with the equivalent norm |||x||| := supt≥0 ‖T (t)x‖, we may
assume that T is contractive. Let (Y, π,U) be the isometric limit semigroup
associated to T, and let B be the generator of U. By (i), σ(A)∩ iIR cannot be
all of iIR, and therefore U extends to an isometric group on Y . Assuming that
T is not uniformly stable, we shall prove that (i) implies σp(A∗) ∩ iIR 6= ∅.

Since T is not uniformly stable, the definition of Y implies that Y 6= {0}.
By Lemma 2.4.3, σ(B) 6= ∅. Also, since σ(B) ⊂ σ(A), it follows that σ(B)
is countable. In particular, by a well-known result from point set topology, it
contains an isolated point, say iω. Let Pω be the associated spectral projection
in Y , let Uω be the restriction of U to PωY and let Bω denote its generator.
Since σ(Bω) = {iω}, Theorem 2.4.4 implies that σ(Uω(t)) = {eiωt} for all
t ∈ IR. By Lemma 5.1.4, this implies that Uω(t) = eiωtI. Hence, for all y ∈ Y
we have Uω(t)Pωy = eiωtPωy, so Pωy ∈ D(Bω) and BωPωy = iωPωy. Fix an
arbitrary non-zero y∗ω ∈ (PωY )∗ and define x∗ ∈ X∗ by

〈x∗, x〉 := 〈y∗ω, Pωπx〉, x ∈ X.

Then x∗ 6= 0. For all x ∈ D(A) we have πx ∈ D(B), Bπx = πAx, and

〈x∗, Ax〉 = 〈y∗ω, PωπAx〉 = 〈y∗ω, PωBπx〉
= 〈y∗ω, BωPωπx〉 = iω〈y∗ω, Pωπx〉 = iω〈x∗, x〉.

Hence, x∗ ∈ D(A∗) and A∗x∗ = iωx∗. ////
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The following example shows that the countability assumption in Theorem
5.1.5 cannot be relaxed.

Example 5.1.6. Let E ⊂ IR be uncountable and let µ be a positive diffuse
measure (i.e. a measure without atoms) supported by E. Let X = L2(E,µ)
and define

(T (t)f)(s) = eistf(s), s ∈ E, t ≥ 0.

This defines a C0-semigroup T on X, each operator T (t) is unitary, and hence
‖T (t)f‖ = ‖f‖ for all t ≥ 0. On the other hand, one checks that σ(A) ⊂ iE
and σp(A∗) = σp(A) = ∅.

Example 5.1.12 below shows that also the uniform boundedness assump-
tion cannot be omitted from Theorem 5.1.5.

The condition σp(A∗) ∩ iIR = ∅ is necessary for T to be uniformly stable.
Indeed, if A∗x∗ = iωx∗ for some non-zero x∗ ∈ D(A∗), then the identity

〈e−iωtT ∗(t)x∗ − x∗, x〉 =
∫ t

0

〈(A∗ − iω)x∗, e−iωsT (s)x〉 ds = 0, x ∈ X,

shows that T ∗(t)x∗ = eiωtx∗ for all t ≥ 0. Choosing x0 ∈ X such that 〈x∗, x0〉 6=
0, we have

〈x∗, T (t)x0〉 = 〈T ∗(t)x∗, x0〉 = eiωt〈x∗, x0〉,
proving that T is not even weakly uniformly stable.

Similarly, a necessary condition for uniform stability is σp(A) ∩ iIR = ∅.
Interestingly, the latter is actually implied by the first, and in certain situations
the two conditions are actually equivalent. This is will be proved at the end of
this section.

Countability of the unitary spectrum is by no means necessary for uniform
stability: the C0-semigroup T on C0[0,∞) defined by T (t)f(s) := f(s + t)
is trivially seen to be uniformly stable, but σ(A) = {Reλ ≤ 0}. For this
semigroup, however, it is easy to see that there is a dense subspace Y with the
property that for each y ∈ Y , the map λ 7→ R(λ,A)y extends holomorphically
across the imaginary axis. Indeed, for Y we may take the set of all f ∈ C0[0,∞)
such that supt≥0 e

t|f(t)| <∞. We shall show below that a bounded semigroup
is uniformly stable whenever such a dense subspace can be found. To prepare
for these developments we start with a lemma about holomorpic extensions of
the local resolvent.

In the rest of this chapter, Xx0 denotes the closed linear span of the orbit
{T (t)x0 : t ≥ 0}. The restriction of T to Xx0 is denoted by Tx0 and its
generator by Ax0 .

Lemma 5.1.7. Let T be an isometric C0-semigroup on a Banach space
X. Let E ⊂ IR be a closed subset and let x0 ∈ X be such that the map
λ 7→ R(λ,A)x0 admits a holomorphic extension to a connected neighbourhood
V of {Reλ ≥ 0}\iE. Then there exists a connected neighbourhood W ⊂ V of
{Reλ ≥ 0}\iE with the following property: for each x ∈ Xx0 the map λ 7→
R(λ,A)x admits a holomorphic extension to W . Moreover, these extensions
are Xx0-valued.
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Proof: Let Y denote the linear span of the orbit of x0. Fix y ∈ Xx0 = Y
and choose a sequence (yn) ⊂ Y with yn → y. The first thing we observe
is that each R(λ,A)yn admits a holomorphic extension to V : this follows by
linearity and the fact that for each t ≥ 0, T (t)F (λ) extends R(λ,A)T (t)x0 if
F (λ) extends R(λ,A)x0.

For each λ0 ∈ iIR\iE we choose r(λ0) > 0 such that the closure of the open
ball B(λ0, r(λ0)) of radius r and centre λ0 is contained in V . Let B denote the
union of all balls B(λ0,

1
2r(λ0)) and put W = {Reλ > 0} ∪ B. Then W ⊂ V

and W is a connected neighbourhood of {Reλ ≥ 0}\iE. In order to prove that
R(λ,A)y extends holomorphically to W , it suffices to show that it extends to
each B(λ0,

1
2r).

So let λ0 ∈ iIR\iE and r = r(λ0) as above be fixed. By rescaling T,
we may assume that λ0 = 0. For each n, let Fn(λ) denote the holomorphic
extension of R(λ,A)yn to V . We claim that the functions Fn are bounded
on B(0, 1

2r), unifomly in n. Once this has been shown, from the fact that
R(λ,A)yn → R(λ,A)y for Reλ > 0 it follows by Vitali’s theorem that the
functions Fn converge, uniformly on compacta, to a holomorphic function F
on B(0, 1

2r). This F is the desired extension of R(λ,A)y.
Define the continuous functions fn : B(0, r) → X by

fn(λ) :=
(

1 +
λ2

r2

)
Fn(λ).

Each fn is holomorphic on B(0, r). By virtue of Lemma 5.1.1 (ii), for λ =
reiθ ∈ ∂B(0, r)\iIR we have

‖fn(λ)‖ ≤
∣∣∣∣1 +

λ2

r2

∣∣∣∣ · 1
|Reλ|

‖yn‖

= |1 + e2iθ| · 1
r| cos θ|

‖yn‖ =
2
r
‖yn‖.

Therefore, by the maximum modulus theorem,

sup
λ∈B(0,r)

‖fn(λ)‖ ≤ 2
r
‖yn‖.

It follows that

sup
n

sup
λ∈B(0, r

2 )

‖Fn(λ)‖ = sup
n

sup
λ∈B(0, r

2 )

r2

|r2 + λ2|
‖fn(λ)‖

≤ sup
n

sup
λ∈B(0, r

2 )

2r
|r2 + λ2|

‖yn‖ ≤
8
3r

sup
n
‖yn‖.

This proves the claim.
It remains to prove that F takes values in Xx0 . To see this, we consider

the quotient space X/Xx0 . If q : X → X/Xx0 is the quotient mapping, then
qF (λ) is a holomorpic extension of qR(λ,A)y to W . Moreover, qF (λ) = 0 for
all Reλ > 0 since R(λ,A)y ∈ Xx0 for these λ. Therefore, qF ≡ 0 on W by
uniqueness of analytic continuation. ////
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As a consequence of this lemma we have

σ(Ax0) ∩ iIR ⊂ iE, (5.1.1)

where Ax0 denotes the generator of the restriction of T to Xx0 . Indeed, if
iω ∈ σ(Ax0)∩iIR, then limε↓0 ‖R(iω+ε, Ax0)‖ = ∞ by Proposition 1.1.5, and by
the uniform boundedness theorem there exists x ∈ Xx0 such that limε↓0 ‖R(iω+
ε, Ax0)x‖ = 0. Then Lemma 5.1.7 shows that iω ∈ iE.

In Section 5.3 we will give an example which shows that Lemma 5.1.7 is
false for contraction semigroups. Thus, the assumption that T be isometric is
essential.

Our next objective is to prove an individual version of the Arendt-Batty-
Lyubich-Vũ theorem. The countability of σ(A)∩ iIR will be replaced by count-
ability of the set of singular points of the local resolvent R(λ,A)x0 on the
imaginary axis. In the next three lemmas we show how the other global spec-
tral assumption, viz. σp(A∗) ∩ iIR, can be localized to an individual x0 ∈ X.

Lemma 5.1.8. Let T be a uniformly bounded C0-semigroup on X, with
generator A. Let x0 ∈ X and let iω ∈ σp(A∗x0

) ∩ iIR. Then the map λ 7→
R(λ,A)x0 cannot be holomorphically extended to a neighbourhood of iω.

Proof: Without loss of generality we may assume ω = 0. Let 0 6= y∗ ∈ D(A∗x0
)

be such that A∗x0
y∗ = 0. Then T ∗x0

(t)y∗ = y∗ for all t ≥ 0. Hence if 〈y∗, x0〉 = 0,
then also 〈y∗, T (t)x0〉 = 0 for all t ≥ 0, so y∗ = 0. Since the linear span of the
set {T (t)x0 : t ≥ 0} is dense in Xx0 , this leads to a contradiction. It follows
that 〈y∗, x0〉 =: α 6= 0. Then for all Reλ > 0 we have

= 〈A∗x0
y∗, R(λ,A)x0〉 = 〈y∗, AR(λ,A)x0〉 = 〈y∗, λR(λ,A)x0 − x0〉.

Hence,
〈y∗, R(λ,A)x0〉 =

α

λ
, ∀Reλ > 0.

This shows that limλ↓0 ‖R(λ,A)x0‖ = ∞. ////

Lemma 5.1.9. Let T be a uniformly bounded C0-semigroup on X, with
generator A. Then the following two assertions are equivalent:

(i) 0 6∈ σp(A∗);

(ii) For all x ∈ X, lim
t→∞

1
t

∥∥∥∥∫ t

0

T (s)x ds
∥∥∥∥ = 0.

Proof: Assume (i). By the Hahn-Banach theorem, the set {Ay : y ∈ D(A)} is
dense in X. For all x = Ay in this set we have

lim
t→∞

1
t

∥∥∥∥∫ t

0

T (s)x ds
∥∥∥∥ = lim

t→∞

1
t
‖T (t)y − y‖ = 0

using that T is uniformly bounded. Since the operators (St)t>0, Stx :=
t−1

∫ t

0
T (s)x dt, are uniformly bounded, (ii) follows from this by denseness.
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Conversely, assume (ii) and let x∗ ∈ D(A∗) be such that A∗x∗ = 0. Then
T ∗(t)x∗ = x∗ for all t ≥ 0 by the remark following Proposition 2.1.6. Hence
for all x ∈ X,

〈x∗, x〉 = lim
t→∞

1
t

∫ t

0

〈T ∗(s)x∗, x〉 ds = lim
t→∞

1
t
〈x∗,

∫ t

0

T (s)x ds〉 = 0.

Therefore, x∗ = 0 and 0 6∈ σp(A∗). ////

If T is uniformly bounded and for some x0 ∈ X we have

lim
t→∞

1
t

∥∥∥∥∫ t

0

T (s)x0 ds

∥∥∥∥ = 0,

then by a density argument

lim
t→∞

1
t

∥∥∥∥∫ t

0

T (s)x ds
∥∥∥∥ = 0, ∀x ∈ Xx0 .

Hence by the previous two lemmas applied to Xx0 we obtain:

Lemma 5.1.10. Let T be a uniformly bounded C0-semigroup on X, with
generator A. For a given x0 ∈ X the following are equivalent:

(i) σp(A∗x0
) = ∅;

(ii) lim
t→∞

1
t

∥∥∥∥∫ t

0

e−iωsT (s)x0 ds

∥∥∥∥ = 0 for all iω ∈ iIR to which R(λ,A)x0 cannot

be holomorphically extended.

Theorem 5.1.11. Let T be a uniformly bounded C0-semigroup on a Banach
space X, with generator A. Let x0 ∈ X and a countable closed set E ⊂ IR be
given such that:

(i) The map λ 7→ R(λ,A)x0 admits a holomorphic extension to a neighbour-
hood V of {Reλ ≥ 0}\iE;

(ii) For all ω ∈ E, lim
t→∞

1
t

∥∥∥∥∫ t

0

e−iωsT (s)x0 ds

∥∥∥∥ = 0.

Then, limt→∞ ‖T (t)x0‖ = 0.

Proof: Consider the isometric limit semigroup (Y, π,U) associated to the re-
striction Tx0 of T to Xx0 ; let B denote the generator of U. We shall prove
that Y = {0}.

By shrinking V , we may assume V to be connected. Since πR(λ,A)x0 =
R(λ,B)πx0 for Reλ > 0, we see that R(λ,B)πx0 can be holomorphically ex-
tended to V . Since the orbit of πx0 spans a dense subspace of Y , (5.1.1) implies
that σ(B) ⊂ iE. Hence σ(B) is countable. Furthermore by (ii), for all ω ∈ E
we have

lim
t→∞

1
t

∥∥∥∥∫ t

0

e−iωsU(s)πx0 ds

∥∥∥∥ = 0,

so σp(B∗) = ∅ by Lemma 5.1.10.
It follows that U is uniformly stable by virtue of the Arendt-Batty-Lyu-

bich-Vũ theorem. Since U is also isometric, we conclude that Y = {0}.
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By Lemma 5.1.9, the theorem remains true if we replace condition (ii) by
the global assumption σp(A∗) ∩ iIR = ∅. In this form, the theorem can also
proved alternatively by mimicking the proof of Theorem 5.1.5.

It turns out that Theorem 5.1.11 can be further generalized: the uniform
boundedness assumption may be replaced by boundedness and uniform conti-
nuity of the orbit T (·)x0. This will be proved in Section 5.3.

Another generalization of Theorem 5.1.11 is obtained by developing the
assumption (ii). This assumption is an ergodic one, and a version of Theorem
5.1.11 can be formulated in which the limit in (ii) is assumed to exist but
allowed to be different from zero. This point is taken up at the end of Section
5.7.

The next example shows that the uniform boundedness assumption in
Theorem 5.1.5 cannot be omitted and that in Theorem 5.1.11 it is not enough
to assume only boundedness the orbit T (·)x0, even if X is a Hilbert space and
x0 ∈ D(A).

Example 5.1.12. Let X = l2 and define the C0-semigroup T on X by

(T (t)x)2n−1 = eint−t/n2
(x2n−1 + tx2n),

(T (t)x)2n = eint−t/n2
x2n.

Then, by the triangle inequality, for all x ∈ X we have

‖T (t)x‖ ≤

( ∞∑
n=1

|x2n−1 + tx2n|2
) 1

2

+

( ∞∑
n=1

|x2n|2
) 1

2

≤

( ∞∑
n=1

|x2n−1|2
) 1

2

+ (t+ 1)

( ∞∑
n=1

|x2n|2
) 1

2

≤ (t+ 2)‖x‖.

It follows that ‖T (t)‖ ≤ t+ 2 for all t ≥ 0. The generator A is given by

D(A) = {x ∈ X : (nxn) ∈ X};
(Ax)2n−1 = x2n + (in− 1/n2)x2n−1,

(Ax)2n = (in− 1/n2)x2n.

Hence, σ(A) = {in− 1/n2 : n = 1, 2, ...} and σ(A) ∩ iIR = ∅. Define y ∈ X by

y2n−1 = 0,

y2n = n−
5
2 .

A simple calculation shows that y ∈ D(A). Moreover,

(T (t)y)2n−1 = tn−
5
2 eint−t/n2

,

(T (t)y)2n = n−
5
2 eint−t/n2

.
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By taking the Riemann sums of s 7→ s−5e−2/s2
in the points nt−

1
2 , n = 1, 2, ...,

applying the dominated convergence theorem, and noting that

lim
t→∞

∞∑
n=1

1
n5
e−2t/n2

= 0,

we obtain

lim
t→∞

‖T (t)y‖2 = lim
t→∞

∞∑
n=1

1 + t2

n5
e−2t/n2

= lim
t→∞

∞∑
n=1

t2

n5
e−2t/n2

=
∫ ∞

0

s−5e−2/s2
ds

=
1
2

∫ ∞

0

ue−2u du =
1
8
.

Thus, ‖T (·)y‖ is bounded but fails to converge to zero.

A sufficient condition for uniform stability is the existence of a dense subset
of elements with countable local spectrum on the imaginary axis:

Corollary 5.1.13. Let T be a uniformly bounded C0-semigroup on a Banach
space X, with generator A. Assume

(i) σp(A∗) ∩ iIR = ∅;
(ii) There exist a dense subspace Y ⊂ X with the following property: for each

y ∈ Y there is a countable closed subset E ⊂ IR such that for all y ∈ Y the
map λ 7→ R(λ,A)y admits a holomorphic extension to a neighbourhood of
{Reλ ≥ 0}\iE.

Then T is uniformly stable.

Indeed, we apply Theorem 5.1.11 and the remark following it.
One may wonder whether the conditions of Theorem 5.1.11 and its corollar-

ies are necessary for uniform stability. Unfortunately this is note the case: the
following is an example of a uniformly stable C0-semigroup with the property
that whenever λ 7→ R(λ,A)x admits a holomorphic extension to a neighbour-
hood of some iω ∈ iIR, then x = 0.

Example 5.1.14. Let X = L1(IR+, w(t) dt), where w : IR+ → IR+ satisfies
(i) w is non-increasing;
(ii) limt→∞ w(t) = 0;
(iii) For each a > 0 there exists a constant c > 0 such that w(t) ≥ ce−at for all

t ≥ 0.
Let T be the C0-semigroup on X defined by

T (t)f(s) :=
{
f(s− t), 0 ≤ t ≤ s;
0, else,
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and let A denote its generator. By (i) and (ii), for all f ∈ X we have

lim
t→∞

‖T (t)f‖ = lim
t→∞

∫ ∞

t

|f(s− t)|w(s) ds = lim
t→∞

∫ ∞

0

|f(s)|w(s+ t) ds = 0,

so T is uniformly stable. We will prove that 0 is the only element in X whose
local resolvent can be extended across some point of the imaginary axis.

By (ii), for Reλ < 0 the function

gλ(s) :=
eλs

w(s)
, s ≥ 0

is bounded, so hλ(s) := eλs defines an element of X∗. For all f ∈ X and t ≥ 0
we have

〈hλ, T (t)f〉 =
∫ ∞

t

f(s− t)eλs ds

=
∫ ∞

0

f(s)eλ(s+t) ds

= eλt

∫ ∞

0

f(s)eλs ds

= eλt〈hλ, f〉.

Thus,
T ∗(t)hλ = eλthλ, t ≥ 0,

so hλ ∈ D(A∗) and A∗hλ = λhλ.
Now suppose f ∈ X is such that the map λ 7→ R(λ,A)f has a holomorphic

extension F to a connected neighbourhood V of some point iω ∈ iIR. ¿From
the identity R(1, A)f = (I+(λ− 1)R(1, A))R(λ,A)f , by analytic continuation
we obtain

R(1, A)f = (I + (λ− 1)R(1, A))F (λ) = (λ−A)R(1, A)F (λ)

for all λ ∈ V . Hence, for all λ ∈ V with Reλ < 0,∫ ∞

0

eλs(R(1, A)f)(s) ds = 〈hλ, R(1, A)f〉 = 〈(λ−A∗)hλ, R(1, A)F (λ)〉 = 0.

As a function of λ, the first of these expressions is holomorphic on {Reλ < 0}
and vanishes in {Reλ < 0} ∩ V . Therefore,∫ ∞

0

eλs(R(1, A)f)(s) ds = 0, ∀Reλ < 0.

By the uniqueness of the Laplace transform, this implies that R(1, A)f = 0 a.e.
Hence f = 0 by the injectivity of R(1, A).
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We close this section with some propositions about the point spectra of A
and A∗. We use the existence of left invariant means on BUC(IR+), that is,
positive linear functionals 0 ≤ φ ∈ (BUC(IR+))∗ such that
(i) 〈φ,1〉 = 1,
(ii) 〈φ, f(·)〉 = 〈φ, f(·+ s)〉 for all s ≥ 0.
In (i), 1 denotes the constant one function. The existence of such φ is easily
proved as follows. Fix an arbitrary 0 ≤ φ0 ∈ (BUC(IR+))∗ such that φ0(1) = 1.
For n = 1, 2, ... define 0 ≤ φn ∈ (BUC(IR+))∗ by

〈φn, f〉 :=
1
n

∫ n

0

〈φ0, f(·+ s)〉 ds.

Clearly, ‖φn‖ ≤ ‖φ0‖ and 〈φn,1〉 = 〈φ0,1〉 = 1 for all n. By the Banach-
Alaoglu theorem, the unit ball of a dual Banach space is weak∗-compact.
Therefore, the sequence (φn) has a weak∗-cluster point φ. This is the left
invariant mean we are looking for: clearly, φ ≥ 0 and 〈φ,1〉 = 1. For an
arbitrary f ∈ BUC(IR+) and s ≥ 0, let (nk) be a subsequence such that

lim
k→∞

〈φnk
, f〉 = 〈φ, f〉

and
lim

k→∞
〈φnk

f(·+ s)〉 = 〈φ, f(·+ s)〉.

Then,

〈φ, f(·+ s)〉 = lim
k→∞

1
nk

∫ nk

0

〈φ0, f(·+ s+ σ)〉 dσ

= lim
k→∞

1
nk

∫ nk

0

〈φ0, f(·+ σ)〉 dσ = 〈φ, f〉.

This proves that φ is a left invariant mean.
A C0-semigroup T is weakly almost periodic if for all x ∈ X the set {T (t)x :

t ≥ 0} is relatively weakly compact in X.

Proposition 5.1.15. Let T be a uniformly bounded C0-semigroup on a
Banach space X, with generator A. Then σp(A) ∩ iIR ⊂ σp(A∗) ∩ iIR. If in
addition T is weakly almost periodic, then σp(A) ∩ iIR = σp(A∗) ∩ iIR.

Proof: Let iω ∈ σp(A) ∩ iIR. By rescaling we may assume that ω = 0. Let
x0 ∈ D(A) be an eigenvector with eigenvalue 0. Then T (t)x0 = x0 for all
t ≥ 0 by Proposition 2.1.6. Let y∗0 ∈ X∗ be such that 〈y∗0 , x0〉 = 1. Let
φ ∈ (BUC(IR+))∗ be a left invariant mean and define x∗0 ∈ X∗ by

〈x∗0, x〉 := φ(〈y∗0 , T (·)x〉), x ∈ X,

noting that 〈x∗, T (·)x〉 ∈ BUC(IR+) for all x ∈ X and x∗ ∈ X∗. Then, for all
x ∈ X we have

〈T ∗(t)x∗0, x〉 = φ(〈y∗0 , T (t+ ·)x〉) = φ(〈y∗0 , T (·)x〉) = 〈x∗0, x〉.
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Hence, T ∗(t)x∗0 = x∗0 for all t ≥ 0, so x∗0 ∈ D(A∗) and A∗x∗0 = 0. Also,

〈x∗0, x0〉 = φ(〈y∗0 , T (·)x0〉) = φ(〈y∗0 , x0〉1) = φ(1) = 1,

which shows that x∗0 6= 0. This proves that x∗0 is an eigenvector of A∗ with
eigenvalue 0.

Next assume that T is weakly almost periodic. Let 0 ∈ σp(A∗) ∩ iIR and
let x∗0 ∈ D(A∗) be an eigenvector and let y0 ∈ X be such that 〈x∗0, y0〉 = 1.
Define x∗0

∗ ∈ X∗∗ by

〈x∗0∗, x∗〉 := φ(〈x∗, T (·)y0〉), x∗ ∈ X∗.

We claim that x∗0
∗ ∈ X. To see this, let y∗ ∈ X∗ and α ∈ IR be such that

Re 〈y∗, T (t)x0〉 ≥ α for all t ≥ 0. Then also Re 〈x∗0∗, y∗〉 = Reφ(〈y∗, T (·)x0〉) =
φ(Re 〈y∗, T (·)x0〉) ≥ φ(α) = α. By the Hahn-Banach separation theorem this
implies that x∗0

∗ lies in the weak∗-closure of the convex hull of jH, where
H := {T (t)x0 : t ≥ 0} and j : X → X∗∗ is the canonical embedding. But the
weak∗-closure of j(coH) in X∗∗ is j

(
coH

weak
)
: since H is relatively weakly

compact in X, so is its convex hull coH by the Krein-Shmulyan theorem, and
since j : (X,weak) → (X∗∗,weak∗) is continuous, it maps the weakly compact
set coH

weak
onto the weak∗-compact (hence weak∗-closed) set j

(
coH

weak
)
.

We have proved that x∗0
∗ = jx0 for some x0 in the weak closure of coH.

As in the first part of the proof, we check that x0 6= 0 and that T (t)x0 = x0

for all t ≥ 0. Hence, x0 is an eigenvector of A with eigenvalue 0. ////

As a consequence of the second part of this proposition and Theorem
5.1.11, we have:

Corollary 5.1.16. Let T be a weakly almost periodic C0-semigroup on a
Banach space X, with generator A, and assume that σp(A) ∩ iIR = ∅. Let
E ⊂ IR be closed and countable, and let x0 ∈ X be given such that the
map λ 7→ R(λ,A)x0 admits a holomorphic extension to a neighbourhood of
{Reλ ≥ 0}\iE. Then limt→∞ ‖T (t)x0‖ = 0.

This corollary will be developed further in Section 5.7.
Clearly, uniformly bounded semigroups in reflexive Banach spaces are

weakly almost periodic. More generally, we shall prove now that uniformly
bounded �-reflexive semigroups are weakly almost periodic. Recall that a C0-
semigroup T is �-reflexive if the canonical map j : X → X�� defined by

〈jx, x�〉 := 〈x�, x〉, x ∈ X, x� ∈ X�,

maps X onto X��. By a theorem of de Pagter, T is �-reflexive if and only if
R(λ,A) is weakly compact for some (and hence for all) λ ∈ %(A).

In the next proposition we use Grothendieck’s lemma: a set H ⊂ X is
relatively weakly compact if for all ε > 0 there exists a weakly compact set K
such that H ⊂ K + εBX , where BX is the unit ball of X.
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Proposition 5.1.17. Let T be a uniformly bounded �-reflexive C0-semi-
group. Then T is weakly almost periodic.

Proof: Since T is uniformly bounded, for all λ ∈ %(A) and x ∈ X the set
Oλ,x := {T (t)(λR(λ,A)x) : t ≥ 0} is relatively weakly compact by de Pagter’s
theorem. Let x ∈ X be arbitrary, let ε > 0, and choose λ ∈ IR so large that
‖λR(λ,A)x− x‖ ≤ εM−1, where M is the boundedness constant of T. Then,
for all t ≥ 0 we have ‖T (t)(λR(λ,A)x)− T (t)x‖ ≤ ε. It follows that the orbit
Ox = {T (t)x : t ≥ 0} is contained in Oλ,x + εBX . Therefore, Ox is relatively
weakly compact by Grothendieck’s lemma. ////

5.2. The Katznelson-Tzafriri theorem

In this section we apply the isometric limit semigroup construction to prove
a Katznelson-Tzafriri type theorem for C0-semigroups.

A function f ∈ L1(IR) is said to be of spectral synthesis for a closed set
E ⊂ IR if f can be approximated in the norm of L1(IR) by a sequence (fn) of
functions, each of which has the property that its Fourier transform f̂n vanishes
in a neighbourhood of E. If f is of spectral synthesis for E, then the Fourier
transform of f vanishes on E. Upon identifying L1(IR+) in the natural way with
a closed subspace of L1(IR), we say that f ∈ L1(IR+) is of spectral synthesis
with respect to E if f is so when regarded as an element of L1(IR). The set E
is called spectral if every f ∈ L1(IR) whose Fourier transform vanishes on E is
of spectral synthesis for E.

For f ∈ L1(IR+) and a uniformly bounded C0-semigroup T we define the
bounded operator f̂(T) by

f̂(T)x :=
∫ ∞

0

f(t)T (t)x dt, x ∈ X.

If T is a C0-group, this definition is consistent with that in Section 2.4.

Theorem 5.2.1. Let T be a uniformly bounded C0-semigroup on a Banach
space X, with generator A. Let E ⊂ IR be closed and let f ∈ L1(IR+) be
of spectral synthesis with respect to −E. If, for some x0 ∈ X, the map λ 7→
R(λ,A)x0 extends holomorphically to a neighbourhood of {Reλ ≥ 0}\iE, then

lim
t→∞

‖T (t)f̂(T)x0‖ = 0.

Proof: By renorming X we may assume that T is a contraction semigroup.
For λ > 0, letKλ denote the Fejér kernel for the real line, Kλ(t) := λK(λt),

where

K(t) =
1
2π

(
sin(t/2)
t/2

)2

=
1
2π

∫ 1

−1

(1− |s|)eist ds.
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As is well-known (see, e.g., [Ka]), K̂λ(s) = max{1 − λ−1|s|, 0}, so K̂λ is com-
pactly supported, and for all g ∈ L1(IR) we have limλ→∞ ‖Kλ ∗ g − g‖1 = 0.

If E = IR, then f̂ is identically zero, hence f = 0 and there is nothing to
prove. Therefore, we may assume that E is a proper subset of IR. Choose a
sequence (fn) ⊂ L1(IR) such that limn→∞ ‖f − fn‖1 = 0 and each f̂n vanishes
in a neighbourhood of −E. By replacing fn by Kλn

∗ fn for large enough λn,
we may assume that the Fourier transform of fn is compactly supported.

Let Xx0 denote the closed linear span of the orbit of x0, let (Y0, π0,U0)
be the isometric limit semigroup associated to the restriction Tx0 of T, and
let B0 be the generator of U0. The U0-orbit of π0x0 is dense in Y0. Since
R(λ,B)π0x0 = π0R(λ,A)x0 extends holomorphically to a neighbourhood of
{Reλ ≥ 0}\iE, it follows that σ(B0)∩ iIR ⊂ iE by (5.1.1). By Corollary 5.1.3,
U0 extends to an isometric C0-group. Each f̂n vanishes in a neighbourhood
of iσ(B0) = iσ(B0) ∩ IR, hence f̂n(U0) = 0 by Lemma 2.4.3. Since the map
g 7→ ĝ(U0) is continuous from L1(IR) into L(Y0), it follows that also f̂(U0) = 0.
But then

lim
t→∞

‖T (t)f̂(T)x0‖ = lim
t→∞

∥∥∥∥T (t)
∫ ∞

0

f(s)T (s)x0 ds

∥∥∥∥
=
∥∥∥∥π0

∫ ∞

0

f(s)T (s)x0 ds

∥∥∥∥
=
∥∥∥∥∫ ∞

0

f(s)U0(s)π0x0 ds

∥∥∥∥
= ‖f̂(U0)π0x0‖ = 0.

////

It will be shown in the next section that the uniform boundedness as-
sumption on T is unnecessarily strong; it is enough to know that T (·)x0 is
bounded.

If f is of spectral synthesis with respect to iσ(A) ∩ IR a global version of
Theorem 5.2.1 holds. In this case we even obtain convergence to 0 in the norm
topology. The proof of this is based on the following construction.

Let T be a C0-semigroup on a Banach space X and let L0(X) be the closed
subspace of L(X) consisting of all operators S such that limt↓0 ‖T (t)S − S‖ =
0. On L0(X), T induces a C0-semigroup T by the formula T (t)S := T (t)S,
S ∈ L0(X). Let A denote its generator.

Lemma 5.2.2. Let T be a C0-semigroup on a Banach space X, with gener-
ator A. Then σ(A) ⊂ σ(A) and their peripheral spectra agree.

Proof: For λ ∈ %(A) we define the bounded operatorRλ on L0(X) byRλ(S) :=
R(λ,A)S. Then Rλ defines a two-sided inverse for λ−A: from the identity(

1
t
(T (t)− I)R(λ,A)− λR(λ,A) + I

)
S = (λR(λ,A)− I) · 1

t

∫ t

0

T (s)S−S ds,
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valid for all S ∈ L0(X), it follows upon letting t ↓ 0 that Rλ ∈ D(A) and
(λ − A)RλS = S. Also, if S ∈ D(A), then Sx ∈ D(A) and ASx = ASx
for all x ∈ X, so Rλ(λ − A)Sx = Rλ(λ − A)Sx = Sx. Hence λ ∈ %(A) and
R(λ,A) = Rλ.

For the proof of the second assertion we may assume that s(A) = 0. Let
iω ∈ σ(A) ∩ iIR. By Proposition 1.1.5 and the uniform boundedness theorem
there exists an x ∈ X of norm one such that limε↓0 ‖R(iω + ε, A)x‖ = ∞. By
what we just proved, for all ε > 0 we have iω + ε ∈ %(A) and R(iω + ε,A)S =
R(iω+ ε, A)S. Let x∗ ∈ X∗ be such that 〈x∗, x〉 6= 0 and consider the rank one
operator S := x∗ ⊗ x. Then S ∈ L0(X) and

‖R(iω + ε,A)Sx‖ = ‖R(iω + ε, A)x‖ · |〈x∗, x〉|.

This proves that limε↓0 ‖R(iω + ε,A)‖ = ∞. But this implies that iω ∈ σ(A).
Hence σ(A) ∩ iIR ⊃ σ(A) ∩ iIR and the lemma is proved. ////

Theorem 5.2.3. Let T be a uniformly bounded C0-semigroup on a Banach
space X, with generator A. If f ∈ L1(IR+) is of spectral synthesis with respect
to iσ(A) ∩ IR, then

lim
t→∞

‖T (t)f̂(T)‖ = 0.

Proof: By renorming X we may assume that T is a contraction semigroup.
By Theorem 5.2.1,

lim
t→∞

‖T (t)f̂(T)x‖ = 0, ∀x ∈ X.

By Lemma 5.2.2, we can apply this to the semigroup T on L0(X). It is easily
checked that L0(X) contains the closure with respect to the uniform operator
topology of the set {ĝ(T) : g ∈ L1(IR+)}: in fact, if g ∈ L1(IR+), then

‖T (t)ĝ(T)x−ĝ(T)x‖ =
∥∥∥∥∫ ∞

0

g(s)(T (t+ s)− T (s))x ds
∥∥∥∥

≤
∥∥∥∥∫ ∞

0

(g(s)− g(s+ t))T (s+ t)x ds
∥∥∥∥+

∥∥∥∥∫ t

0

g(s)T (s)x ds
∥∥∥∥

≤
(∫ ∞

0

|g(s)− g(s+ t)| ds+
∫ t

0

|g(s)| ds
)
‖x‖.

Since translation on L1(IR+) is strongly continuous, the assertion follows from
this.

We conclude that

lim
t→∞

‖T (t)f̂(T)ĝ(T)‖ = lim
t→∞

‖T (t)f̂(T )ĝ(T)‖ = 0, ∀g ∈ L1(IR+). (5.2.1)

Finally, let (hn) ⊂ L1(IR+) an approximate identity, i.e. ‖hn‖1 = 1 for all n
and limn→∞ ‖g ∗ hn − g‖1 = 0 for all g ∈ L1(IR+). For all n we have

‖T (t)f̂(T)‖ ≤ ‖T (t)(f ∗ hn)̂ (T)‖+ ‖T (t)(f − f ∗ hn)̂ (T)‖
≤ ‖T (t)(f ∗ hn)̂ (T)‖+ ‖f − f ∗ hn‖1.
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Hence by applying (5.2.1) to g = hn and noting that (f ∗hn)̂ (T) = f̂(T)ĥn(T),
it follows that

lim sup
t→∞

‖T (t)f̂(T)‖ ≤ lim
t→∞

‖T (t)(f ∗ hn)̂ (T)‖+ ‖f − f ∗ hn‖1 = ‖f − f ∗ hn‖1.

Since this holds for all n, we conclude that limt→∞ ‖T (t)f̂(T)‖ = 0. ////

Since we derived Theorem 5.2.3 from 5.2.1 it depends implicitly on Theo-
rem 5.1.11 and hence on Lemma 5.1.7. If f is of spectral synthesis with respect
to iσ(A) ∩ IR, this can be avoided by invoking the Arendt-Batty-Lyubich-Vũ
theorem 5.1.5 instead.

Our next result is a partial converse of Theorem 5.2.3. We start with a
lemma.

Lemma 5.2.4. Let T be a uniformly bounded C0-semigroup on a Banach
space X, with generator A. Then, for all λ ∈ σa(A) and all f ∈ L1(IR+) we
have ∣∣∣∣∫ ∞

0

eλtf(t) dt
∣∣∣∣ ≤ ‖f̂(T)‖.

Proof: Choose a sequence (xn) of norm one vectors in X, xn ∈ D(A) for all
n, such that limn→∞ ‖Axn − λxn‖ → 0. By Proposition 2.1.6, (xn) is an
approximate eigenvector of T (t) with approximate eigenvalue eλt.

Let f ∈ L1(IR+). By the dominated convergence theorem,

lim
n→∞

∥∥∥∥∫ ∞

0

f(t)(T (t)xn − eλtxn) dt
∥∥∥∥ = 0.

Thus, using that ‖xn‖ = 1,

‖f̂(T)‖ ≥ lim
n→∞

‖f̂(T)xn‖ = lim
n→∞

∥∥∥∥∫ ∞

0

f(t)T (t)xn dt

∥∥∥∥ =
∣∣∣∣∫ ∞

0

eλtf(t) dt
∣∣∣∣ .

////

Theorem 5.2.5. Let T be a uniformly bounded C0-semigroup on a Banach
space X, with generator A, and let f ∈ L1(IR+). If limt→∞ ‖T (t)f̂(T)‖ = 0,

then f̂ vanishes on iσ(A) ∩ IR.

Proof: Let iω ∈ σ(A)∩ iIR be such that f̂(−ω) 6= 0. Without loss of generality
we assume that f̂(−ω) = 1. For s ≥ 0, define fs ∈ L1(IR+) by

fs(t) =
{
f(t− s), t ≥ s;
0, else.

Then, ∫ ∞

0

eiωtfs(t) dt =
∫ ∞

s

eiωtf(t− s) dt

=
∫ ∞

0

eiω(t+s)f(t) dt = eiωsf̂(−ω).
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Similarly,
f̂s(T) = T (s)f̂(T).

Therefore, by Lemma 5.2.4,

‖T (s)f̂(T)‖ = ‖f̂s(T)‖ ≥
∣∣∣∣∫ ∞

0

eiωtfs(t) dt
∣∣∣∣ = |eiωsf̂(−ω)| = 1.

////

An interesting consequence is the following result.

Corollary 5.2.6. Let T be a uniformly bounded C0-semigroup on a Banach
space X, with generator A. Then the following assertions are equivalent:

(i) limt→∞ ‖T (t)R(λ,A)‖ = 0 for some λ ∈ %(A);
(ii) limt→∞ ‖T (t)R(λ,A)‖ = 0 for all λ ∈ %(A);
(iii) σ(A) ∩ iIR = ∅.
If one of the equivalent conditions holds, then T is uniformly stable.

Proof: Assume (iii). Since all f ∈ L1(IR+) are of spectral synthesis with respect
to the empty set, this is in particular true for fλ(t) := e−λt, t ≥ 0, Reλ > 0.
Since f̂λ(T) = R(λ,A), for Reλ > 0 (ii) follows from Theorem 5.2.3. For
arbitrary λ ∈ %(A), (ii) follows from this special case via the resolvent identity.

(ii) Trivially implies (i).
If (i) holds, then

lim
t→∞

‖T (t)f̂λ(T)‖ = lim
t→∞

‖T (t)R(λ,A)‖ = 0

and therefore f̂λ vanishes on iσ(A) ∩ IR by Theorem 5.2.5. But,

f̂λ(s) =
∫ ∞

0

e−iste−λt dt =
1

λ+ is

which does not vanish for any s ∈ IR. Therefore, we must have σ(A)∩ iIR = ∅.
The last statement is an obvious consequence of (i) and the denseness of

D(A). ////

5.3. The unbounded case

In this section we shall generalize the main results of Sections 5.1 and 5.2 to
individual bounded uniformly continuous orbits of a possibly unbounded semi-
group. The idea is to consider a bounded uniformly continous orbit g0 := T (·)x0
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as an element of BUC(IR+, X), the space of bounded, uniformly continu-
ous X-valued functions on IR+. Letting U denote the left translation semi-
group on BUC(IR+, X), (U(t)h)(s) := h(s + t), s, t ≥ 0, it is obvious that
limt→∞ ‖T (t)x0‖ = 0 if and only if limt→∞ ‖U(t)g0‖ = 0. Thus, in order to
obtain results on the asymptotic behaviour of T (t)x0, we will try to apply the
individual stability results of the preceding sections to the (uniformly bounded)
semigroup U.

There is an obvious obstruction to this programme: if the map λ 7→
R(λ,A)x0 has a holomorphic extension to certain parts of the left half-plane, it
is not a priori clear that the same should be true for the map λ 7→ R(λ,B)g0,
where B denotes the generator of U. This problem will be addressed in a series
of lemmas.

Lemma 5.3.1. Let g ∈ BUC(IR+, X). For each s ≥ 0, denote by Gs the
Laplace transform of the translated function gs(t) := g(s+ t), t ≥ 0. If E ⊂ IR
is such that G0 admits a holomorphic extension to a connected neighbourhood
V of {Reλ ≥ 0}\iE, then so does each Gs. Moreover, for all λ ∈ V and r > 0
such that the closure of the ball B(λ, r) with centre λ and radius r is contained
in V we have

sup
s≥0

sup
z∈B(λ,r)

‖Gs(λ)‖ <∞. (5.3.1)

Proof: For all Re z > 0 we have

Gs(z) =
∫ ∞

0

e−ztg(s+ t) dt. (5.3.2)

¿From this, a simple calculation leads to

Gs(z) = ezsG0(z)− ezs

∫ s

0

e−ztg(t) dt. (5.3.3)

This identity defines a holomorphic extension of Gs to V . It remains to prove
(5.3.1). To this end fix λ ∈ V arbitrary.

Case 1: If Reλ < 0 and 0 < r < |Reλ|, (5.3.1) is an immediate consequence
of (5.3.3): for all s ≥ 0 and z ∈ B(λ, r) we have

‖Gs(z)‖ ≤ eRe zs‖G0(z)‖+ eRe zs

∫ s

0

e−Re zt‖g‖∞ dt

≤ ‖G0(z)‖+
1− eRe zs

|Re z|
‖g‖∞

≤ sup
ζ∈B(λ,r)

‖G0(ζ)‖+ (|Reλ| − r)−1‖g‖∞.

Case 2: Assume that Reλ = 0. By rescaling we may assume that λ = 0.
Let r > 0 be such that B(0, 2r) ⊂ V and define, for s ≥ 0, the functions
Hs : B(0, 2r) → X by

Hs(z) :=
(

1 +
z2

4r2

)
Gs(z).
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Let z ∈ ∂B(0, 2r)\{2ir,−2ir} be arbitrary; say z = 2reiθ. If −π
2 < θ < π

2 , we
have, using (5.3.2),

‖Hs(z)‖ ≤ |1 + e2iθ|
∫ ∞

0

e−2tr cos θ‖g‖∞ dt = 2 cos θ · 1
2r cos θ

‖g‖∞ =
1
r
‖g‖∞.

If π
2 < θ < 3π

2 we have, using (5.3.3),

‖Hs(z)‖ ≤ |1 + e2iθ|
(
e2sr cos θ‖G0(z)‖+

∫ s

0

e2(s−t)r cos θ‖g‖∞ dt

)
≤ 2| cos θ|

(
‖G0(z)‖+

1
2r cos θ

‖g‖∞
)

≤ 2‖G0(z)‖+
1
r
‖g‖∞.

Hence, by the maximum modulus principle,

‖Hs(z)‖ ≤ 2 sup
ζ∈B(λ,r)

‖G0(ζ)‖+
1
r
‖g‖∞, ∀z ∈ B(0, 2r).

For all s ≥ 0 and all z ∈ B(0, r), this implies

‖Gs(z)‖ =
∣∣∣∣ 4r2

z2 + 4r2

∣∣∣∣ ‖Hs(z)‖ ≤
4
3

(
2 sup

ζ∈B(λ,r)

‖G0(ζ)‖+
1
r
‖g‖∞

)
.

This proves (5.3.1) for Reλ = 0.
Case 3: If Reλ > 0 and 0 < r < Reλ, (5.3.1) follows immediately from

(5.3.2).
Case 4: If λ ∈ V and r > 0 with B(λ, r) ⊂ V is arbitrary, (5.3.1) follows

from the previous three cases. ////

Lemma 5.3.2. In the situation of Lemma 5.3.1, for each λ ∈ V the map
s 7→ Gs(λ) is uniformly continuous.

Proof: Fix λ ∈ V .
Case 1. First let Reλ < 0. In the right hand side of (5.3.3), the first

term eλsG0(λ) is uniformly continuous as a function of s, so in order to prove
uniform continuity of s 7→ Gs(λ), it suffices to prove that the second term is
uniformly continuous. Let 0 ≤ s0 ≤ s1. Then,∥∥∥∥eλs1

∫ s1

0

e−λtg(t) dt− eλs0

∫ s0

0

e−λtg(t) dt
∥∥∥∥

=
∥∥∥∥(eλs1 − eλs0)

∫ s0

0

e−λtg(t) dt+
∫ s1

s0

eλ(s1−t)g(t) dt
∥∥∥∥

≤ |eλs1 − eλs0 |
∫ s0

0

e−Re λt‖g‖∞ dt+
∫ s1

s0

‖g‖∞ dt

≤ eRe λs0 |eλ(s1−s0) − 1|e
−Re λs0 − 1
|Reλ|

‖g‖∞ + (s1 − s0)‖g‖∞

≤ |eλ(s1−s0) − 1|
|Reλ|

‖g‖∞ + (s1 − s0)‖g‖∞.
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This proves uniform continuity of s 7→ Gs(λ) for Reλ < 0.
Case 2. If Reλ = 0, then both terms in the right hand side of (5.3.3) are

clearly uniformly continuous, and hence so is the map s 7→ Gs(λ).
Case 3. If Reλ > 0, then from (5.3.2) we have

Gs(λ) =
∫ ∞

s

e−λ(t−s)g(t) dt.

Let 0 ≤ s0 ≤ s1. Then,

‖Gs1(λ)−Gs0(λ)‖

=
∥∥∥∥∫ ∞

s1

(
e−λ(t−s1) − e−λ(t−s0)

)
g(t) dt−

∫ s1

s0

e−λ(t−s0)g(t) dt
∥∥∥∥

≤ |1− e−λ(s1−s0)|
∫ ∞

s1

e−Re λ(t−s1)‖g‖∞ dt+ (s1 − s0)‖g‖∞

=
|1− e−λ(s1−s0)|

Reλ
‖g‖∞ + (s1 − s0)‖g‖∞.

This proves uniform continuity for Reλ > 0. ////

Lemma 5.3.3. In the situation of Lemmas 5.3.1 and 5.3.2, the map λ 7→
G(·)(λ) is a holomorpic BUC(IR+, X)-valued function on V .

Proof: Let λ ∈ V and r > 0 be fixed such that (5.3.1) holds. By Cauchy’s
theorem, for any two z0, z1 in (the open set) B(λ, r) we have

‖Gs(z0)−Gs(z1)‖ =

∥∥∥∥∥ 1
2πi

∫
|z−λ|=r

(
Gs(z)
z − z0

− Gs(z)
z − z1

)
dz

∥∥∥∥∥
≤ r · sup

|z−λ|=r

‖Gs(z)‖ · sup
|z−λ|=r

∣∣∣∣ 1
z − z0

− 1
z − z1

∣∣∣∣ .
By Lemma 5.3.1, the first of these suprema is finite, uniformly in s ≥ 0, say
≤ K. It follows that

sup
s≥0

‖Gs(z0)−Gs(z1)‖ ≤ rK sup
|z−λ|=r

∣∣∣∣ 1
z − z0

− 1
z − z1

∣∣∣∣ .
This proves that the map z 7→ G(·)(z) is continuous from V to BUC(IR+, X).

For each s ≥ 0, the map z 7→ Gs(z) is holomorphic as a map V → X.
Hence, if Γ is any closed simple Jordan curve in V , then(∫

Γ

G(·)(z) dz
)

(s) =
∫

Γ

Gs(z) dz = 0

by Cauchy’s theorem. It follows that∫
Γ

G(·)(z) dz = 0

for all such Γ. Therefore z 7→ G(·)(z) is holomorphic by Morera’s theorem. ////
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In terms of the left translation semigroup U on BUC(IR+, X) and its
generator B, the preceding lemmas can be summarized as follows.

Theorem 5.3.4. For ω ∈ IR and g ∈ BUC(IR+, X) the following assertions
are equivalent:

(i) The Laplace transform of g admits a holomorphic extension to a neigh-
bourhood of iω;

(ii) The local resolvent λ 7→ R(λ,B)g admits a holomorphic extension to a
neighbourhood of iω.

We obtain the following stability result for BUC(IR+, X)-functions:

Theorem 5.3.5. Let g ∈ BUC(IR+, X) and let E ⊂ IR closed and countable
be given, and assume that the Laplace transform of g admits a holomorphic
extension to a neighbourhood of {Reλ ≥ 0}\iE. If

lim
t→∞

(
sup
s≥0

∥∥∥∥1
t

∫ t

0

e−iωtg(τ + s) dτ
∥∥∥∥) = 0, ∀ω ∈ E,

then lim
t→∞

‖g(t)‖ = 0.

Proof: By Theorem 5.3.4, we can apply Theorem 5.1.11 to the left translation
semigroup U on BUC(IR+). It follows that limt→∞ ‖U(t)g‖ = 0 and hence
also limt→∞ ‖g(t)‖ = 0. ////

By taking for g the orbit of a semigroup, we have proved the following
generalization of Theorem 5.1.11.

Theorem 5.3.6. Let T be a C0-semigroup on a Bananch space X, with
generator A. Let x0 ∈ X and E ⊂ IR closed and countable be given, and
assume that:

(i) t 7→ T (t)x0 is bounded and uniformly continuous;
(ii) λ 7→ R(λ,A)x0 admits a holomorphic extension F (λ) to a neighbourhood

of {Reλ ≥ 0}\iE.

(iii) For all ω ∈ E, lim
t→∞

(
sup
s≥0

∥∥∥∥1
t

∫ t

0

e−iωtT (τ + s)x0 dτ

∥∥∥∥) = 0.

Then limt→∞ ‖T (t)x0‖ = 0.

Corollary 5.3.7. Let T be a C0-semigroup on a Banach space X and let
x0 ∈ X be such that T (·)x0 is bounded and uniformly continuous. If the map
λ 7→ R(λ,A)x0 admits a holomorphic extension across the imaginary axis, then
limt→∞ ‖T (t)x0‖ = 0.

This corollary admits a considerably simpler proof which will be presented
in Section 5.6.

Also in the Katznelson-Tzafriri theorem 5.2.1 the uniform boundedness
assumption can be relaxed. For the proof of this we need the following lemma.
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Lemma 5.3.8. Let T be a C0-semigroup on a Banach space X. Let x0 ∈ X
be such that T (·)x0 is bounded and let E ⊂ IR be such that λ 7→ R(λ,A)x0

admits a holomorphic extension F (λ) to a connected neighbourhood V of

{Reλ ≥ 0}\iE. Then, for all f ∈ L1(IR+) the map λ 7→ R(λ,A)f̂(T)x0

admits a holomorphic extension to V .

Proof: For Reλ large enough we have

R(λ,A)f̂(T)x0 =
∫ ∞

0

e−λtT (t)
∫ ∞

0

f(s)T (s)x0 ds dt

=
∫ ∞

0

f(s)T (s)
∫ ∞

0

e−λtT (t)x0 dt ds

=
∫ ∞

0

f(s)T (s)R(λ,A)x0 ds

=
∫ ∞

0

f(s)T (s)F (λ) ds.

(5.3.4)

By Theorem 5.3.4, for all λ ∈ V the map s 7→ T (s)F (λ) is bounded; moreover,
for all s ≥ 0 the map λ 7→ T (s)F (λ) is holomorphic. Therefore, the last term
in (5.3.4) defines a continuous extension of λ 7→ R(λ,A)f̂(T)x0 to V , which is
holomorphic by Morera’s theorem. ////

Theorem 5.3.9. Let T be a C0-semigroup on a Banach space X. Let x0 ∈ X
and let E ⊂ IR be such that

(i) The orbit t 7→ T (t)x0 is bounded;
(ii) The map λ 7→ R(λ,A)x0 admits a holomorphic extension to a neighbour-

hood V of {Reλ ≥ 0}\iE.

If f ∈ L1(IR+) is such that f̂ vanishes on −E, then

lim
t→∞

‖T (t)f̂(T)x0‖ = 0.

Proof: Step 1. First we prove the theorem under the additional assumption
that T (·)x0 is uniformly continuous. Then g0 := T (·)x0 ∈ BUC(IR+, X) and
f̂(T)x0 = f̂(U)g0, where U is the left translation semigroup on BUC(IR+, X).
By Theorem 5.3.4, we can apply Theorem 5.2.1 to U and obtain that

lim
t→∞

‖U(t)f̂(U)g0‖ = 0.

For this the desired result immediately follows.
Step 2. The general case is deduced from this as follows. If T (·)x0 is

bounded, then for all g ∈ L1(IR+), the map t 7→ T (t)ĝ(T)x0 is bounded and
uniformly continuous. Indeed, for all t ≥ 0 we have

‖T (t)ĝ(T)x0‖ =
∥∥∥∥∫ ∞

0

g(s)T (t+ s)x0 ds

∥∥∥∥ ≤M‖g‖1,
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where M := sups≥0 ‖T (s)x0‖. Let ε > 0 be arbitrary and choose δ > 0 so small
that ∫ ∞

0

|g(τ + s)− g(τ)| dτ ≤ ε, ∀0 ≤ s ≤ δ,

and ∫ δ

0

|g(τ)| dτ ≤ ε.

Then for all t ≥ 0 and 0 ≤ s ≤ δ we have

‖T (t+ s)ĝ(T)x0 − T (t)ĝ(T)x0‖ =
∥∥∥∥∫ ∞

0

g(τ)(T (t+ s+ τ)− T (t+ τ))x0 dτ

∥∥∥∥
≤
∥∥∥∥∫ ∞

0

(g(τ)− g(τ + s))T (τ + t+ s)x0 dτ

∥∥∥∥
+
∥∥∥∥∫ s

0

g(τ)T (τ + t)x0 dτ

∥∥∥∥
≤ 2εM.

This proves the boundedness and uniform continuity of T (·)ĝ(T)x0.
The local resolvent R(λ,A)ĝ(T)x0 admits a holomorphic extension to a

neighbourhood of {Reλ ≥ 0}\iE by Lemma 5.3.8. Hence by the first step,

lim
t→∞

‖T (t)f̂(T)ĝ(T)x0‖ = 0.

Choosing an approximate identity (gn) ⊂ L1(IR+), we observe that

‖T (t)f̂(T)(ĝn(T)x0 − x0)‖ = ‖T (t)(gn ∗ f − f )̂ (T)x0‖

=
∥∥∥∥∫ ∞

0

(gn ∗ f − f)(s)T (t+ s)x0 ds

∥∥∥∥
≤M‖gn ∗ f − f‖1.

Hence by choosing n large enough we have

sup
t≥0

‖T (t)f̂(T)(ĝn(T)x0 − x0)‖ ≤ ε

and therefore

lim sup
t→∞

‖T (t)f̂(T)x0‖ ≤ lim sup
t→∞

‖T (t)f̂(T)ĝ(T)x0‖+ ε = ε.

////

Theorem 5.3.9 trivially implies the following result.
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Corollary 5.3.10. Let T be a C0-semigroup on a Banach space X and let
x0 ∈ X be such that T (·)x0 is bounded. If the map λ 7→ R(λ,A)x0 admits a
holomorphic extension across the imaginary axis, then for all f ∈ L1(IR+) we
have

lim
t→∞

‖T (t)f̂(T)x0‖ = 0.

In particular, we may take f(t) = e−µt with Reµ > ω0(T), and obtain that

lim
t→∞

‖T (t)R(µ,A)x0‖ = 0. (5.3.5)

This also follows from Corollary 5.3.7. In fact, from the identity

T (t1)R(µ,A)x0 − T (t0)R(µ,A)x0 =
∫ t1

t0

T (s)AR(µ,A)x0 ds

it follows that the map t 7→ T (t)R(µ,A)x0 is uniformly continuous. Moreover,
along with R(λ,A)x0 the map R(λ,A)R(µ,A)x0 = R(µ,A)R(λ,A)x0 admits
a holomorphic extension across the imaginary axis, so that Corollary 5.3.7
applies.

We note the following simple consequence of (5.3.5):

Corollary 5.3.11. Let T be a C0-semigroup on a Banach space X, let
x0 ∈ X be such that T (·)x0 is bounded. If the map λ 7→ R(λ,A)x0 admits
a holomorphic extension across the imaginary axis, then for all x� ∈ X� we
have

lim
t→∞

|〈x�, T (t)x0〉| = 0.

Proof: Fix Reµ > ω0(T) arbitrary. For all x∗ ∈ X∗ we have

lim
t→∞

|〈R(µ,A)∗x∗, T (t)x0〉| = lim
t→∞

|〈x∗, T (t)R(µ,A)x0〉| = 0

by (5.3.5). Since the range of R(µ,A)∗ is dense in X�, the result follows from
this and the boundedness of T (·)x0. ////

We conclude this section with an example which shows that Theorem
5.1.11 is a genuine extension of Theorem 5.1.5 and that in Lemma 5.1.7 the
assumption that T be isometric cannot be omitted.

Example 5.3.12. Let X = C00(IR+), the subspace of all f ∈ C0(IR+) with
f(0) = 0, and let U be the left translation semigroup on X with generator B.
Choose a sequence (fk) of functions in the unit ball of X whose linear span is
dense in X in such a way that fk has compact support contained in [0, 2k]. Let
f ∈ X be defined by

f(t) := exp(−(2n + 2k)2)f(t− 2n − 2k),

t ∈ [2n + 2k, 2n + 2k+1]; k = 0, ..., n− 1;n = 0, 1, 2, ...,

and f(t) := 0 for the remaining t ≥ 0. It is easy to check that f decays fater
than any exponential. Therefore, the Laplace transform of f extends to an
entire function. By Theorem 5.3.4, the same is true for the local resolvent
λ 7→ R(λ,A)f . On the other hand, f is constructed in such a way that each fk

is contained in the closed linear span of the orbit of f . Hence the closed linear
span of U(·)f is C00(IR+) and σ(Bf ) = σ(B) = {Reλ ≤ 0}.
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5.4. Sets of spectral synthesis

As a corollary to (a special case of) the Arendt-Batty-Lyubich-Vũ theorem,
in this section we prove the classical result that closed subsets of IR whose
boundary is countable are spectral. This fact plays an important role in Section
5.5 below.

We start with the introduction of the so-called Arveson spectrum of a
uniformly bounded C0-group T. As in Section 2.4, for f ∈ L1(IR) we define
the bounded operator f̂(T) by

f̂(T)x :=
∫

IR

f(t)T (t)x dt, x ∈ X.

We define the kernel of T as

IT := {f ∈ L1(IR) : f̂(T) = 0}.

The Arveson spectrum, notation Sp(T), is the hull of IT, i.e.,

Sp(T) := {ω ∈ IR : f̂(ω) = 0 for all f ∈ IT}.

Theorem 5.4.1. Let T be a uniformly bounded C0-group on a Banach space
X, with generator A. Then Sp(T) = iσ(A).

Proof: First let ω 6∈ iσ(A). Noting that σ(A) ⊂ iIR, we choose a function
f ∈ L1(IR) whose Fourier transform is compactly supported and vanishes in a
neighbourhood of iσ(A) but not on ω. By Lemma 2.4.3 (ii), f̂(T) = 0. But
then f̂(ω) 6= 0 implies that ω 6∈ Sp(T).

Conversely, for all f ∈ L1(IR) and λ ∈ σ(A) = σa(A),∣∣∣∣∫
IR

eλtf(t) dt
∣∣∣∣ ≤ ‖f̂(T)‖. (5.4.1)

The proof of this follows that of Lemma 5.2.4 verbatim and is therefore left to
the reader. If ω ∈ iσ(A) = iσa(A), then (5.4.1) shows that

|f̂(ω)| =
∣∣∣∣∫

IR

e−iωtf(t) dt
∣∣∣∣ ≤ ‖f̂(T)‖,

so f̂(ω) = 0 for all f ∈ IT. Therefore, ω ∈ Sp(T). ////

Let U be the right translation group on L1(IR), i.e.

U(t)f(s) := f(s− t), t ∈ IR, a.a. s ∈ IR.
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Note that ĝ(U)f = g ∗ f for all f, g ∈ L1(IR). Indeed, if both f and g are
continuous and compactly supported, then for all s we have

ĝ(U)f(s) =
(∫

IR

g(t)U(t)f dt
)

(s)

=
(∫

IR

g(t)f(· − t) dt
)

(s)

=
∫

IR

g(t)f(s− t) dt

= (g ∗ f)(s)

and the general case follows from this by a densitiy argument. By Theorem
5.4.1 and Lemma 2.4.3, the Arveson spectrum of a bounded C0-group on a
non-zero Banach space is always non-empty. This leads to the following simple
proof of Wiener’s general Tauberian theorem for the real line.

Theorem 5.4.2. If the Fourier transform of a function f ∈ L1(IR) vanishes
nowhere, then the linear span of the set of all translates of f is dense in L1(IR).

Proof: Let X := span{U(t)f : t ∈ IR}. We have to prove that X = L1(IR).
Consider the quotient space Y := L1(IR)/X and let UY denote the associated
quotient translation group on Y . Then UY is strongly continuous and bounded,
and for all g ∈ L1(IR) we have f̂(U)g = f∗g = g∗f = ĝ(U)f. By the translation
invariance of X, ĝ(U)f ∈ X. Hence f̂(U)g ∈ X, so f̂(UY )(g +X) = 0 for all
g ∈ L1(IR). It follows that f̂(UY ) = 0, so f belongs to the kernel IUY

. On the
other hand, by assumption f̂(ω) 6= 0 for all ω ∈ IR. Therefore, Sp(UY ) = ∅.
We conclude that Y = {0} and X = L1(IR). ////

For a closed subset E ⊂ IR we define

k(E) := {f ∈ L1(IR) : f̂ vanishes on E};

jE := {f ∈ L1(IR) : f̂ vanishes in a neighbourhood of E};
JE := jE .

Note that k(E) ⊂ jE ⊂ JE . Recall that a function f ∈ L1(IR) is of spectral
synthesis for E if f ∈ JE , and that the set E is called spectral if k(E) = JE .

The spaces k(E) and JE are U-invariant. Hence we may define the induced
C0-groups U/JE

on L1(IR)/JE and Uk(E)/JE
on k(E)/JE in the natural way

by
U/JE

(t)(f + JE) := U(t)f + JE , f ∈ L1(IR), t ∈ IR;

Uk(E)/JE
(t)(f + JE) := U(t)f + JE , f ∈ k(E), t ∈ IR.

Since U is isometric, so are U/JE
and Uk(E)/JE

. Clearly, ĝ(U/JE
)(f + JE)

= (g ∗ f) + JE and ĝ(Uk(E)/JE
)(f + JE) = (g ∗ f) + JE for all g ∈ L1(IR) and

all f ∈ L1(IR) and f ∈ k(E) respectively.
The following propositions gives some information about the spectra of

the generators B/JE
and Bk(E)/JE

.
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Lemma 5.4.3. Let E ⊂ IR be a closed set. Then iσ(B/JE
) ⊂ E and

iσ(Bk(E)/JE
) ⊂ ∂E, the topological boundary of E.

Proof: We start with the second inclusion. Let f ∈ k(E) and g ∈ j∂E . By
assumption, there exists an open neighbourhood V ⊃ ∂E such that ĝ vanishes
on V . But then (f ∗ g)̂ = f̂ · ĝ vanishes on the open neighbourhood V ∪ E of
E, so f ∗ g ∈ JE . It follows that

ĝ(Uk(E)/JE
)(f + JE) = (f ∗ g) + JE = 0.

Since this holds for all f ∈ k(E), we have ĝ(Uk(E)/JE
) = 0 for all g ∈ j∂E .

Hence, j∂E ⊂ IUk(E)/JE
, the kernel of Uk(E)/JE

. Suppose ω 6∈ ∂E. Choose
a function f ∈ L1(IR) whose Fourier transform is compactly supported, van-
ishes on a neighbourhood of ∂E, and satisfies f̂(ω) = 1. Then f ∈ j∂E , so
f̂(Uk(E)/JE

) = 0, but f̂(ω) = 1. Therefore, ω 6∈ Sp(Uk(E)/JE
), and hence

ω 6∈ iσ(Bk(E)/JE
) by Theorem 5.4.1.

The inclusion iσ(B/JE
) ⊂ E is proved similarly, this time observing that

f ∗ g ∈ JE for all f ∈ L1(IR) and g ∈ jE . ////

Theorem 5.4.4. If E ⊂ IR is a closed set with countable boundary, then E
is a spectral set.

Proof: We have to prove that k(E) = JE . Consider the right translation group
U on L1(IR) and the induced isometric quotient group Uk(E)/JE

on k(E)/JE

with generator Bk(E)/JE
. By Lemma 5.4.3, iσ(Bk(E)/JE

) ⊂ ∂E. In particular,
σ(Bk(E)/JE

) is countable; it is also non-empty by Lemma 2.4.3. We are going
to show that σp(B∗

k(E)/JE
) = ∅.

First, it is clear that

σp(B∗
k(E)/JE

) ⊂ σ(B∗
k(E)/JE

) = σ(Bk(E)/JE
) ⊂ −iE.

Let ω ∈ E and let z∗ ∈ D(B∗
k(E)/JE

) be such that B∗
k(E)/JE

z∗ = −iωz∗. We
will show that z∗ = 0.

Identifying k(E)/JE canonically with a closed subspace of L1(IR)/JE , we
choose an arbitrary Hahn-Banach extension z∗0 ∈ (L1(IR)/JE)∗ of z∗. Let
φ ∈ (BUC(IR+))∗ be a left invariant mean, and define ψ ∈ (L1(IR))∗ = L∞(IR)
by

〈ψ, f〉 := φ(eiω(·)〈z∗0 , UL1(IR)/JE
(·)(f + JE)〉), f ∈ L1(IR).

Then it is easy to check that U∗(t)ψ = e−iωtψ for all t ≥ 0. But this means that
the function s 7→ eiωsψ(s) is left translation invariant. The only left translation
invariant functions in L∞(IR) are multiples of the constant one function. It
follows that ψ(s) = Ce−iωs for almost all s and some fixed constant C. But
then for all f ∈ k(E) we have, using that φ(1) = 1 and U∗k(E)/JE

(t)z∗ = e−iωtz∗
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for all t,

〈z∗, f + JE〉 = φ(〈eiω(·)U∗k(E)/JE
(·)z∗, f + JE〉)

= φ(eiω(·)〈z∗, Uk(E)/JE
(·)(f + JE)〉)

= φ(eiω(·)〈z∗0 , UL1(IR)/JE
(·)(f + JE)〉)

= 〈ψ, f〉 = C

∫ ∞

−∞
e−iωsf(s) ds = Cf̂(ω) = 0

since ω ∈ E and f ∈ k(E). This proves that z∗ = 0. Therefore, σp(B∗
k(E)/JE

) =
∅ as claimed.

We are in a position to apply the Arendt-Batty-Lyubich-Vũ theorem to
Uk(E)/JE

and obtain that Uk(E)/JE
is uniformly stable. But this group is

isometric at the same time, which is only possible if k(E)/JE = {0}, i.e. k(E) =
JE . ////

Let us note that we do not need the full force of the Arendt-Batty-Lyubich-
Vũ theorem. It suffices to know that for a uniformly bounded C0-group on a
non-zero Banach space, every isolated point in σ(A) belongs to σp(A) (and
hence to σp(A∗) by Proposition 5.1.15); this fact is easier to prove.

In Section 5.6 below, as another application of this technique we will prove
that a function f ∈ L1(IR+) satisfying∫ ∞

0

s|f(s)| ds <∞

is of spectral synthesis with respect to the zero set of its Fourier transform.

5.5. A quantitative stability theorem

Let T be a uniformly bounded C0-semigroup semigroup on X with σ(A)∩
iIR countable. In Section 5.1 we have seen that T is uniformly stable provided
σp(A∗) ∩ iIR = ∅. For contraction semigroups, in this section we prove a
remarkable quantitavive version of this result: the quantity limt→∞ ‖T (t)x‖
can actually be computed in terms of the eigenvectors corresponding to the
purely imaginary eigenvalues of A∗. In fact, we will show that

lim
t→∞

‖T (t)x‖ = inf{‖x− y‖ : y ∈ X0}

= sup{|〈x∗, x〉| : x∗ ∈ N},

where X0 is the closed subspace of all y ∈ X such that limt→∞ ‖T (t)y‖ = 0
and N is the weak∗-closed linear span of all x∗ ∈ D(A∗) such that A∗x∗ ∈ iωx∗
for some ω ∈ IR. If σp(A∗) ∩ iIR = ∅, then N = {0} and we recover Theorem
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5.1.5. The first identity even holds if only the local unitary spectrum of x is
assumed to be countable.

The proof relies heavily on the results of the previous sections and consists
of two main steps. Firstly, we show that if T is a contraction semigroup on X
which has no non-zero orbits tending to zero strongly and x0 ∈ X has countable
local spectrum, then the restriction of T to the closed linear span of the orbit
of x0 is isometric and extends to an isometric C0-group.

Secondly, we show that the annihilator in X of N is X0. Along the way,
we obtain the following result about extendability of orbits: if T is uniformly
bounded but not uniformly stable, then there exists an x� ∈ X� whose orbit
extends boundedly to negative time.

We start with some preliminaries from harmonic analysis; proofs and more
details may be found in [Ka, Chapter VIII]. A function φ ∈ L∞(IR) is almost
periodic if for all ε > 0 there exists a number τε > 0 with the following property:
every interval in IR of length τε contains a τ such that

sup
s∈IR

|f(s)− f(s− τ)| ≤ ε.

Equivalently, φ is almost perodic if it belongs to the closed linear span in
L∞(IR) of the functions t 7→ eiωt, ω ∈ IR. Clearly, if f is almost periodic, then
f is uniformly continuous and ‖f‖∞ = ‖f |[t,∞)‖∞ for all t ∈ IR.

In our first lemma we use the following result of L. Loomis: If E ⊂ IR is
closed and countable and f ∈ BUC(IR)∩J⊥E , then f is almost periodic. Recall
from Section 5.4 that JE denotes the closed subspace in L1(IR) of all functions
that are of spectral synthesis with respect to E.

For a function g ∈ L1(IR) we denote by gt the right translate over t:
gt(s) := g(s− t), s ∈ IR. The reader should not confuse this notation with that
of Section 5.3, where it was used to denote the left translates of functions in
BUC(IR+, X).

Lemma 5.5.1. Let E ⊂ IR be countable and closed. Then the map θ :
L1(IR+)/J+

E → L1(IR)/JE defined by θ(f + J+
E ) := f + JE is an isometric

isomorphism.

Proof: Let t > 0. By taking an approximate identity supported in small com-
pact neighbourhoods of 0 and translating it over t, we can find a sequence
(fn) ⊂ L1(IR+) of compactly supported functions such that ‖fn‖1 = 1 for all
n and limn→∞ ‖g ∗ fn − gt‖1 = 0 for all g ∈ L1(IR). There is some abuse of
notation here: the subscript ‘n’ indexes the sequence. Let f̃n(s) := fn(−s),
s ∈ IR, and let φ ∈ L∞(IR). Then (φ ∗ f̃n) is weak∗-convergent to φ−t. Hence,

‖φ‖∞ = ‖φ−t‖∞ ≤ lim inf
n→∞

‖φ ∗ f̃n‖∞.

Moreover, φ ∗ f̃n is uniformly continuous for each n.
Suppose that φ ∈ J⊥E . Then also φ ∗ f̃n ∈ J⊥E . Since E is countable,

Loomis’s theorem implies that φ ∗ f̃n is almost periodic.
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Let n ∈ IN be fixed an let τn > 0 be so large that the support of f̃n is
contained in [−τn, 0]. Put φ+ := φ|IR+ . Then, for all τ ≥ τn,

|(φ ∗ f̃n)(τ)| ≤
∣∣∣∣∫ ∞

−∞
φ(s)f̃n(τ − s) ds

∣∣∣∣ = ∣∣∣∣∫ 2τ

τ

φ(s)f̃n(τ − s) ds
∣∣∣∣

= |(φ+ ∗ f̃n)(τ)| ≤ ‖φ+ ∗ f̃n‖∞.

Hence,
‖(φ ∗ f̃n)|[τn,∞)‖∞ ≤ ‖φ+ ∗ f̃n‖∞.

It follows that

‖φ ∗ f̃n‖∞ = ‖(φ ∗ f̃n)|[τn,∞)‖∞ ≤ ‖φ+ ∗ f̃n‖∞.

Combining everything, we obtain

‖φ‖∞ ≤ lim inf
n→∞

‖φ ∗ f̃n‖∞ ≤ lim inf
n→∞

‖φ+ ∗ f̃n‖∞ ≤ ‖φ+‖∞ ≤ ‖φ‖∞.

This shows that the map θ∗ : J⊥E → (J+
E )⊥, φ 7→ φ+ = φ|IR+ , is isometric. In

particular, θ has dense range.
Since θ∗ is isometric and weak∗-continuous, it follows that its range has

weak∗-compact unit ball. Hence, by the Krein-Shmulyan theorem, the range of
θ∗ is weak∗-closed in (J+

E )⊥. Therefore, the range of θ is closed by the closed
range theorem.

It follows that θ is surjective, and since θ is also injective, it follows that
θ is an isomorphism onto. Moreover, the adjoint θ∗ is isometric, hence so is θ.
////

We say that a C0-semigroup T is bounded away from 0 if limt→∞ ‖T (t)x‖ =
0 implies that x = 0.

Lemma 5.5.2. Let T be a C0-contraction semigroup on X which is bounded
away from 0. Let E := iσ(A) ∩ IR and let f ∈ L1(IR+). Then ‖f̂(T)‖ ≤
‖f + J+

E ‖. If E is countable, then ‖f̂(T)‖ ≤ ‖f + JE‖.

Proof: Let g ∈ J+
E . By the Katznelson-Tzafriri theorem 5.2.3 we have limt→∞

‖T (t)ĝ(T)‖ = 0. Since T is bounded away from 0, it follows that ĝ(T)x = 0 for
all x ∈ X, so ĝ(T) = 0. This implies that ‖f̂(T)‖ = ‖f̂(T)− ĝ(T)‖ ≤ ‖f −g‖1.
By taking the infimum over all g ∈ J+

E the first part of the lemma follows. The
second part follows from this and Lemma 5.5.1. ////

If T is a uniformly bounded C0-semigroup on X, then we define AT as the
closure with respect to the uniform operator topology in L(X) of the set {f̂(T) :
f ∈ L1(IR+)}. With respect to the inherited uniform operator topology, AT is
a commutative Banach algebra.
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Lemma 5.5.3. Let T be a C0-contraction semigroup on X which is bounded
away from 0. Assume that E ⊂ IR is closed and countable and x0 ∈ X is such
that

(i) The linear span of the orbit T (·)x0 is dense in X;
(ii) The map λ 7→ R(λ,A)x0 admits a holomorphic extension to some neigh-

bourhood of {Reλ ≥ 0}\iE.

Then there exists a contractive homomorphism ξ : L1(IR) → AT with the
following properties:

(a) ξ(f) = f̂(T) for all f ∈ L1(IR+);
(b) ξ(ft) = T (t)ξ(f) for all f ∈ L1(IR) and t ≥ 0;

(c) If f̂ ≡ 0 on −E, then ξ(f) = 0.

Proof: Let (Y, π,U) be the isometric limit semigroup associated to T; note
that π is injective since T is bounded away from 0. Let B be the generator of
U. By Lemma 5.1.7, F := −E = iσ(B) = iσ(B) ∩ IR is countable.

Let f ∈ L1(IR). By Lemma 5.5.1 there exists a g ∈ L1(IR+) such that
f − g ∈ JF . By Lemma 5.5.2, f̂(U)π = ĝ(U)π = πĝ(T). Hence f̂(U)πx ∈ πX
for all x ∈ X, so we may define

ξ(f)x := π−1f̂(U)πx = ĝ(T)x, x ∈ X.

Then ‖ξ(f)‖ ≤ ‖g+ JF ‖ ≤ ‖f‖1, so ξ is a contraction. It is easily verified that
ξ is a homomorphism and that (a) holds. If f̂ ≡ 0 on F , then f ∈ JF since F is
countable and hence spectral by Theorem 5.4.4. Hence, f̂(U) = 0 by Lemma
5.5.2 and therefore ξ(f) = 0. Finally, for t ≥ 0, gt − ft ∈ JF , so

ξ(ft) = ĝt(T) = T (t)ĝ(T) = T (t)ξ(f).

////

Let T be a (not necessarily strongly continuous) semigroup on X and let
x0 ∈ X. A map η : IR → X is called a complete orbit through x0 if
(i) η(0) = x0;
(ii) T (t)η(s) = η(t+ s) for all t ≥ 0 and s ∈ IR.

It follows from (i) and (ii) that η(t) = T (t)x0 for all t ≥ 0, so η is an
extension of T (·)x0 to negative time.

Now we are in a position to prove the first main result of this section.

Theorem 5.5.4. Let T be a C0-contraction semigroup on a Banach space X
which is bounded away from 0. Assume that E ⊂ IR is closed and countable
and x0 ∈ X is such that

(i) The linear span of the orbit T (·)x0 is dense in X;
(ii) The map λ 7→ R(λ,A)x0 admits a holomorphic extension to some neigh-

bourhood of {Reλ ≥ 0}\iE.

Then, T extends to an isometric C0-group on X.
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Proof: Fix an f ∈ L1(IR) whose Fourier transform has compact support K.
For t ∈ IR and y ∈ X we define

ηf (t) := ξ(ft)y,

where ξ is the map of the previous lemma. Note that ηf (0) = ξ(f)y.
Fix ε > 0. By a well-known result of harmonic analysis we may choose

h ∈ L1(IR) such that ĥ is compactly supported, ĥ ≡ 1 on K, and ‖h‖1 ≤ 1 + ε.
Then ĥf̂ = f̂ and

ηf (t) = ξ(ft)y = ξ((h ∗ f)t)y = ξ(ht ∗ f)y = ξ(ht)ξ(f)y, t ∈ IR,

so
sup
t∈IR

‖ηf (t)‖ ≤ (1 + ε)‖ξ(f)y‖.

Since for t ≥ 0 we have ηf (t) = ξ(ft)y = T (t)ξ(f)y it follows that ηf is a
complete bounded orbit through ξ(f)y and

sup
t∈IR

‖ηf (t)‖ = ‖ξ(f)y‖.

Moreover, since T is bounded away from 0, this orbit is the unique extension
of T (·)ξ(f)y to a complete bounded orbit.

We claim that there is a sequence (fn) ⊂ L1(IR) such that the Fourier
transform of each fn is compactly supported and

lim
n→∞

‖y − ξ(fn)y‖ = 0.

To prove the claim, we may assume that y 6= 0. Fix εn ↓ 0. By taking
suitable non-negative functions supported in a small interval [0, δn] we can
find hn ∈ L1(IR+) with ‖hn‖1 = 1 such that ‖y − ĥn(T)y‖ ≤ εn/2. Using
the Fejér kernel, we find gn ∈ L1(IR) such that ĝn has compact support and
‖hn − hn ∗ gn‖1 ≤ εn/(2‖y‖). Then,

‖y − ξ(gn ∗ hn)y‖ ≤ ‖ξ(gn ∗ hn − hn)y‖+ ‖y − ξ(hn)y‖

≤ ‖gn ∗ hn − hn‖1 ‖y‖+ ‖y − ĥn(T)y‖ ≤ εn.

This proves the claim, with fn := gn ∗ hn.
For each n, let ηn(·) denote the unique complete orbit through ξ(fn)y as

constructed above. Then ηn(·) − ηm(·) is the unique complete orbit through
ξ(fn − fm)y and hence

sup
t∈IR

‖ηn(t)− ηm(t)‖ = ‖ξ(fn − fm)y‖.

Noting that the right hand side tends to 0 as n,m → ∞, we define y(t) :=
limn→∞ ηn(t). Then y(·) is a complete bounded orbit through limn→∞ ηn(0) =
limn→∞ ξ(fn)y = y and

sup
t∈IR

‖y(t)‖ ≤ lim sup
n→∞

‖ξ(fn)y‖ = ‖y‖.
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Since y(0) = y it follows that supt∈IR ‖y(t)‖ = ‖y‖. Define

U(t)y := y(t), t ∈ IR.

Then U(t) is a well-defined linear operator on X, U(t)U(−t) = U(−t)U(t) = I
and ‖U(t)‖ = 1 for all t ∈ IR, and U(t) = T (t) for t ≥ 0. It follows that U is
an isometric group extending T. ////

Our next goal is to exhibit a relationship between uniform stability and
extendability of orbits of the adjoint semigroup to negative time. We start with
two lemmas.

Lemma 5.5.5. Let T be an isometric C0-semigroup on a Banach space X.
Then there exists a Banach space X̃ containing X isometrically as a closed
subspace, and an isometric C0-group T̃ on X̃ such that T̃|X = T.

Proof: Let Z denote the closed linear span in BUC(IR+, X) of all functions f
for which there exists a t0 ≥ 0 such that f(s+ t) = T (t)f(s) for all t ≥ 0 and
s ≥ t0. Let Z0 = {f ∈ Z : limt→∞ ‖f(t)‖ = 0} and put X̃ := Z/Z0. For f ∈ Z
and t ∈ IR we define ft ∈ Z by

ft(s) :=
{
f(0), 0 ≤ s ≤ max{0, t};
f(s− t), s ≥ max{0, t}.

On X̃, we define the C0-group T̃ by

T̃ (t)(f + Z0) := ft + Z0, f ∈ Z, t ∈ IR.

This is well-defined and it follows easily from the definitions that T̃ is isometric.
For all t ≥ 0 and x ∈ X the function

ft,x(s) :=
{
x, 0 ≤ s ≤ t;
T (s− t)x, s ≥ t,

belongs to Z. Since T is isometric, the map j : x 7→ f0,x + Z0 defines an
isometric isomorphism of X onto a closed subspace of X̃.

Finally, for all x ∈ X and t ≥ 0 we have

T̃ (t)(jx) = T̃ (t)(f0,x + Z0) = ft,x + Z0 = f0,T (t)x + Z0 = j(T (t)x),

so T̃ extends T. ////

Lemma 5.5.6. Let T be a C0-contraction semigroup on X, with generator
A, and let Y be a closed T-invariant linear subspace of X. If y∗ ∈ D(A∗Y ) is
such that A∗Y y

∗ = iωy∗ for some ω ∈ IR, then there exists an x∗ ∈ D(A∗) such
that ‖x∗‖ = ‖y∗‖, x∗|Y = y∗, and A∗x∗ = iωx∗.



184 Chapter 5

Proof: Let x∗0 ∈ X∗ be any Hahn-Banach extension of y∗ with ‖x∗0‖ = ‖y∗‖.
Let φ be a left invariant mean on BUC(IR+) and define x∗ ∈ X∗ by

〈x∗, x〉 := φ(e−iω(·)〈x∗0, T (·)x〉), x ∈ X.

For all y ∈ Y we have

〈x∗, y〉 = φ(e−iω(·)〈T ∗Y (·)y∗, y〉) = φ(〈y∗, y〉1) = 〈y∗, y〉.

Hence, y∗ = x∗|Y . Also,

‖x∗‖ ≤ ‖φ‖ ‖x∗0‖ = ‖x∗0‖ = ‖y∗‖

and hence ‖x∗‖ = ‖y∗‖.
For all x ∈ X we have

〈T ∗(t)x∗, x〉 = φ(e−iω(·)〈x∗0, T (t+ ·)x〉)
= eiωtφ(e−iω(t+·)〈x∗0, T (t+ ·)x〉)
= eiωtφ(e−iω(·)〈x∗0, T (·)x〉)
= eiωt〈x∗, x〉.

Hence T ∗(t)x∗ = eiωtx∗, so x∗ ∈ D(A∗) and A∗x∗ = iωx∗. ////

By N we denote the weak∗-closed linear span in X∗ of all x∗ ∈ D(A∗) such
that A∗x∗ = iωx∗ for some ω ∈ IR, and by M the weak∗-closure in X∗ of the
subspace of all x∗ admitting a bounded complete orbit. For any x∗ ∈ D(A∗)
such that A∗x∗ = iωx∗, η(t) := eiωtx∗ is a bounded complete orbit through x∗,
so N ⊂M . If we want to stress that N and M derive from the operator A, we
will also write N(A) and M(A).

If Y ⊂ X∗ is a linear subspace, then Y⊥ denotes its annihilator in X:

Y⊥ := {x ∈ X : 〈x∗, x〉 = 0 for all x∗ ∈ Y }.

Theorem 5.5.7. Let T be a uniformly bounded C0-semigroup on a Banach
space X and let X0 = {x ∈ X : limt→∞ ‖T (t)x‖ = 0}.
(i) X0 = M⊥ ⊂ N⊥;
(ii) If σ(A) ∩ iIR is countable, then M⊥ = N⊥ = X0.

Proof: (i): Let x∗ ∈M and let η be a bounded complete orbit through x∗. For
all x ∈ X and t ≥ 0,

|〈x∗, x〉| = |〈η(0), x〉| = |〈T ∗(t)η(−t), x〉| ≤
(

sup
s∈IR

‖η(s)‖
)
‖T (t)x‖.

If x ∈ X0, the right hand side tends to 0 as t→∞, so 〈x∗, x〉 = 0. This proves
that X0 ⊂M⊥.
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For the converse, we may renorm X and assume that T is contractive. Let
(Y, π,U) be the isometric limit semigroup associated to T. Let (Ỹ , Ũ) be the
extension of U to an isometric group of Lemma 5.5.5; let j : Y → Ỹ be the
inclusion map.

If x 6∈ X0, then πx 6= 0 and we may choose ỹ∗ ∈ Ỹ ∗ such that 〈ỹ∗, jπx〉 6= 0.
Put η(t) := π∗j∗Ũ∗(t)ỹ∗, t ∈ IR. Then η is a bounded X∗-valued map and

T ∗(t)η(s) = T ∗(t)π∗j∗Ũ∗(s)ỹ∗ = π∗j∗Ũ∗(t+ s)ỹ∗ = η(t+ s).

Hence η is a bounded complete orbit through x∗ := η(0). Moreover, 〈x∗, x〉 =
〈π∗j∗ỹ∗, x〉 6= 0, so x 6∈M⊥. This proves the inclusion M⊥ ⊂ X0.

If A∗x∗ = iωx∗, then

‖x∗‖ ‖T (t)x‖ ≥ |〈x∗, T (t)x〉| = |eiωt〈x∗, x〉| = |〈x∗, x〉|.

Hence X0 ⊂ N⊥.
(ii): The subspace Y := N⊥ is closed and T-invariant. Let AY be the part

of A in Y and let y∗ ∈ D(A∗Y ) be such that A∗Y y
∗ = iωy∗. By Lemma 5.5.6

there exists a Hahn-Banach extension x∗ ∈ D(A∗) of y∗ such that A∗x∗ = iωx∗.
Since x∗ ∈ N , it follows that 〈x∗, y〉 = 0 for all y ∈ N⊥ = Y . Hence, y∗ =
x∗|Y = 0. It follows that σp(A∗Y ) ∩ iIR = ∅. Also, σ(AY ) ∩ iIR is countable by
Proposition 1.1.7. Thus, the Arendt-Batty-Lyubich-Vũ theorem implies that
limt→∞ ‖T (t)y‖ = 0 for all y ∈ Y , which shows that N⊥ = Y ⊂ X0. ////

Corollary 5.5.8. If T is a uniformly bounded C0-semigroup on X which
is not uniformly stable, then there exists a non-zero x� ∈ X� admitting a
bounded complete orbit.

Proof: By Theorem 5.5.7 (i), there exists a bounded complete orbit η through
some non-zero x∗ ∈ X∗. Then for all λ ∈ %(A), t 7→ R(λ,A∗)η(t) defines a
bounded comlete orbit through R(λ,A∗)x∗ ∈ X�. ////

If T is C0-contraction semigroup on X which is bounded away from zero
with σ(A) ∩ iIR countable, then Theorem 5.5.7 implies that the linear span of
the unimodular eigenvectors is weak∗-dense in X∗. We are going to prove next
the stronger result that the weak∗-closure of this span actually norms X.

Lemma 5.5.9. Let T be a C0-contraction semigroup on X and let T1 be the
quotient semigroup on X1 := X/X0. Then for all x ∈ X,

lim
t→∞

‖T1(t)(x+X0)‖ = lim
t→∞

‖T (t)x‖.

In particular, T1 is bounded away from 0.
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Proof: Let x ∈ X and put

lx := lim
t→∞

‖T1(t)(x+X0)‖ = lim
t→∞

‖T (t)x+X0‖.

For all ε > 0 there exist a y ∈ X0 and s ≥ 0 such that ‖T (s)x − y‖ ≤ lx + ε.
For all t ≥ 0,

‖T (t+ s)x‖ ≤ ‖T (t+ s)x− T (t)y‖+ ‖T (t)y‖ ≤ lx + ε+ ‖T (t)y‖.

Hence limt→∞ ‖T (t)x‖ ≤ lx + ε for all ε > 0, so limt→∞ ‖T (t)x‖ ≤ lx. On
the other hand, ‖T (t)(x + X0)‖ ≤ ‖T (t)x‖ for all t ≥ 0, hence also lx ≤
limt→∞ ‖T (t)x‖. ////

After these preparations we come to the second main result of this section.

Theorem 5.5.10. Let T be a C0-contraction semigroup on a Banach space
X. Assume that E ⊂ IR is closed and countable and x0 ∈ X is such that
λ 7→ R(λ,A)x0 admits a holomorphic extension to some neighbourhood of
{Reλ ≥ 0}\iE. Then,

lim
t→∞

‖T (t)x0‖ = inf{‖x0 − x‖ : x ∈ X0}.

If σ(A) ∩ iIR is countable, then

lim
t→∞

‖T (t)x0‖ = sup{|〈x∗, x0〉| : x∗ ∈ N, ‖x∗‖ ≤ 1}.

Proof: Let Y = Xx0 denote the closed linear span of the orbit of x0 and let
S denote the restriction of T to Y . Let S1 denote the quotient semigroup on
Y1 = Y/Y0, where Y0 = {y ∈ Y : limt→∞ ‖S(t)y‖ = 0}. Since S1 is bounded
away from 0 by Lemma 5.5.9, S1 extends to an isometric C0-group by Theorem
5.5.4. Hence by Lemma 5.5.9,

lim
t→∞

‖T (t)x0‖ = lim
t→∞

‖S(t)x0‖

= lim
t→∞

‖S1(t)(x0 + Y0)‖

= ‖x0 + Y0‖.

On the other hand, since T is contractive, for all x ∈ X0 we have

lim
t→∞

‖T (t)x0‖ = lim
t→∞

‖T (t)(x0 + x)‖ ≤ ‖x0 + x‖.

Taking the infimum over all x ∈ X0, it follows that

lim
t→∞

‖T (t)x0‖ ≤ ‖x0 +X0‖.

Hence
‖x0 +X0‖ ≤ ‖x0 + Y0‖ = lim

t→∞
‖T (t)x0‖ ≤ ‖x0 +X0‖.

This proves the first part of the theorem. The second part follows from the first
by invoking Theorem 5.5.7 (ii): in view of X0 = N⊥ and the weak∗-closedness
of N , we have (X/X0)∗ = (X0)⊥ = (N⊥)⊥ = N . ////
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Example 5.5.11. Consider the Schrödinger operator

A =
1
2
∆− V

on IRn, where V ≥ 0 is measurable. Then A generates a C0-contraction semi-
group on L1(IRn) [Si] and σ(A) ⊂ (−∞, 0] [HV]. It was shown in [Ba2] that
the only solutions in L∞(IRn) of A∗g = 0 are scalar multiples of

g(x) := lim
t→∞

(T ∗(t)1)(x) = IEx

(
exp

(
−
∫ ∞

0

V (B(s)) ds
))

,

where B(s) is Brownian motion and IE is expectation with respect to Wiener
measure. One has either g = 0 or ‖g‖∞ = 1, so Theorem 5.5.10 shows that

lim
t→∞

‖T (t)f‖1 =
∣∣∣∣∫

IRn

f(x)g(x) dx
∣∣∣∣ , ∀f ∈ L1(IRn).

Example 5.5.12. Consider a symmetric, purely second order uniformly
elliptic operator on IRn with bounded measurable coefficients:

A =
n∑

i,j=1

∂

∂xi

(
aij

∂

∂xj

)
.

Then A generates a C0-contraction semigroup T in L1(IRn) [Da2] and σ(A) ⊂
(−∞, 0] [Ar1]. Moreover, the only solutions in L∞(IRn) of A∗g = 0 are con-
stants [Fr, Appendix, Thm. 3]. Thus, Theorem 5.5.10 shows that

lim
t→∞

‖T (t)f‖1 =
∣∣∣∣∫

IRn

f(x) dx
∣∣∣∣ , ∀f ∈ L1(IRn).

The following simple example shows that Theorem 5.5.10 fails if the count-
ability assumption is dropped.

Example 5.5.13. Let X = C0(IR) with the norm

|||f ||| := max{‖f |IR+‖,
1
2
‖f |IR−‖}.

Let U be the left translation group on X. Then U is contractive, X0 = {0},
and if f ∈ X is any function with support in IR+, then

lim
t→∞

|||U(t)f ||| = 1
2
‖f‖ =

1
2
|||f ||| = 1

2
|||f +X0|||.
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5.6. A Tauberian theorem for the Laplace transform

In this section we derive stability results for C0-semigroups as a special
case of Tauberian theorems for the Laplace transform of bounded functions.

The basic idea is easily explained. Suppose f : IR+ → X is a bounded,
strongly measurable function whose Laplace transform g = Lf extends holo-
morphically to a neighbourhood of the origin. We will prove that, under certain
conditions on the singularities of g on the rest of the imaginary axis,

lim
t→∞

∫ t

0

f(s) ds = g(0).

Now if f is uniformly continuous, then the convergence of its indefinite inte-
gral implies limt→∞ ‖f(t)‖ = 0. Applied to orbits of semigroups, we obtain the
following type of stability results: if the orbit T (·)x0 is bounded and uniformly
continuous, then limt→∞ ‖T (t)x0‖ = 0 provided some assumptions on the be-
haviour of R(λ,A)x0 near the imaginary axis are satisfied. These assumptions
are different from those of Section 5.3.

Suppose f : IR+ → X is a bounded, strongly measurable function whose
Laplace transform g extends holomorphically across the entire imaginary axis
and suppose we want to estimate the difference∫ t

0

f(s) ds− g(0).

Defining the entire function gt(z) :=
∫ t

0
e−szf(s) ds, by Cauchy’s theorem we

have ∫ t

0

f(s) ds− g(0) = gt(0)− g(0) =
1

2πi

∫
Γ

(gt(z)− g(z))
1
z
dz,

where Γ is a suitable contour around 0. If one tries to estimate this integral
directly, one is left with terms that grow as t → ∞. Indeed, the term e−sz

in the definition of gt and the term z−1 in the integral cause problems on the
part of Γ in the left half-plane. This can be fixed with a simple but clever
trick: one adds an extra term h(z)etz in the integral, where h is holomorphic
in a neighbourhood of z = 0 and satisfies h(0) = 1. Then, again by Cauchy’s
theorem, ∫ t

0

f(s) ds− g(0) =
1

2πi

∫
Γ

h(z)(gt(z)− g(z))
etz

z
dz.

The choice

h(z) := 1 +
z2

R2

brings the problematic term z−1 under control and the extra etz takes care of
the term e−zs.

This idea also works in the less elementary situation that g is singular in
certain points of iIR, to which we turn next.
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Lemma 5.6.1. Let X be a Banach space and let f : IR+ → X be a bounded,
strongly measurable function. Let g denote the Laplace transform of f and let
iE be the set of singular points of g on iIR. Suppose that 0 6∈ E. Let R > 0 and
let xj ∈ IR and εj > 0, j = 1, ..., n, be such that the intervals (−∞, R), (R,∞),
and (ξj − εj , ξj + εj), j = 1, ..., n, are disjoint, cover E, and do not contain 0.
Suppose further that for all j = 1, ..., n there exists some ωj ∈ (ξj − εj , ξj + εj)
such that

Mj := sup
t≥0

∥∥∥∥∫ t

0

e−iωjsf(s) ds
∥∥∥∥ <∞.

Then,

lim sup
t→∞

∥∥∥∥∫ t

0

f(s) ds− g(0)
∥∥∥∥ ≤ 2M

R

n∏
j=1

aj

+ 12
n∑

j=1

Mjεjξ
2
j

(|ξj | − εj)(ξ2j − ε2j )

n∏
k=1, k 6=j

bjk,

where M := supt≥0 ‖f(t)‖,

aj =
ξ2j

ξ2j − ε2j

(
1 +

ε2j
(R− |ξj |)2

)
,

bjk =
ξ2k

ξ2k − ε2k

(
1 +

ε2k
(|ξj − ξk| − εj)2

)
, k 6= j.

Proof: By renumbering we may arrange that

−R ≤ ξ1 − ε1 < ξ1 + ε1 < ξ2 − ε2 < ..... < ξn + εn ≤ R.

The function g extends holomorphically to a simply connected open set U
containing {Re z ≥ 0, z 6∈ iE}. Take a contour Γ in U consisting of the right
hand half of the circle |z| = R, the right hand halves of the circles |z−iξj | = εj ,
and smooth paths Γj joining −iR to i(ξ1−ε1) (j = 0), i(ξj +εj) to i(ξj+1−εj+1)
(j = 1, ..., n − 1), and i(ξn + εn) to iR (j = n) lying entirely (except at the
endpoints) within U ∩ {Re z < 0}. Then Γ is a closed contour, which may be
taken to be simple, with 0 in its interior.

Define the functions

hj(z) :=
ξ2j

ξ2j − ε2j

(
1 +

ε2j
(z − iξj)2

)
;

h(z) :=
(

1 +
z2

R2

) n∏
j=1

hj(z);

gt(z) :=
∫ t

0

e−szf(s) ds, t ∈ C, t > 0.
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Then hj(0) = h(0) = 1. Hence, by Cauchy’s theorem,

g(0)− gt(0) =
1

2πi

∫
Γ

h(z)(g(z)− gt(z))
etz

z
dz.

We estimate the integral on the different parts of Γ.
(i) On |z| = R, Re z > 0. If z = Reiθ, −π

2 < θ < π
2 , then

‖(g(z)− gt(z))etz‖ =
∥∥∥∥∫ ∞

t

e−(s−t)zf(s) ds
∥∥∥∥ =

∥∥∥∥∫ ∞

0

e−rzf(r + t) dr
∥∥∥∥

≤M

∫ ∞

0

e−rRe z dr =
M

R cos θ
.

Also, |1 + z2/R2| = 2 cos θ and |hj(z)| ≤ aj . Hence,∥∥∥∥∥
∫
|z|=R, Re z>0

h(z)(g(z)− gt(z))
etz

z
dz

∥∥∥∥∥ ≤ 2πM
R

n∏
j=1

aj . (5.6.1)

(ii) On |z − iξj | = εj , Re z > 0. If z = iξj + εje
iθ, −π

2 < θ < π
2 , then

letting Fj(t) :=
∫ t

0
exp(−iωjs)f(s) ds and performing a partial integration we

obtain

‖(g(z)− gt(z))etz‖ =
∥∥∥∥etz

∫ ∞

t

exp(−s(i(ξj − ωj) + εje
iθ)) exp(−iωjs)f(s) ds

∥∥∥∥
=
∥∥∥etz

(
− exp(−t(i(ξj − ωj) + εje

iθ))Fj(t)

+ (i(ξj − ωj) + εje
iθ)
∫ ∞

t

exp(−s(i(ξj − ωj) + εje
iθ))Fj(s) ds

)∥∥∥
≤Mj + 2εjMj

∫ ∞

t

e−(s−t)εj cos θ ds

= Mj(1 +
2

cos θ
) ≤ 3Mj

cos θ
.

Also, |1 + z2/R2| ≤ 2, |hj(z)| = (2 cos θ)ξ2j (ξ2j − ε2j )
−1, |hk(z)| ≤ bjk (k 6= j),

and |z−1| ≤ (|ξj | − εj)−1. Hence,∥∥∥∫
|z−iξj |=εj , Re z>0

h(z)(g(z)− gt(z))
etz

z
dz
∥∥∥

≤ εjπ · 12Mj

ξ2j
(|ξj | − εj)(ξ2j − ε2j )

n∏
k=1, k 6=j

bjk.

(5.6.2)

(iii) On Γj . By the dominated convergence theorem,

lim
t→∞

∫
Γj

h(z)g(z)
etz

z
dz = 0. (5.6.3)
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(iv) Since gt is an entire function,∫
Γ0∪...∪Γn

h(z)gt(z)
etz

z
dz =

∫
|z|=R, Re z<0

h(z)gt(z)
etz

z
dz

+
n∑

j=1

∫
|z−iξj |=εj , Re z<0

h(z)gt(z)
etz

z
dz.

If z = Reiθ, π
2 < θ < 3π

2 , then

‖gt(z)etz‖ =
∥∥∥∥∫ t

0

e−(s−t)zf(s) ds
∥∥∥∥

≤M

∫ t

0

e−(s−t)R cos θ ds

≤ M

R| cos θ|
.

So estimating as in (i) we obtain∥∥∥∥∥
∫
|z|=R, Re z<0

h(z)gt(z)
etz

z
dz

∥∥∥∥∥ ≤ 2πM
R

n∏
j=1

aj . (5.6.4)

For z = iξj + εje
iθ, π

2 < θ < 3π
2 , we have

‖gt(z)etz‖ =
∥∥∥∥etz

∫ t

0

exp(−s(i(ξj − ωj) + εje
iθ)) exp(−iωjs)f(s) ds

∥∥∥∥
=
∥∥∥eitωjFj(t) + (i(ξj − ωj) + εje

iθ)

· etz

∫ t

0

exp(−s(i(ξj − ωj) + εje
iθ))Fj(s) ds

∥∥∥
≤Mj + 2εjMj

∫ t

0

e−(s−t)εj cos θ ds ≤ 3Mj

| cos θ|
.

Estimating as in (ii) we obtain

∥∥∥∫
|z−iξj |=εj , Re z<0

h(z)gt(z)
etz

z
dz
∥∥∥

≤ εjπ · 12Mj

ξ2j
(|ξj | − εj)(ξ2j − ε2j )

n∏
k=1, k 6=j

bjk.

(5.6.5)
Now the lemma follows from (5.6.1) - (5.6.5). ////
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As a special case, if E ∩ [−R,R] = ∅, then

lim sup
t→∞

∥∥∥∥∫ t

0

f(s) ds− g(0)
∥∥∥∥ ≤ 2M

R
. (5.6.6)

Of course, in this case the proof of the lemma simplifies considerably. This
special case leads to the following simplified proof of Corollary 5.3.7.

Second proof of Corollary 5.3.7: By (5.6.6) applied to f(t) = T (t)x,

lim sup
t→∞

∥∥∥∥∫ t

0

T (s)x0 ds− g(0)
∥∥∥∥ = 0.

Since T (·)x0 is bounded and uniformly continuous, this implies that limt→∞
‖T (t)x0‖ = 0 (cf. the end of the proof of Corollary 4.3.3). ////

Our next goal is to prove a Tauberian theorem for Laplace transforms. We
start with a covering lemma.

Lemma 5.6.2. Let E ⊂ IR be a compact set of measure zero. Then for all
ε > 0 there exists an n ∈ IN and a θ ∈ (0, ε/n) such that E can be covered by
n disjoint open intervals of length θ.

Proof: The regularity of the Lebesgue measure implies that there is an open set
O containing E with measO ≤ 1

2ε. Let (Oα)α be an arbitrary open cover of E
and define Vα := Oα∩O. Then V := ∪αVα is a countable union of disjoint open
intervals, say V = ∪jWj . Then (Wj)j is an open cover of E and ∪jWj ⊂ O.
Since E is compact there are I1 := Wj1 , ...., Im := Wjm such that E ⊂ ∪m

i=1Ii.
Also, since I1, ..., Im are disjoint, we have

∑m
i=1 meas Ii ≤ measO ≤ 1

2ε.
Fix 0 < θ < ε/4m. Choose x ∈ IR such that x+ kθ 6∈ E for all k ∈ ZZ and

let K := {k ∈ ZZ : (x+ kθ, x+(k+1)θ)∩E 6= ∅}. Note that #K <∞ since E
is compact. The pairwise disjoint intervals Jk := (x+ kθ, x+ (k+ 1)θ), k ∈ K,
cover E.

Let K0 := {k ∈ K : Jk ⊂ ∪m
i=1Ii} and K1 := K\K0. For all k ∈ K

we have Jk ∩ ∪m
i=1Ii 6= ∅ since both share at least one common point of E.

Therefore, if some Jk is not contained in I := ∪i=1,...,mIi, it must contain at
least one boundary point of I. But I has at most 2m boundary points, and
hence #K1 ≤ 2m. By considering the total length of the intervals Jk defining
K, K0, and K1, we see that θ ·#K ≤ 1

2ε+2mθ ≤ ε; so θ < ε/#K. This proves
the lemma, with n := #K and intervals Jk, k = 1, ..., n. ////

Now we can state and prove the main result of this section. All subsequent
stability results are derived from it.

Theorem 5.6.3. Let f : IR+ → X be a bounded, strongly measurable
function. Let g be the Laplace transform of f and denote by iE the set of all
singularities of g on iIR. If E is null, 0 6∈ E, and

M0 := sup
t≥0

sup
ω∈E

∥∥∥∥∫ t

0

e−iωsf(s) ds
∥∥∥∥ <∞,
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then

lim
t→∞

∫ t

0

f(s) ds = g(0).

Proof: Let R > 0 such that ±R 6∈ E. Let δ > 0 such that |ξ| ≥ 2δ and
R − |ξ| ≥ 2δ for all ξ ∈ E ∩ [−R,R]. Let ε ∈ (0, δ/2) be arbitrary and fixed.
By Lemma 5.6.2, there exist ξ1 < ξ2 < .... < ξn ∈ IR and θ ∈ (0, ε/n) such that
the intervals (ξj − θ, ξj + θ) are pairwise disjoint and cover E ∩ [−R,R]. We
may assume that (ξj − θ, ξj + θ) ∩E 6= ∅ for all j = 1, ..., n. Then |ξj | ≥ δ and
R− |ξj | ≥ δ, j = 1, ..., n. We apply Lemma 5.6.1 using the notation there. We
have

ξ2j
ξ2j − θ2

=
1

1− θ2/ξ2j
≤ 1

1− θ2/δ2

≤ 1 + 2θ2/δ2 ≤ 1 + θ/δ ≤ eθ/δ,

using that θ/δ ≤ 1
2 . Also,

1 +
θ2

(R− |ξj |)2
≤ 1 + θ2/δ2 ≤ eθ/δ.

Hence, aj ≤ e2θ/δ and
n∏

j=1

aj ≤ e2nθ/δ ≤ e2ε/δ ≤ e

using that nθ ≤ ε and ε ≤ δ/2. Moreover, since

ξj+m − ξj − θ ≥ (2m− 1)θ, m = 1, ..., n− j,

ξj − ξj−m − θ ≥ (2m− 1)θ, m = 1, ..., j − 1,

we have
n∏

k=1, k 6=j

bj,k =
n∏

k=1, k 6=j

ξ2k
ξ2k − θ2

(
1 +

θ2

(|ξj − ξk| − θ)2

)
≤ Ce(n−1)θ/δ,

where C :=
∏∞

m=1(1 + (2m− 1)−2)2. So from Lemma 5.6.1 we obtain

lim sup
t→∞

∥∥∥∫ t

0

f(s) ds− g(0)
∥∥∥

≤ 2Me

R
+ 12n ·M0 · θ ·

2
δ
· eθ/δ · Ce(n−1)θ/δ

≤ 2Me

R
+ ε · 24M0Ce

ε/δ

δ

≤ 2Me

R
+ ε · 24M0Ce

δ
.

Since ε ∈ (0, δ/2) was arbitrary, it follows that

lim sup
t→∞

∥∥∥∥∫ t

0

f(s) ds− g(0)
∥∥∥∥ ≤ 2Me

R

whenever ±R 6∈ E, R > 0. Since there exist arbitrarily large such R, the
theorem follows. ////
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If f : IR+ → X is bounded and uniformly continuous, the convergence of
the integrals

∫ t

0
f(s) ds implies limt→∞ ‖f(t)‖ = 0. Applying this to the orbit

of a C0-semigroup, Theorem 5.6.3 yields the following result.

Theorem 5.6.4. Let T be a C0-semigroup on a Banach space X. Let x0 ∈ X
and let E ⊂ IR be a closed null set such that:

(i) The map t 7→ T (t)x0 is bounded and uniformly continuous;
(ii) The map λ 7→ R(λ,A)x0 admits a holomorphic extension to a neighbour-

hood of {Reλ ≥ 0}\iE;

(iii) sup
t≥0

sup
ω∈E

∥∥∥∥∫ t

0

e−iωsT (s)x0 ds

∥∥∥∥ <∞.

Then limt→∞ ‖T (t)x0‖ = 0.

This theorem is an analogue of Theorem 5.3.6: the countability assumption
is replaced by nullity but a stronger assumption is made on the behaviour of
the integrals

∫ t

0
e−iωsT (s)x0 ds.

Our first application is a Tauberian form of the Katznelson-Tzafriri theo-
rem. If T is a C0-semigroup on X and the orbit of an x0 ∈ X is bounded, for
f ∈ L1(IR+) we denote by f̂(T)x0 the element

f̂(T)x :=
∫ ∞

0

f(t)T (t)x0 dt.

The map f 7→ f̂(T)x0 is continuous as a map from L1(IR+) to X.

Theorem 5.6.5. Let T be a C0-semigroup on a Banach space X. Let x0 ∈ X
and let E ⊂ IR be a closed set. Assume

(i) The orbit t 7→ T (t)x0 is bounded;
(ii) The map λ 7→ R(λ,A)x0 admits a holomorphic extension to a neighbour-

hood of {Reλ ≥ 0}\iE.

If f ∈ L1(IR+) satisfies ∫ ∞

0

s|f(s)| ds <∞,

and the Fourier transform f̂ vanishes on −E, then

lim
t→∞

‖T (t)f̂(T)x0‖ = 0.

Proof: If f̂ is identically zero, then f = 0 and there is nothing to prove. Oth-
erwise, the function

g(z) := f̂

(
z + 1
z − 1

)
, |z| < 1,

defines a non-zero holomorphic function on the unit disc with continuous ex-
tension to the boundary, i.e. an element of the disc algebra A(D). The zero
set on Γ of such functions has measure zero (cf. [Ho]), and therefore the zero
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set of f̂ on IR has measure zero. Since f̂ vanishes on −E, it follows that E is
a null set.

Define the bounded function g0 by

g0(t) := T (t)f̂(T)x0 =
∫ ∞

0

f(s)T (t+ s)x0 ds.

By Lemma 5.3.8, the singular set of the Laplace transform Lg0 on iIR is con-
tained in iE; in particular it is null.

For ω ∈ E we have

lim
t→∞

∫ t

0

eiωsf(s) ds = 0

since f̂(−ω) = 0. Using this and a partial integration, we have∫ t

0

e−iωsg0(s) ds =
∫ t

0

∫ ∞

0

e−iωsf(u)T (s+ u)x0 du ds

=
∫ ∞

0

(∫ t

0

e−iω(s+u)T (s+ u)x0 ds

)
eiωuf(u) du

= − lim
r→∞

∫ r

0

e−iω(u+t)T (u+ t)x0

(∫ u

0

eiωvf(v) dv
)
du.

With M := supt≥0 ‖T (t)x0‖, it follows that

sup
t≥0

∥∥∥∥∫ t

0

e−iωsg0(s) ds
∥∥∥∥ ≤M

∫ ∞

0

∣∣∣∣∫ u

0

eiωvf(v) dv
∣∣∣∣ du

= M

∫ ∞

0

∣∣∣∣∫ ∞

u

eiωvf(v) dv
∣∣∣∣ du

≤M

∫ ∞

0

∫ ∞

u

|f(v)| dv du

= M

∫ ∞

0

∫ v

0

|f(v)| du dv

= M

∫ ∞

0

v|f(v)| dv.

Therefore we can apply Corollary 5.6.4 to f̂(T)x0, noting that its orbit is
uniformly continuous (by the proof of Theorem 5.3.9). ////

The following result gives a global version of Theorem 5.6.5 parallel to
Theorem 5.2.3.

Corollary 5.6.6. Let T be a uniformly bounded C0-semigroup on a Banach
space X with and let f ∈ L1(IR+) satisfy∫ ∞

0

s|f(s)| ds <∞.
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Furthermore, assume that f̂ vanishes on iσ(A) ∩ IR. Then,

lim
t→∞

‖T (t)f̂(T)‖ = 0.

Proof: Theorem 5.6.5 implies that

lim
t→∞

‖T (t)f̂(T)x‖ = 0, ∀x ∈ X.

By Lemma 5.2.2, we may apply this to the semigroup T on L0(X) and obtain

lim
t→∞

‖T (t)f̂(T)ĝ(T)‖ = 0, ∀g ∈ L1(IR+).

Using an approximate identity argument as in the proof of Theorem 5.2.3, the
corollary follows from this. ////

We are going to apply this corollary to show that the Tauberian hypothesis
on f actually implies that f is of spectral synthesis with respect to the zero
set of its Fourier transform. Thus, a posteriori Theorem 5.6.5 and its corollary
appear as a special case of Theorem 5.3.9.

Theorem 5.6.7. If f ∈ L1(IR+) satisfies∫ ∞

0

s|f(s)| ds <∞,

then f is of spectral synthesis with respect to the zero set of its Fourier trans-
form.

Proof: We use the notation of the previous lemma, with E = {f̂ = 0}. We
have to prove that f ∈ JE .

¿From Corollary 5.6.6 and the first part of Lemma 5.4.3 we see that for
all g ∈ L1(IR) we have

lim
t→∞

‖U/JE
(t)f̂(U/JE

)(g + JE)‖ = 0,

where U is the right translation group on L1(IR). Since U is an isometric
group, the same is true for the quotient group U/JE

. Therefore,

f̂(U/JE
)(g + JE) = 0.

But
f̂(U/JE

)(g + JE) =
∫ ∞

0

f(s)U/JE
(s)(g + JE) ds

=
(∫ ∞

0

f(s)U(s)g ds)
)

+ JE

=
(∫ ∞

0

f(s)g(· − s) ds
)

+ JE

= (f ∗ g) + JE .

We have proved that f ∗g ∈ JE for all g ∈ L1(IR). Taking for g an approximate
identity, the closedness of JE implies that also f ∈ JE . ////
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We close this section with some improvements of Corollary 5.2.7. Let us
first note that the assumption on the spectrum made there, viz. σ(A) ∩ iIR ⊂
{0}, is rather restrictive. Indeed, in view of the spectral mapping theorems, a
natural way to relax this condition would be to require that σ(A)∩ iIR ⊂ iωZZ
for some ω > 0; under this assumption one expects

lim
t→∞

‖T (t+
2π
ω

)R(λ,A)− T (t)R(λ,A)‖ = 0.

In fact, we have the following more general result.

Theorem 5.6.8. Let T be a C0-semigroup on a Banach space X, with
generator A. Let x0 ∈ X be such that

(i) The orbit t 7→ T (t)x0 is bounded and uniformly continuous;
(ii) For some ω > 0, the map λ 7→ R(λ,A)x0 admits a holomorphic extension

to a neighbourhood of {Reλ ≥ 0}\iωZZ.

Then,

lim
t→∞

‖T (t+
2π
ω

)x0 − T (t)x0‖ = 0.

Proof: We are going to verify the condition of Theorem 5.6.4 for y := T ( 2π
ω )x0−

x0. For Reλ > 0 we have R(λ,A)y = (T ( 2π
ω )− I)R(λ,A)x0 and therefore the

singular set of R(λ,A)y on the imaginary axis is contained in iωZZ. For all
k ∈ ZZ we have∥∥∥∥∫ t

0

e−iωks

(
T (s+

2π
ω

)x0 − T (s)x0

)
ds

∥∥∥∥
=

∥∥∥∥∥
∫ t+ 2π

ω

2π
ω

e−iωksT (s)x0 ds−
∫ t

0

e−iωksT (s)x0 ds

∥∥∥∥∥
=

∥∥∥∥∥
∫ t+ 2π

ω

t

e−iωksT (s)x0 ds−
∫ 2π

ω

0

e−iωksT (s)x0 ds

∥∥∥∥∥
≤ 4πM

ω
,

where M := supt≥0 ‖T (t)x0‖. ////

By the above estimates, this theorem could have been derived alternatively
as a consequence of Theorem 5.3.6.

If an orbit T (·)x0 is bounded, then T (·)f̂(T)x0 is bounded and uniformly
continuous. By Lemma 5.3.8, the map λ 7→ R(λ,A)f̂(T)x0 extends holomor-
phically along with R(λ,A)x0. Hence we may replace (i) by mere boundedness
of T (t)x0 and obtain that

lim
t→∞

‖T (t+
2π
ω

)f̂(T)x0 − T (t)f̂(T)x0‖ = 0

for all f ∈ L1(IR+). Finally, we consider the global case:
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Corollary 5.6.9. Let T be a uniformly bounded C0-semigroup on a Banach
space X, with generator A. If σ(A) ∩ iIR ⊂ iωZZ for some ω > 0, then for all
f ∈ L1(IR+) we have

lim
t→∞

‖T (t+
2π
ω

)f̂(T)− T (t)f̂(T)‖ = 0.

Proof: Fix µ ∈ %(A). By the above remark we have

lim
t→∞

‖T (t+
2π
ω

)f̂(T)x− T (t)f̂(T)x‖ = 0, ∀x ∈ X.

We apply this to the semigroup T on L0(X) as in the proof of Theorem 5.2.3.
////

Corollary 5.6.10. Let T be a uniformly bounded C0-semigroup on a Banach
space X, with generator A. If σ(A) ∩ iIR ⊂ {0}, then for all s > 0 and
f ∈ L1(IR+) we have

lim
t→∞

‖T (t+ s)f̂(T)− T (t)f̂(T)‖ = 0.

5.7. The splitting theorem of Glicksberg and DeLeeuw

In Section 5.1 we saw that a necessary condition for a C0-semigroup T
to be uniformly stable is that the unitary point spectrum of the generator A
should be empty. For weakly almost periodic semigroups, in this section we
prove a more detailed result known as the Glicksberg-DeLeeuw theorem: if T
is a weakly almost periodic C0-semigroup on X, then X can be decomposed
into a direct sum of two T-invariant closed subspaces X0⊕X1, where X0 is the
closed linear span of all eigenvectors of A with purely imaginary eigenvalues,
and X1 is the subspace of all x ∈ X such that 0 belongs to the weak closure of
the orbit T (·)x. If T is almost periodic, the restriction of T to X1 is uniformly
stable. The decomposition of X will be induced by a projection whose existence
is a consequence of a general algebraic existence theorem for idempotents in
topological semigroups.

A pair (G,φ), where G is a set and φ : G×G→ G is a mapping, is called
an semigroup if φ(φ(g0, g1), g2) = φ(g0(φ(g1, g2)) for all g0, g1, g2 ∈ G. The
map φ is referred to as the multiplication of G. Whenever φ is understood, we
denote the semigroup (G,φ) simply by G and write g0g1 for φ(g0, g1).

An element e ∈ G is called a unit if eg = ge = g for all g ∈ G. If a unit
exists, it is unique: for if e0, e1 are units, then e0 = e0e1 = e1. A semigroup
with unit e is called a group if for each g ∈ G there exists an element g−1,
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the inverse of g, such that gg−1 = g−1g = e. The inverse of an element g is
necessarily unique: for if h0, h1 are inverse to g, then h0 = h0e = h0(gh1) =
(h0g)h1 = eh1 = h1.

A semigroup G is abelian if g0g1 = g1g0 for all g0, g1 ∈ G.
A semigroup G with unit e, endowed with a Hausdorff topology, is called a

semitopological semigroup if the multiplication is separately continuous, i.e. for
each g ∈ G the maps h 7→ hg and h 7→ gh are continuous. A semitopological
semigroup is a topological semigroup if the multiplication is jointly continu-
ous, i.e. if the map (g, h) 7→ gh is continuous. A topological semigroup is a
topological group if it is a group and the mapping g 7→ g−1 is continuous.

A non-empty subset I of a semigroup G is an ideal if IG ⊂ I and GI ⊂ I.
An ideal is minimal if it contains no ideal other than itself.

Lemma 5.7.1. Let G be a compact abelian semigroup and let K be the
intersection of all closed ideals in G. Then K is the unique minimal ideal in G,
and

K = ∩g∈G gG.

Furthermore K is a group, and K = uG where u is the unit of K.

Proof: The intersection of finitely many ideals I1, ..., In contains the product
I1I2 · ... · In, which is non-empty. Since G is compact, by the finite intersection
property the intersection K of all closed ideals in G is non-empty. If I ⊂ K is
an ideal and g ∈ I, then gG is a closed ideal contained in I; we use that G is
compact and abelian. Hence, gG ⊂ I ⊂ K ⊂ gG, I = K, and K is minimal.
If L is another minimal ideal, then K ⊂ gG ⊂ L for all g ∈ L, and since K is
an ideal it follows that K = L by the minimality of L. This shows that G has
only one minimal ideal.

As each gG is a closed ideal, we have K ⊂ ∩g∈G gG, and if I is any closed
ideal and g ∈ I, then gG ⊂ I so that ∩g∈G gG ⊂ ∩{I : I closed ideal in G} =
K.

For each g ∈ K, gK is an ideal contained in K and therefore gK = K
by minimality. It follows that there is an element ug ∈ K such that gug = g.
Similary, for each h ∈ K there exists an element vgh ∈ K such that gvgh = h.
Hence

hug = gvghug = vghgug = vghg = gvgh = h

for each two g, h ∈ K. Taking uh instead of h in this identity, we see that
uhug = uh for any two g, h ∈ K. By reversing the roles of g and h we also have
uguh = ug. It follows that ug = uguh = uhug = uh. Let u denote this common
element. Then ug = gu = g for all g ∈ K, so u is a unit for K. The identity
gK = K and the fact that u ∈ K imply the existence of an element g−1 such
that gg−1 = u. Applying this to g−1, there is an element h such that g−1h = u,
and then h = uh = gg−1h = gu = g, so g−1g = u and g−1 is inverse to g.
This proves that K is a group. The last assertion follows from the inclusions
uG ⊂ KG ⊂ K and K = uK ⊂ uG. ////
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The group K is called the Sushkevich kernel of G.
We are going to apply the lemma to subsemigroups of L(X) endowed with

the weak operator topology or the strong operator topology. The weak operator
topology is the topology on L(X) generated by the sets

Vx,x∗,T,ε := {S ∈ L(X) : |〈x∗, (T − S)x〉| < ε},

with ε > 0 and x, x∗, and T ranging over X, X∗, and L(X), respectively.
It is trivial to verify that a net (Tα) converges to T in this topology if and
only if limα〈x∗, Tαx〉 = 〈x∗, Tx〉 for all x ∈ X and x∗ ∈ X∗. ¿From this it
easily follows that multiplication is separately continuous in the weak operator
topology. Also, if G ⊂ (L(X),wo) is an semitopological semigroup, then so
is its weak operator closure G

wo
; this is an easy consequence of the separate

continuity of the multiplication in (L(X),wo). If G is abelian, then so is G
wo

.
The strong operator topology is the topology on L(X) generated by the

sets
Vx,T,ε := {S ∈ L(X) : ‖(T − S)x‖ < ε},

with ε > 0 and x and T ranging over X and L(X), respectively. It is triv-
ial to verify that a net (Tα) converges to T in this topology if and only if
limα Tαx = Tx strongly for all x ∈ X. ¿From this it easily follows that multi-
plication is separately continuous in this topology. Also, if G ⊂ (L(X), so) is an
semitopological semigroup, then so is its strong operator closure G; this is an
easy consequence of the separate continuity of the multiplication in (L(X), so).
If G is abelian, then so is G.

A semigroup G ⊂ L(X) is called (weakly) almost periodic if for each x ∈ X
the set {Tx : T ∈ G} is relatively (weakly) compact in X.

Lemma 5.7.2. Let G be a semigroup in L(X).
(i) G is weakly almost periodic if and only if G is a relatively compact subset

of L(X) in the weak operator topology. Moreover, for all x ∈ X the weak
closure of Gx is precisely G

wo
x.

(ii) G is almost periodic if and only if G is a relatively compact subset of L(X)
in the strong operator topology. Moreover, for all x ∈ X the closure of Gx
is precisely Gx.

Proof: We only prove (i); mutatis mutandis the same argument proves (ii).
If G is relatively weak operator compact, then G

wo
is weak operator com-

pact in L(X). Since for each x ∈ X the map x : (L(X),wo) → (X,weak),
T 7→ Tx, is continuous, G

wo
x is weakly compact and Gx is relatively weakly

compact in X for all x ∈ X.
Conversely, assume that Gx is relatively weakly compact for all x ∈ X.

Then Gx is bounded in X for all x ∈ X and by the uniform boundedness
theorem G is bounded, i.e. sup{‖T‖ : T ∈ G} =: M <∞. For each x ∈ X let
Ex := Gx

weak
, and let E be the Cartesian product of all Ex. By Tychonoff’s

theorem, E is compact with respect to the product topology. Let (Tα) be a net
in G. Then ((Tαx)x∈X) can be regarded as a net in E and by compactness there
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exists a subnet ((Tβx)x∈X) converging in E. This means that weak-limβ Tβx
exists for all x ∈ X. Define the operator T by Tx := weak- limβ Tβx. Then T
is linear and bounded of norm ≤ M . By its definition, T belongs to the weak
operator closure of G. This proves that G is relatively weak operator compact.

To prove the final assertion, observe that the weak compactness of G
wo
x

implies that Gx
weak ⊂ G

wo
x, and the reverse inclusion follows from the defi-

nition of the weak operator topology. ////

Let G be a weakly almost periodic semigroup in L(X). Then the weak
operator closure G

wo
is a compact semitopological semigroup by Lemma 5.7.2.

If in addition G is abelian we can apply Lemma 5.7.1 to G
wo

. Let K be the
Sushkevich kernel of G

wo
and let U be its unit. Then U2 = U , so U is a

projection. Accordingly, X admits a direct sum decomposition

X = X0 ⊕X1

where X0 := UX and X1 := (I − U)X. The following theorem gives a charac-
terization of the spaces X0 and X1 in terms of G.

Theorem 5.7.3. Let G ⊂ L(X) be an abelian weakly almost periodic semi-
group. Then there exists a direct sum decomposition X = X0 ⊕ X1 of G-
invariant subspaces, where

X0 = {x ∈ X : 0 ∈ Gxweak}

and
X1 = {x ∈ X : x ∈ Gyweak

whenever y ∈ Gxweak}.

Moreover, the restriction of G
wo

to X1 is a weakly almost periodic group.

Proof: Let X = UX ⊕ (I − U)X as in the preceding discussion and let the
spaces X0 and X1 be defined as in the statement of the theorem; we shall
prove that X0 = (I − U)X and X1 = UX.

Let x ∈ X be such that x ∈ Gy
weak

whenever y ∈ Gx
weak

. Since the
weak closures of Gx and Gy are G

wo
x and G

wo
y respectively, the condition on

x means that for any T ∈ G
wo

there exists an S ∈ G
wo

such that STx = x.
In particular, there is an S ∈ Gwo

such that SUx = x. Since G
wo

is abelian it
follows that x = SUx = USx, proving that x ∈ UX. Conversely, let x ∈ UX,
say x = Ux1 for some x1 ∈ X, and assume that y ∈ Gx

weak
= G

wo
x. Then

y = Tx for some T ∈ G
wo

, so y = TUx1. Since the Sushkevich kernel K of
G

wo
is an ideal in G

wo
and U ∈ K, we have TU ∈ K, and since K is a group

there exists an S ∈ K inverse to TU . But then Sy = STUx1 = Ux1 = x. This
means that x ∈ Gwo

y = Gy
weak

.
As for (I −U)X, we shall prove that this space consists precisely of those

x ∈ X such that 0 ∈ Gx
weak

. If 0 ∈ Gx
weak

= G
wo
x, then Tx = 0 for

some T ∈ G
wo

. Since TU ∈ K we can choose S ∈ K with STU = U . Since
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x = Ux+(I −U)x and G
wo

is abelian, it follows that x = STUx+(I −U)x =
SUTx + (I − U)x = (I − U)x. This proves that x ∈ (I − U)X. Conversely,
let x ∈ (I − U)X. Since I − U is a projection, we have x = (I − U)x and
Ux = U(I − U)x = 0. This proves that 0 = Ux ∈ Gwo

x = Gx
weak

.
Next we prove that the restriction to UX of G

wo
is a group. Let T ∈ Gwo

be arbitrary. Then TU ∈ K. Letting S be the inverse of TU in K, for all
x ∈ X0 = UX we have STx = STUx = x. Thus, the restriction of S to UX is
the inverse of the restriction of T to UX. It follows that the restriction of G

wo

to UX is a group. Since G
wo

is weakly almost periodic, so is its restriction to
UX. ////

The characterization of X1 is not a very practical one. We are going to
prove another characterization of this space in terms of eigenvalues of G. The
proof is based on a basic results due to R. Ellis, which states that every compact
semitopological semigroup is a topological semigroup.

Let G be a subsemigroup of L(X). A non-zero vector x ∈ X is called an
eigenvector for G if there is a map λ : G → C such that Tx = λ(T )x for all
T ∈ G. If Tα → T with respect to the weak operator topology and x ∈ X is
an eigenvector for G, then for all x∗ ∈ X∗ we have

〈x∗, Tx〉 = lim
α
〈x∗, Tαx〉 = lim

α
λ(Tα)〈x∗, x〉.

Hence λ(T ) := limα λ(Tα) exists and Tx = (limα λ(Tα))x. It follows from this
that x is also an eigenvector of G

wo
and that the map λ is continuous and

extends continuously to G
wo

. An eigenvector x of G is called unimodular if for
the associated map λ we have |λ(T )| = 1 for all T ∈ G; in that case x is also a
unimodular eigenvector for G

wo
. In order to avoid trivialities we also regard 0

as a unimodular eigenvector.

Theorem 5.7.4. Let G ⊂ L(X) be an abelian weakly almost periodic semi-
group. Then there exists a direct sum decomposition X = X0 ⊕ X1 of G-
invariant subspaces, where

X0 = {x ∈ X : 0 ∈ Gxweak}

and X1 is the closed linear span of all unimodular eigenvectors of G. Moreover,
the restrictions of G

wo
and G to X1 are weakly almost periodic and almost

periodic groups, respectively.

Proof: Let x ∈ X be a unimodular eigenvector for G. Then x is also a uni-
modular eigenvector for G

wo
.

Fix T ∈ Gwo
arbitrary. The identity Tnx = (λ(T ))nx shows that there is

a sequence nk →∞ such that limk→∞ Tnkx = x. It follows that for any finite
set x∗1, ..., x

∗
n ∈ X∗ the set ∩n

i=1{S ∈ G
wo

: |〈x∗i , STx− x〉| ≤ ε} is non-empty.
By the compactness of G

wo
, the intersection of all these sets is non-empty.

Therefore, there exists an S0 ∈ G
wo

such that |〈x∗, S0Tx − x〉| = 0 for all
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x∗ ∈ X∗, i.e., S0Tx = x. As we have seen in the proof of Theorem 5.7.3, this
implies that x ∈ X1.

The converse is more difficult to prove. By Ellis’s theorem, the Sushkevich
kernelK of G

wo
, being a compact semitopological group, is a topological group.

Let µ be its normalized Haar measure and let K ′ be the character group of K.
For given γ ∈ K ′ and x ∈ X we define the element Tγx ∈ X∗∗ by

〈Tγx, x
∗〉 :=

∫
K

γ(T )〈x∗, Tx〉 dµ(T ), x∗ ∈ X∗.

In this way we obtain a bounded operator Tγ : X → X∗∗, of norm ≤ sup{‖T‖ :
T ∈ K}. We shall show that Tγ actually maps X into itself; we identify X
with its canonical image in X∗∗.

As the map T 7→ γ(T )Tx is continuous from K in its weak operator
topology into X in its weak topology, the set {γ(T )Tx : T ∈ K} is weakly
compact in X. By the Krein-Shmulyan theorem, so is its closed convex hull
H := co {γ(T )Tx : T ∈ K}. As a set in X∗∗, H is weak∗-compact. Now, if for
some x∗0 ∈ X∗ and α ∈ IR we have

Re γ(T )〈x∗0, Tx〉 ≥ α, ∀T ∈ K,

then

Re 〈Tγx, x
∗
0〉 = Re

∫
K

γ(T )〈x∗0, Tx〉 dµ(T ) ≥
∫

K

αdµ(T ) = α

since µ(K) = 1. By the Hahn-Banach separation theorem, this implies that Tγx
belongs to the weak∗-closed convex hull in X∗∗ of the set {γ(T )Tx : T ∈ K},
which, as we have seen, is H. Therefore, Tγx ∈ H ⊂ X.

It follows that Tγ is a bounded operator on X. For all S ∈ K, x ∈ X, and
x∗ ∈ X∗ we have

〈x∗, STγx〉 = 〈S∗x∗, Tγx〉 =
∫

K

γ(T )〈S∗x∗, Tx〉 dµ(T )

= γ(S)
∫

K

γ(ST )〈x∗, STx〉 dµ(T )

= γ(S)
∫

K

γ(ST )〈x∗, STx〉 dµ(ST )

= γ(S)〈x∗, Tγx〉.

Here γ(T ) denotes the complex conjugate of γ(T ); we used the translation
invariance of the Haar measure. Since this holds for all x ∈ X and x∗ ∈ X∗,
it follows that STγ = γ(S)Tγ . For the unit U of K we have γ(U) = γ(U) = 1.
Hence in particular we obtain UTγ = γ(U)Tγ = Tγ .

Now let S ∈ G be arbitrary. Applying the above to the operator SU ∈ K
it follows that STγ = SUTγ = γ(SU)Tγ = γ(S)Tγ for all S ∈ G. This means
that TγX consists of unimodular eigenvectors of G.
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To finish the proof, it suffices to show that X1 = UX is contained in the
closed linear span Y of {Tγx : γ ∈ K ′, x ∈ X}. Suppose some x∗0 ∈ X∗

annihilates Y . Then∫
K

γ(T )〈x∗0, Tx〉 dµ(T ) = 0, ∀γ ∈ K ′, x ∈ X. (5.7.1)

Assume, for a contradiction, that 〈x∗0, Ux0〉 6= 0 for some x0 ∈ X. Since the
map T 7→ 〈x∗0, Tx0〉 is continuous on K, there is a neighbourhood F of U such
that ∫

K

χF (T )〈x∗0, Tx0〉 dµ(T ) 6= 0. (5.7.2)

If g ∈ L2(K,µ) is orthogonal to all characters χ ∈ K ′, then g = 0 by the injec-
tivity of the Fourier-Plancherel transform for locally compact abelian groups.
In other words, the characters of K, viewed as elements of L2(K,µ), span a
dense linear subspace of L2(K,µ).

It follows that there are finite linear combinations φn of characters approx-
imating χF in L2(K,µ). Since µ(K) = 1, we also have φn → χF in L1(K,µ)
and hence, using (5.7.1) and (5.7.2),

0 = lim
n

∫
K

φn(T )〈x∗0, Tx0〉 dµ(T ) =
∫

K

χF (T )〈x∗0, Tx0〉 dµ(T ) 6= 0.

This contradiction shows that 〈x∗0, Ux〉 = 0 for all x ∈ X. By the Hahn-Banach
theorem, this implies that Ux ∈ Y for all x ∈ X.

Finally, consider the restrictionG1 ofG to UX = X1 in the strong operator
topology of X1. It remains to prove that G1 is an almost periodic group. For
each unimodular eigenvector x1 of G, the orbit Gx1 is obviously relatively
compact in X1. We claim that all orbits in X1 are relatively compact.

To see this, fix x ∈ X1 and (Tn) ⊂ G1. Let xn → x with each xn

in the linear span of the unimodular eigenvectors. There is a subsequence
(nk) and a y1 ∈ X1 such that Tnk

x1 → y1. This subsequence has a further
subsequence (nkj ) such that Tnkj

x2 → y2 for some y2 ∈ X1. Continuing is this
way, a diagonal argument yields a sequence (ni) and vectors ym ∈ X1 such that
Tni

xm → ym for all m = 1, 2, ... Now the estimate

‖ym − ym′‖ ≤ ‖ym − Tni
xm‖+ ‖Tni

xm − Tni
xm′‖+ ‖Tni

xm′ − ym′‖

and the uniform boundedness of G1 show that (ym) is a Cauchy sequence in
X1, say with limit y. But then from

‖Tnix− y‖ ≤ ‖Tnix− Tnixm‖+ ‖Tnixm − ym‖+ ‖ym − y‖

it follows that Tnix → y. Thus, the orbit G1x is relatively compact and the
claim is proved.

Hence, G1 is almost periodic as a subsemigroup of L(X1). Letting K1 be
the Sushkevich kernel of G1, the proof that G1 is a group proceeds as in the
weak operator case. ////
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This theorem is usually referred to as the Glicksberg-DeLeeuw theorem.
The characterization of the space X1 can also be improved if G is almost

periodic.

Theorem 5.7.5. Let G ⊂ L(X) be an abelian almost periodic semigroup.
Then there exists a direct sum decomposition X = X0 ⊕ X1 of G-invariant
subspaces, where

X0 = {x ∈ X : 0 ∈ Gx}

and X1 is the closed linear span of all unimodular eigenvectors of G. Moreover,
the restriction of G to X1 is an almost periodic group.

Proof: We only have to prove that 0 ∈ Gx whenever 0 ∈ Gxweak
. So let x ∈ X

be such that 0 ∈ Gxweak
. Choose a net (Tα) in G such that weak-limα Tαx = 0

Since G is almost periodic, the set {Tαx : α ∈ I} is relatively compact; I is
the index set for the net. Hence there is a subnet (Tβx) converging strongly to
some y ∈ X. Then also Tβx → y weakly, and therefore y = 0. It follows that
0 belongs to the strong closure of {Tx : T ∈ G}. ////

Next we are going to apply these results to C0-semigroups.

Theorem 5.7.6. Let T be a weakly almost periodic C0-semigroup on a
Banach space X. Then there exists a direct sum decomposition X = X0 ⊕X1

of T-invariant subspaces, where X0 is the closed subspace of all x ∈ X such
that 0 belongs to the weak closure of the orbit of x and X1 is the closed linear
span of all eigenvectors of the generator A with purely imaginary eigenvalues
Moreover, the restriction of T to X1 extends to an almost periodic C0-group.
If T is contractive, this group is isometric.

Proof: The representation of X1 follows from the observation that an x ∈ X is
an eigenvector for A if and only if x is an eigenvector for T in the sense defined
above.

The restriction to X1 of the strong operator closure T is a group, which
is almost periodic by Theorem 5.7.4. It contains the inverses in X1 of the
restrictions T1(t) of the operators T (t). Therefore, the restriction T1 of T to
X1 extends to an almost periodic C0-group T1 on X1.

If T is contractive, i.e. ‖T (t)‖ ≤ 1 for all t ≥ 0, then also ‖T‖ ≤ 1 for
all T ∈ T. Therefore, the inverses of the operators T1(t) are contractive. Now
if there were an x1 ∈ X1 such that ‖T1(t)x1‖ < ‖x1‖ for some t ∈ IR, then
‖T1(−t)‖ > 1, a contradiction. Therefore, T1 is isometric. ////

Similarly, in the almost periodic case we have:

Theorem 5.7.7. Let T be an almost periodic C0-semigroup on a Banach
space X. Then there exists a direct sum decomposition X = X0 ⊕ X1 of
T-invariant subspaces, where

X0 = {x ∈ X : lim
t→∞

‖T (t)x‖ = 0}
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and X1 is the closed linear span of all eigenvectors of the generator A with
purely imaginary eigenvalues Moreover, the restriction of T to X1 extends to
an almost periodic C0-group on X1. If T is contractive, this group is isometric.

Proof: We only have to prove that 0 ∈ {T (t)x : t ≥ 0} implies limt→∞ ‖T (t)x‖
= 0. Let (tn) ⊂ IR+ be a sequence such that limn→∞ ‖T (tn)x‖ = 0. Since T
is uniformly bounded, say ‖T (t)‖ ≤ M for all t ≥ 0, for all n and all t ≥ tn
we have ‖T (t)x‖ ≤ M‖T (tn)x‖. Since the latter becomes arbitrarily small as
n→∞, the desired result follows. ////

Thus, an almost periodic semigroup can be decomposed into a bounded
C0-group and a uniformly stable semigroup.

Corollary 5.7.8. Let T be a uniformly bounded C0-semigroup on a Banach
space X. Assume there exists a compact operator K on X with dense range,
commuting with each T (t). Then the following assertions are equivalent:

(i) T is uniformly stable;
(ii) σp(A) ∩ iIR = ∅
(iii) σp(A∗) ∩ iIR = ∅.

Proof: For each x = Ky ∈ rangeK the set {T (t)x : t ≥ 0} = {KT (t)y : t ≥ 0}
is relatively compact. Since the range of K is dense, it follows that {T (t)x :
t ≥ 0} is relatively compact for all x ∈ X; cf. the proof of Theorem 5.7.4. Thus
T is almost periodic and we can apply Theorem 5.7.7 to obtain the equivalence
(i) ⇔(ii). The equivalence (ii) ⇔(iii) follows from Proposition 5.1.15. ////

We have the following generalization of Theorem 5.1.11:

Theorem 5.7.9. Let T be a uniformly bounded C0-semigroup on a Banach
space X, with generator A. Let x0 ∈ X be such that λ 7→ R(λ,A)x0 admits a
holomorphic extension to a neighbourhood of {Reλ ≥ 0}\iE, where E ⊂ IR is
closed and countable. Then the following assertions are equivalent:

(i) The set {T (t)x0 : t ≥ 0} is relatively weakly compact;
(ii) The set {T (t)x0 : t ≥ 0} is relatively compact.

(iii) For all ω ∈ E the limit lim
t→∞

1
t

∫ t

0

e−iωsT (s)x0 ds exists.

Proof: (ii)⇒(i) is trivial.
(i)⇒(iii): Fix ω ∈ E. The closed absolute convex hull of the orbit of

x0 is weakly compact by the Krein-Shmulyan theorem. Therefore the net
(t−1

∫ t

0
e−iωsT (s)x0 ds)t>0 has a weak cluster point y. Then

lim
t→∞

1
t

∫ t

0

e−iωsT (s)x0 ds = y

by the mean ergodic theorem for C0-semigroups.
(iii)⇒(ii): By renorming we may assume that T is contractive. Let Xc be

the closed subspace in X of all y ∈ X whose orbit T (·)y is relatively compact.
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Let S denote the quotient semigroup on X/Xc and let B be its generator. If
F (λ) is a holomorphic extension of R(λ,A)x0 to a connected neighbourhood V
of {Reλ ≥ 0}\iE, then qF (λ) is a holomorphic extension to V of R(λ,B)qx0.

On the other hand, if xω := limt→∞
1
t

∫ t

0
e−iωsT (s)x0 ds, then T (t)xω =

eiωtxω for all t ≥ 0, so xω ∈ Xc. Hence qxω = 0 and

lim
t→∞

1
t

∫ t

0

e−iωsS(s)qx0 ds = q

(
lim

t→∞

1
t

∫ t

0

e−iωsT (s)(x0 − xω) ds
)

= 0.

We are in a position to apply Theorem 5.1.11 and obtain limt→∞ ‖qT (t)x0‖ =
‖S(t)qx0‖ = 0. Thus, for a given ε > 0 there exist t0 > 0 and y ∈ Xc such
that ‖T (t0)x0 − y‖ < ε. Then ‖T (t + t0)x0 − T (t)y‖ < ε for all t ≥ 0, and
consequently

{T (t)x0 : t ≥ 0} ⊂ Kε + εBX ,

where Kε is the compact set {T (t)x0 : 0 ≤ t ≤ t0} ∪ {T (t)y : t ≥ 0}. Since
ε > 0 is arbitrary, it follows that {T (t)x0 : t ≥ 0} is relatively compact. ////

As is shown by Example 5.1.12, the uniform boundedness assumption on
the orbit cannot be weakened to boundedness; the orbit T (·)y constructed in
this example tends to 0 weakly by Corollary 5.3.11 but not strongly. Thus
T (·)y is not relatively compact by the argument in the proof of Theorem 5.7.7.

The proof of (i)⇒(iii) is valid for any iω ∈ iIR. It follows that in (iii) we
may replace ‘for all ω ∈ E’ by ‘for all ω ∈ IR’.

Theorem 5.7.10. Let T be a uniformly bounded C0-semigroup on a Banach
space X, with generator A, and assume that σ(A)∩ iIR is countable. Then the
following assertions are equivalent:

(i) T is weakly almost periodic;
(ii) T is almost periodic;

(iii) For all x ∈ X and iω ∈ σ(A)∩iIR the limit lim
t→∞

1
t

∫ t

0

e−iωsT (s)x ds exists;

(iv) For all iω ∈ σ(A) ∩ iIR, range (A− iω) + ker (A− iω) is dense in X.

Proof: The equivalence of (i), (ii), and (iii) is an immediate consequence of the
preceding theorem.

(ii)⇒(iv): Let X = X0 ⊕ X1 be the Glicksberg-DeLeeuw decomposition.
Then T0 is uniformly stable.

Fix iω ∈ σ(A)∩iIR and let x∗0 ∈ X∗ vanish on range (A−iω)+ker (A−iω).
Then 〈x∗0, (A − iω)x〉 = 0 for all x ∈ D(A), so x∗0 ∈ D(A∗) and A∗x∗0 = iωx∗0.
This implies T ∗(t)x∗0 = eiωtx∗0 for all t ≥ 0. We are going to prove that x∗0
annihilates both X0 and X1.

If x ∈ X0, then

0 = lim
t→∞

〈x∗0, T (t)x〉 = lim
t→∞

eiωt〈x∗0, x〉,

which is only possible if 〈x∗0, x〉 = 0. Thus, x∗0 annihilates X0.
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Let x ∈ D(A) be such that Ax = iλx for some λ ∈ IR. If λ = ω, then
x ∈ ker (A− iω) and 〈x∗0, x〉 = 0 by assumption. If λ 6= ω, then T (t)x = eiλtx
for all t ≥ 0 and

〈x∗0, x〉 = e−iλt〈x∗0, T (t)x〉 = e−iλt〈T ∗(t)x∗0, x〉 = e−i(λ−ω)t〈x∗0, x〉,

which can only be true for all t ≥ 0 if 〈x∗0, x〉 = 0. Thus, x∗0 annihilates all
eigenvectors of A with purely imaginary eigenvalues. Since these span X1, it
follows that x∗0 also annihilates X1.

It follows that x∗0 annihilates all of X, so x∗0 = 0 and (iv) follows.
(iv)⇒(iii): Let iω ∈ σ(A)∩iIR and let x ∈ range (A−iω), say x = (A−iω)y.

Then

lim
t→∞

1
t

∫ t

0

e−iωsT (s)x ds = lim
t→∞

1
t
(e−iωtT (t)y − y) = 0

since T is uniformly bounded. If x ∈ ker (A − iω), then T (t)x = eiωtx for all
t ≥ 0, so

lim
t→∞

1
t

∫ t

0

e−iωsT (s)x ds = x.

It follows that the limit in (5.7.3) exists for all x ∈ range (A− iω)+ker (A− iω),
which is a dense subspace by assumption. Hence by a density argument the
limit exists for all x ∈ X. ////

As in Theorem 5.7.9, in (iii) and (iv) the condition ‘for all iω ∈ σ(A)∩ iIR’
may be replaced by ‘for all ω ∈ IR’.

Notes. In this chapter we have presented two approaches to the theory of
individual stability: the limit isometric group approach and the Tauberian
approach. The main results are Theorems 5.3.6 and 5.3.9, and Theorems 5.6.4
and 5.6.5, respectively. It is possible to prove a Tauberian theorem similar to
5.6.3 from which Theorem 5.3.6 immediately follows; cf. [BNR2]. On the other
hand, Theorem 5.6.5 can be deduced from Theorem 5.3.9; indeed, it can be
proved directly that the Tauberian assumption on f in 5.6.5 implies that f is
of spectral synthesis with respect to the zero set of its Fourier transform [AM],
[Po]. We do not know whether Theorem 5.3.9 can be derived from Tauberian
results, or whether Theorem 5.6.4 can be derived via limit isometric groups.

Theorem 5.1.2 is taken from [Vu1].
Lemma 5.1.4 is a classical result of I.M. Gelfand; the proof presented here

is due to G.R. Allan and T.J. Ransford [AR].
Theorem 5.1.5 was proved independently and simultaneously by W. Arendt

and C.J.K. Batty [AB] and Yu.I. Lyubich and Vũ Quôc Phóng [LV1]. Another
proof, based on Theorem 5.2.3 and the fact that countable sets are sets of
spectral synthesis for L1(IR) was given by J. Esterle, E. Strouse, and F. Zouakia
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[ESZ1]. The proof presented here follows Lyubich and Vũ. For uniformly
continuous semigroups, the result had been obtained earlier by G.M. Skylar
and V.Ya. Shirman [SS]. The special case that a uniformly bounded semigroup
whose generator has no unitary spectrum on the imaginary axis is uniformly
stable was proved by Falun Huang [HF1]; an English translation of the proof
appeared in [HF5]. His proof, however, seems to contain a gap concerning the
use of approximate eigenvectors in two different norms.

Example 5.1.6 is taken from [AB].
Lemma 5.1.7, Theorem 5.1.11 and its corollaries, and Example 5.1.12 (we

were suggested to look at this semigroup by R. deLaubenfels) are taken from
[BNR1]. Special cases of Corollary 5.1.13 had been obtained earlier by F.L.
Huang [HF4] and C.J.K. Batty [Ba4]. Lemma 5.1.9 is a special case of ergodic
theorems for C0-semigroups; cf. [Kr, Chapter 2].

Example 5.1.14 is taken from [BV1].
The first part of Proposition 5.1.15 is taken from [AB].
A short proof of de Pagter’s [Pa1] theorem can be found [Ne1]. Grothen-

dieck’s lemma is proved, e.g., in [Di].

Theorem 5.2.1 is taken from [BNR1]. Theorem 5.2.3 is due to J. Esterle,
E. Strouse and F. Zouakia [ESZ2] and Vũ Quôc Phóng [Vu1]. We follow the
(easier) proof of [Vu1]. Theorem 5.2.3 is the semigroup analogue of the following
theorem due to Y. Katznelson and L. Tzafriri for power bounded operators T :
If f(z) =

∑∞
n=0 cnz

n is holomorphic in the unit disc with
∑∞

n=0 |cn| <∞ and
if f is of spectral synthesis with respect to the unitary spectrum of T , then
limn→∞ ‖Tnf̂(T )‖ = 0; here f̂(T ) :=

∑∞
n=0 cnT

n.
For contractions in Hilbert space, the Katznelson-Tzafriri theorem can be

improved as follows [ESZ1]: If T is a contraction on a Hilbert space H and
f ∈ A(D) vanishes on σ(T ) ∩ Γ, then limn→∞ ‖Tnf̂(T )‖ = 0; A(D) is the disc
algebra. Under these assumptions, the unitary spectrum σ(T )∩Γ is necessarily
null. The proof is based on the famous inequality of J. von Neumann that
‖p(T )‖ ≤ ‖p‖C(Γ) for all polynomials p(z) =

∑n−1
k=0 akz

k. In this connection
we mention the following theorem of B. Sz.-Nagy and C. Foias [NF]: if T is a
completely non-unitary contraction on a Hilbert space H and σ(T )∩ Γ is null,
then limn→∞ ‖Tnx‖ = 0 for all x ∈ H. The proof is based on unitary dilation
arguments. An analogous result holds for C0-semigroups.

A result much more general than Theorem 5.2.5 has been proved by Sen-
Zhong Huang [HS2].

The implication (iii)⇒(ii) in Corollary 5.2.6 is proved in [Vu1], where also
the special case f̂(T) = R(λ,A), Reλ > 0, of Corollary 5.6.10 is obtained as a
consequence of Theorem 5.2.3 and the fact that singletons are sets of spectral
synthesis.

The main results of Section 5.3 are taken from [BNR2]. Corollary 5.3.7
is implicit in [BV1] with a different proof. The idea of studying bounded
uniformly continuous orbits via the translation semigroup in BUC(IR+, X) is
due to S. Kantorovitz [Kn] and was used in [DV] to obtain results similar to the
ones presented here under global spectral assumptions. For real line, results
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similar to those presented in Section 5.3 have been obtained by W.M. Ruess
and Vũ Quôc Phóng [RV].

The Arveson spectrum was introduced in [Av]. Theorem 5.4.1 is due to
D.E. Evans [Ev]. The inclusion iσ(B/JE

) ⊂ E in Lemma 5.4.3 is taken from
[BG], where it is proved that actually equality iσ(B/JE

) = E holds. The proof
of Theorems 5.4.2 and 5.4.4 are inspired by [HNR], where this technique used
here was invented to prove that a certain class of Banach subalgebras of L1(G)
satisfies the so-called Ditkin condition. As is well-known, cf. [Ka, Theorem
8.5.6], the conclusion of Theorem 5.4.4 is valid in every regular semisimple
Banach algebra with the Ditkin property satisfies.

The main results and examples in Section 5.5 are taken from [BBG], where
the global case is considered. The extension to individual orbits is from [BNR1],
whose presentation of Theorem 5.5.4 we followed here. Lemma 5.5.1 is due to
[ESZ2]; see also [BBG]. The discrete case was obtained earlier by J.-P. Kahane
and Y. Katznelson [KK]. The invertibility of isometric C0-semigroups whose
generator has countable spectrum on iIR is due to D.A. Greenfield [Gf]. Lemma
5.5.5 was proved in a more general setting by R.G. Douglas [Do]. Theorem
5.5.7 extends a result of Vũ Quôc Phóng [Vu2], who proved the same under
additional assumptions.

The asymptotic behaviour of the Schrödinger semigroup of Example 5.5.11
is investigated in [ABB] and [Ba2]. In these papers the following results are
proved:

(i) If 0 ≤ V ∈ L1
loc(IR

n) and 1 < p <∞, then 1
2∆− V generates a uniformly

stable C0-semigroup on Lp(IRn);
(ii) If n ∈ {1, 2} and 0 ≤ V ∈ L1

loc(IR
n), V 6≡ 0, then 1

2∆ − V generates a
uniformly stable C0-semigroup on L1(IRn);

(iii) If n ≥ 3 and 0 ≤ V ∈ L1
loc(IR

n) satisfies∫
|y|≥1

V (y)
|y|n−2

dy <∞,

then 1
2∆−V generates a C0-semigroup on L1(IRn) which is not uniformly

stable;
(iv) If n ≥ 3 and 0 ≤ V ∈ L1

loc(IR
n) is radial and satisfies∫

|y|≥1

V (y)
|y|n−2

dy = ∞,

then 1
2∆− V generates a uniformly stable C0-semigroup on L1(IRn).

The proofs in [ABB] are analytical, whereas in [Ba2] more detailed results are
obtained by probabilistic methods.

Most of the results of Sections 5.1, 5.2, 5.3, 5.4, and 5.5 admit generaliza-
tions to uniformly bounded strongly continuous representations T in L(X) of
certain subsemigroups S of locally compact abelian groups; we refer to [BV2],
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[BG], [BBG], [HNR], the review paper [Ba3], and the references given there.
The spectrum Sp (T) is then defined as the set of all non-zero, continuous,
bounded, complex-valued homomorphisms φ of S for which the obvious gener-
alization of the inequality of Lemma 5.2.4 holds:∣∣∣∣∫

S

φ(s)f(s) dµ(s)
∣∣∣∣ ≤ ‖T (f)‖, ∀f ∈ L1(G).

Here we use the notation of the notes at the end of Chapter 2. This notion of
spectrum was introduced in the paper [DL]. Furthermore, the unitary spectrum
Sp u(T) is defined as the set of all univalent homomorphisms in φ ∈ Sp (T),
i.e. |φ(s)| = 1 for all s ∈ S. In the case S = G this definition of spectrum
can be shown to agree with the Arveson spectrum. In this abstract setting the
role of the spectral projection corresponding to an isolated point in σ(B) in
Theorem 5.1.5 is taken over by Shilov’s idempotent theorem. If A generates a
bounded C0-semigroup T, then σ(A) ⊂ Sp (T) and Sp u(T) = iσ(A)∩ IR under
identification of the homomorphism λ : t 7→ eiλt ∈ Sp (T) with iλ ∈ σ(A). This
result is due to C.J.K. Batty and Vũ Quôc Phóng [BV2] and may be regarded
as a semigroup extension of Evans’s theorem.

Strongly continuous representations of locally compact abelian groups sat-
isfying a non-quasianalytic growth condition were studied in detail by Sen-
Zhong Huang [HS3].

In [Vu3], Theorems 5.1.2, 5.1.5, and 5.2.3 are generalized to C0-semigroups
whose growth is dominated by a one-sided non-quasianalytic weight function ω;
rather than strong convergence to 0 one now typically obtains o(ω(t))-estimates.

Lemma 5.6.1 is taken from [AB]. In that paper, it is shown that Theorem
5.1.5 can be derived from it via an argument involving transfinite induction.
Actually, close inspection of this argument shows that it leads to the special
case of Corollary 5.1.13 where the set E is independent of y ∈ Y .

The special case (5.6.6) of Lemma 5.6.1 can be found in a paper by J.
Korevaar [Kv]; the technique of the proof is due to D.J. Newman [Nm]. The
case σ(A) ∩ iIR = ∅ is contained in a Tauberian theorem of A.E. Ingham [In].

Theorem 5.6.3 is due to W. Arendt and C.J.K. Batty [AB]; it is the semi-
group version of an analogous result for power bounded operators due to G.R.
Allan, A.G. O’Farrell and T.J. Ransford [AOR]. A different version of this the-
orem, with boundedness replaced by slow oscillation, was applied to the study
of asymptotic behaviour of Voltarra equations in [AP]. Further results along
this line are proved in [Ba1].

Theorem 5.6.5, taken from [BNR2], is an individual version of Theorem
7.1 in [Ba1]. This, in turn, is the semigroup version of a result in [AOR].

The proof of Theorem 5.6.7 is due to Sen-Zhong Huang and initiated the
work in [HNR]; the result itself is due to S. Agmon and S. Mandelbrojt [AM].
A stronger version was proved by A. Beurling and H. Pollard [Po].

Our presentation of the Glicksberg-DeLeeuw theorem follows [Kr]. The
proof of Ellis’s theorem is given in [El]. Corollary 5.7.8 is due to Vũ Quôc
Phóng [Vu4]. Theorem 5.7.9 is taken from [BNR1]. Theorem 5.7.10 is proved
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in [VL]; a different proof of the equivalence of (i), (ii), and (iv) is given in
[BV1].

Many authors have made significant recent contributions to the theory of
almost periodic operators and C0-semigroups; among others we mention Yu.I.
Lyubich, W.M. Ruess, W.H. Summers, and Vũ Quôc Phóng. A review of some
of these developments is given in [Vu5].

Theorem 5.7.10 has been developed further by F. Räbiger, R. Nagel, Sen-
Zhong Huang, and M. Wolff [NR], [HR], [RW]. Their results are most easily
described for the powers of a single bounded operator T on a Banach space X.
For each free ultrafilter U on IN, the ultrapower XU is defined as the quotient
space l∞(X)/cU (X), where cU (X) is the space of all sequences (xn) ⊂ X such
that limU xn = 0. As in Section 2.3, T can be extended in the natural way to a
bounded operator TU onXU , for which we have ‖T‖ = ‖TU‖ and σ(T ) = σ(TU ).
In particular, if T is power bounded, then so is TU and if σ(T )∩Γ is countable,
the same is true for TU .

Now assume that T is a power bounded operator on a superreflexive space
X such that σ(T ) ∩ Γ is countable. Then for each free ultrafilter U , the ultra-
power XU is reflexive and σ(TU ) ∩ Γ is countable. Therefore, by the operator
analogue of Theorem 5.7.10 the semigroup {Tn}n∈IN is super almost periodic,
i.e. for each free ultrafilter U the ultrapower semigroup {Tn

U }n∈IN is almost
periodic on XU . The main result of [NR] (for the case X superreflexive) and
[RW] is the following converse to this observation: if T is a super almost peri-
odic operator on an arbitrary Banach space X, then T is power bounded and
the unitary spectrum σ(T ) ∩ Γ is countable.

For C0-semigroups, there is the following analogue [HR] (for the case X
superreflexive) and [RW]: if T is a super almost periodic C0-semigroup on an
arbitrary Banach space X, then T is uniformly bounded and σ(A) ∩ iIR is
countable.

The C0-semigroup case can be reduced to the operator case, and the
operator case follows from the fact that if T has uncountable unitary spec-
trum, then each ultrapower of T can be restricted to an appropriate sub-
space on which its action resembles the multiplication operator M on L2(E,µ),
M : f(λ) 7→ λf(λ), λ ∈ E. Here E is an appropriately chosen uncountable
subset of σ(T )∩Γ and µ is a diffuse probability measure whose support is E (cf.
Example 5.1.6). The operator M is easily seen not to be almost periodic, and
since almost periodicity is inherited by passing to invariant subspaces, it follows
that none of the ultrapowers of {Tn}n∈IN is almost periodic. It is also shown
in [RW] that if one ultrapower of T is almost periodic, then all ultrapowers of
T are almost periodic.
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A.1. Fractional powers

In this section we collect some properties of fractional powers of sectorial
operators. Detailed proofs and further information can be found in the books
of Pazy [Pz] (for the case A is the generator of a holomorphic semigroup) and
Triebel [Tr].

A densely defined linear operator A on a Banach space X is called sectorial
if (0,∞) ⊂ %(A) and there exists a constant M > 0 such that

‖R(λ,A)‖ ≤M(1 + λ)−1, ∀λ > 0.

This terminology is justified by the following simple proposition, which is an
easy consequence of Lemma 2.3.4.

Proposition A.1.1. Let A be a sectorial operator on a Banach space X.
Then there exist θ ∈ (0, π

2 ), ε > 0, and a constant M ′ ≥ M such that Σθ,ε :=
{λ ∈ C : | arg λ| ≤ θ} ∪ {λ ∈ C : |λ| ≤ ε} ⊂ %(A) and

‖R(λ,A)‖ ≤M ′(1 + |λ|)−1, ∀λ ∈ Σθ,ε. (A.1.1)

The supremum of all θ such that the proposition holds for some ε and M ′

is called the opening angle of A. For a sectorial operator A and a positive real
number α > 0 we define the operator (−A)−α by

(−A)−αx :=
1

2πi

∫
Γθ,ε

(−λ)−αR(λ,A)x dλ, x ∈ X, (A.1.2)

where Γθ,ε = Γ1 ∪ Γ2 ∪ Γ3 is the upwards oriented oriented path consisting of

Γ1 = {arg λ = −θ, |λ| ≥ ε};
Γ2 = {| arg λ| > θ, |λ| = ε};
Γ3 = {arg λ = θ, |λ| ≥ ε}.

Here, θ ∈ (0, π
2 ) and ε > 0 are chosen such that Σθ,ε ⊂ %(A) and the estimate

(A.1.1) holds. We use the branch of (−λ)−α that yields positive values for
negative real λ.
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By (A.1.1), the integral in (A.1.2) is absolutely convergent for all x ∈ X
and defines a bounded operator (−A)−α on X. The operators (−A)−α are
injective for all α > 0. Thus, we can define (−A)α as the inverse of (−A)−α;
further we put A0 := I. The operators (−A)α, α ∈ IR, have the following
properties.
(i) For k ∈ ZZ, the definition of (−A)k agrees with the usual one;
(ii) For all α > 0, (−A)α is a closed, densely defined operator andD((−A)α) =

{(−A)−αx : x ∈ X};
(iii) For all α1 ≥ α0 ≥ 0 we have D((−A)α1) ⊂ D((−A)α0);
(iv) For all α0, α1 ∈ IR and x ∈ D((−A)max{α0,α1,α0+α1}) we have (−A)α0+α1x

= (−A)α0((−A)α1x).
For 0 < α < 1 we can collapse the integration path to the positive real

axis and obtain the following representation for (−A)−α:

(−A)αx =
sinπα
π

∫ ∞

0

t−aR(t, A)x dt, x ∈ X. (A.1.3)

Let A be a sectorial operator. Then for all ω ≥ 0, Aω := A − ω is sectorial
with the same opening angle. Thus, the fractional powers of −Aω are defined.
For α ≤ 0 these are bounded operators and for α > 0 these are closed, densely
defined operators. The following result due to H. Komatsu [Ko] compares the
domains of (−Aω)α and (−A)α:

Proposition A.1.2. Let A be a sectorial operator on a Banach space X.
Then for all ω ≥ 0 and α > 0 we have D((−A)α) = D((−Aω)α).

A.2. Interpolation theory

In this section we collect some facts from interpolation theory. We refer
to the book [Tr] for the proofs and more detailed information; see also [KPS]
and [BS].

Two Banach spaces X0, X1 are said to be a interpolation couple if there
exists a Hausdorff topological vector space X in which both X0 and X1 are
continuously embedded. If (X0, X1) is an interpolation couple, the intersection
X0 ∩X1 is the set of all x ∈ X that belong both to X0 and X1; with the norm

‖x‖X0∩X1 = max{‖x‖X0 , ‖x‖X1}

this space is a Banach space. Similarly, the sum X0 +X1 is defined as the set
of all x ∈ X that admit a decomposition x = x0 + x1 with xj ∈ Xj , j = 0, 1;
with the norm

‖x‖X0+X1 := sup{‖x0‖X0 + ‖x1‖X1 : x = x0 + x1, xj ∈ Xj , j = 0, 1}
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this space is also a Banach space. A Banach space Y is called an intermediate
space of the couple (X0, X1) if X0 ∩ X1 ⊆ Y ⊆ X0 + X1 with continuous
inclusions. An intermediate space Y is an interpolation space if the following
holds: whenever T is a linear operator from X0 +X1 to X0 +X1 which restricts
to a bounded operator on each of the Xj , j = 0, 1, then Y is T -invariant and T
restricts to a bounded operator on Y . An interpolation space Y is called exact
if for all such T we have

‖T |Y ‖Y ≤ max{‖T |X0‖X0 , ‖T |X0‖X0}.

Two classes of interpolation spaces are of importance to us. The first
class arises from the so-called real interpolation method. Let (X0, X1) be an
interpolation couple. For x ∈ X0 + X1 and t > 0, we define the quantity
K(t, x) = K(t, x;X0, X1) by

K(t, x) := inf{‖x0‖X0 + t‖x1‖X1 : x = x0 + x1, xj ∈ Xj , j = 0, 1}

and for 0 < θ ≤ 1 we define

(X0, X1)θ,∞ := {x ∈ X0 +X1 : sup
0<t<∞

t−θK(t, x) <∞};

with the norm
‖x‖(X0,X1)θ,∞ := sup

0<t<∞
t−θK(t, x),

this space is an exact interpolation space for the couple (X0, X1).
For all 0 < θ < 1 there exists a constant Cθ such that for all x ∈ X0 ∩X1

we have
‖x‖(X0,X1)θ,∞ ≤ Cθ‖x‖1−θ

X0
‖x‖θ

X1
. (A.2.1)

The second class of interpolation spaces arises from the so-called complex
interpolation method. Let S denote the strip {z ∈ C : 0 < Re z < 1}. We define
F (X0, X1) as the set of all uniformly bounded (X0 +X1)-valued holomorphic
functions on S with continuous extension to the closure S such that

f(j + it) ∈ Xj , j = 0, 1; t ∈ IR;

with the norm

‖f‖F (X0,X1) := max{sup
t∈IR

‖f(it)‖X0 , sup
t∈IR

‖f(1 + it)‖X1}

this is a Banach space. For 0 < θ < 1 we define

[X0, X1]θ := {x ∈ X0 +X1 : ∃f ∈ F (X0, X1) with f(θ) = x}.

With the norm
‖x‖[X0,X1]θ := inf

f(θ)=x
‖f‖F (X0,X1),
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where the infimum is taken over all f ∈ F (X0, X1) such that f(θ) = x, this is
an exact interpolation space for the couple (X0, X1).

If X1 is continuously embedded in X0, then [Tr, p. 64] we have continuous
inclusions

[X0, X1]θ1 ⊆ (X0, X1)θ1,∞ ⊆ [X0, X1]θ0 , 0 < θ0 < θ1 < 1. (A.2.2)

If A is a sectorial operator on a Banach space X, then for all α ≥ 0 the
couple (X,D((−A)α)) is an interpolation couple. The following proposition,
taken from [WW], gives some information about interpolation spaces of this
couple.

Proposition A.2.1. Let A be a sectorial operator on a Banach space X, let
0 ≤ α0 < α1 and 0 < θ < 1, and put αθ := (1 − θ)α0 + θα1. Then we have a
continuous inclusion

D((−A)αθ ) ⊆ ((D(−A)α0), D((−A)α1))θ,∞, (A.2.3)

and for all 0 < θ′ < θ a continuous inclusion

D((−A)αθ ) ⊆ [(D(−A)α0), D((−A)α1)]θ′ . (A.2.4)

Proof: In view of (A.2.2), (A.2.4) follows from (A.2.3). Choosing an integer
m > α1 − α0, by [Tr, Thm. 1.15 (d) and (f)] we have

D((−A)αθ−α0) ⊆ (X,D(Am))αθ−α0
m ,∞ = (X,D((−A)α1−α0))θ,∞.

Since (−A)α0 is an isomorphism from D((−A)β+α0) onto D((−A)β) for all
β ≥ 0, and since the real interpolation method is functorial, (A.2.3) follows
from this. ////

By combining (A.2.1) and (A.2.3), it follows that for all 0 ≤ α ≤ 1 there
exists a constant Cα such that for all x ∈ D(A) we have

‖(−A)αx‖ ≤ Cα‖x‖1−α‖Ax‖α. (A.2.5)

Let (Ω,Σ, µ) be a positive σ-finite measure and let (X0, X1) be an inter-
polation couple of Banach spaces. The following proposition [Tr, 1.18.4] de-
scribes the complex interpolation spaces between the Lebesgue-Bochner spaces
Lp(µ,X0).

Proposition A.2.2. For all 1 ≤ p0, p1 <∞ and 0 < θ < 1 we have

[Lp0(µ,X0), Lp1(µ,X1)]θ = Lpθ (µ, [X0, X1]θ),

where pθ = (1− θ)p0 + θp1.
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In particular, if (Ω̃, Σ̃, µ̃) is another positive σ-finite measure, then

[Lp0(µ,Lp0(µ̃)), Lp1(µ,Lp1(µ̃))]θ = Lpθ (µ, (Lpθ (µ̃)).

Let w : (Ω,Σ, µ) → (0,∞) be a measurable function. For 1 ≤ p <∞ we define
the Banach space Lp(w dµ,X) as the set of all strongly measurable X-valued
functions f of Ω such that

‖f‖Lp(w dµ,X) :=
(∫

Ω

‖f(s)‖pw(s) dµ(s)
) 1

p

<∞.

The following proposition [Tr, Thm. 1.18.5] describes certain complex interpo-
lation spaces between these spaces.

Proposition A.2.3. For all 1 ≤ p0, p1 <∞ and 0 < θ < 1 we have

[Lp0(wp0 dµ,X), Lp1(wp1 dµ,X)]θ = Lpθ (wpθ dµ,X),

where pθ = (1− θ)p0 + θp1.

If µ is the Lebesgue measure on IR or IR+, we also write Lp
w(IR, X) and

Lp
w(IR+, X) instead of Lp(w dµ,X) and Lp(w dµ,X).

A.3. Banach lattices

In this section we recall some elementary facts about real Banach lattices
and their complexifiactions; for more details we refer to the books [Sf] and
[MN].

A real Banach lattice is a partially ordered real Banach space (X,≤) with
the following properties:

(B1) x ≤ y implies x+ z ≤ y + z for all x, y, z ∈ X;
(B2) ax ≥ 0 for all 0 ≤ a ∈ IR and 0 ≤ x ∈ X;
(B3) For all x, y ∈ X the least upper bound x∨ y and the greatest lower bound

x ∧ y exist;
(B4) For all x, y ∈ X satisfying |x| ≤ |y| we have ‖x‖ ≤ ‖y‖.

Here, |x| := x ∨ −x is the modulus of x; the vectors x+ := x ∨ 0 and
x− := (−x) ∨ 0 are the positive part and the negative part of x, respectively.
We have x = x+ − x− and |x| = x+ + x−. Two elements x, y ∈ X are disjoint,
notation x ⊥ y, if |x| ∧ |y| = 0. For all x ∈ X we have x+ ⊥ x−.

A linear subspace Y of X is an ideal if for any two x, y ∈ X, |x| ≤ |y| and
y ∈ Y implies x ∈ Y . An ideal Y is a band if for any subset of Y its least upper
bound, if it exists, belongs to Y . Every band in a real Banach lattice is closed.
A band Y is a projection band if there exists a band Y⊥ such that there is a
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direct sum decomposition X = Y ⊕ Y⊥. In this case, x ⊥ y for all x ∈ Y and
y ∈ Y⊥. A projection associated with a projection band is a band projection.

A real Banach lattice has order continuous norm if 0 ≤ xα ↑ x implies that
limα ‖x− xα‖ = 0. Every reflexive real Banach lattice and every real L1-space
has order continuous norm. Every closed ideal in a real Banach lattice with
order continuous norm is a projection band.

The Banach space dual X∗ of a real Banach lattice X is a real Banach
lattice with respect to the partial ordering ≤ defined by x∗ ≥ 0 if and only if
〈x∗, x〉 ≥ 0 for all 0 ≤ x ∈ X.

A bounded operator T on a real Banach lattice X is positive, notation
T ≥ 0, if Tx ≥ 0 for all 0 ≤ x ∈ X. If T is positive, then so is its adjoint T ∗.
For a positive operator T on X we have |Tx| ≤ T |x| for all x ∈ X.

The complexification of a real Banach lattice X is the complex Banach
space XC whose elements are pairs (x, y) ∈ X ×X, with addition and scalar
multiplication defined by (x0, y0) + (x1, y1) := (x0 + x1, y0 + y1) and (a +
bi)(x, y) := (ax− by, ay + bx), and norm

‖(x, y)‖ :=
∥∥∥∥ sup

0≤θ≤2π
(x sin θ + y cos θ)

∥∥∥∥ ;

one can show that the supremum in the above definition indeed exists in X.
By identifying (x, 0) ∈ XC with x ∈ X, X is isometrically isomorphic to a
real-linear subspace of XC. The partial ordering of X is extended to XC by
defining (x0, y0) ≤ (x1, y0) if x0 ≤ x1 and y0 = y1. Note that x ≥ 0 in XC if
and only if x ∈ X and x ≥ 0 in X.

A complex Banach lattice is a partially ordered complex Banach space
(XC,≤) that arises as the complexification of a real Banach lattice X. The
underlying real Banach lattice X is called the real part of XC and is uniquely
determined as the closed linear span of all 0 ≤ x ∈ XC.

Instead of the cumbersome notation (x, y) for elements of XC, we usually
write x + iy. The complex conjugate of an element z = x + iy ∈ XC is the
element z := x− iy. The modulus | · | of X is extended to XC by defining

|x+ iy| := sup
0≤θ≤2π

(x sin θ + y cos θ).

All concepts introduced for real Banach lattice above have a natural extension
to complex Banach lattice. For example, an ideal of a complex Banach lattice
XC is a linear subspace Y with the property that |x| ≤ |y| and y ∈ Y implies
x ∈ Y . An ideal Y in XC is a band if its real part is a band in X and a
projection band if there exists another band Y⊥ such that X = Y ⊕ Y⊥. In
that case, |x| ⊥ |y| for all x ∈ Y and y ∈ Y⊥. A complex Banach lattice has
order continuous norm if its real part has; every closed ideal in such a space is
a projection band. Every reflexive complex Banach lattice and every complex
L1-space has order continuous norm. The dual of a complex Banach lattice is a
complex Banach lattice in the natural way and one has a natural identification
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(XC)∗ ' (X∗)C, where X is the real part of XC. A bounded operator T on a
complex Banach lattice XC is positive, notation T ≥ 0, if Tx ≥ 0 for all x ≥ 0,
in which case we have |Tx| ≤ T |x| for all x ∈ X; moreover, T ∗ ≥ 0.

Conform the convention at the beginning of Chapter 1 that all Banach
spaces are complex, in these notes all Banach lattices are complex unless oth-
erwise stated.

The complexification of a Banach lattice can also be defined in a functorial
way in terms of the so-called l-tensor product ⊗l; the result is that XC, as a
real Banach lattice, is isometically lattice isomorphic to X ⊗l IR2 in a natural
way; for details we refer to [Ne7].

A.4. Banach function spaces

In this section we recall some facts about Banach function spaces, rear-
rangement invariant Banach function spaces, and Orlicz spaces. For the proofs
we refer the reader to [Za1], [KPS], and [Za2], respectively.

Throughout, let (Ω, µ) be a positive σ-finite measure space. By M(µ) we
denote the linear space of µ-measurable functions Ω → C, identifying functions
which are equal µ-a.e. A Banach function norm is a function ρ : M(µ) → [0,∞]
with the following properties:

(N1) ρ(f) = 0 if and only f = 0 a.e.;
(N2) if |f | ≤ |g| µ-a.e., then ρ(f) ≤ ρ(g);
(N3) ρ(af) = |a|ρ(f) for all scalars a ∈ C and all ρ(f) <∞;
(N4) ρ(f + g) ≤ ρ(f) + ρ(g) for all f, g ∈M(µ).

Let E = Eρ be the set {f ∈M(µ) : ‖f‖E := ρ(f) <∞}. Then E is easily
seen to be a normed linear space. If E is complete, then E is called a Banach
function space over (Ω,Σ, µ). Note that E is an ideal in M(µ): if |f | ≤ |g|
µ-a.e. with g ∈ E, then also f ∈ E (and ‖f‖E ≤ ‖g‖E).

Let E be a Banach function space over (Ω,Σ, µ). We say that E is carried
by a subset Ω′ of Ω if the following is true: whenever H ⊂ Ω′ is a measurable
set of positive measure, then there exists a function f ∈ E that is not zero
µ-a.e. on H. In order to exclude the pathological situation that Ω is larger
than the ‘joint support’ of the functions in E, we will always assume that E
is carried by Ω. This is no loss of generality, because there always exists a
maximal subset Ω′ of Ω such that E is carried by Ω′.

If fn → f in norm in E, then there is a subsequence (fnk
) converging to

f pointwise µ-a.e.
The associate function norm ρ′ : M(µ) → [0,∞] of the function norm ρ is

defined by

ρ′(g) := sup
{∣∣∣∣∫

Ω

fg dµ

∣∣∣∣ : f ∈M(µ), ρ(f) ≤ 1
}
.
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The map ρ is a function norm and the associate space E′ := {g ∈ M(µ) :
ρ′(g) <∞} is a Banach function space. We have Hölder’s inequality∣∣∣∣∫

Ω

fg dµ

∣∣∣∣ ≤ ‖f‖E‖g‖E′ .

The associate of the space Lp(µ) is Lq(µ), 1 ≤ p ≤ ∞, 1
p + 1

q = 1.

Next we discuss rearrangement invariant Banach function spaces. Since
we shall only be interested in spaces over IR+ (with the Lebesgue measure), we
restrict ourselves to this measure space.

Two non-negative measurable functions f, g on IR+ are called equimeasur-
able if meas {f > t} =meas {g > t} for all t ≥ 0. A function norm ρ is called
rearrangement invariant if ρ(f) = ρ(g) whenever |f | and |g| are equimeasur-
able. A Banach function space E over IR+ is called rearrangement invariant if
it its norm arises from a rearrangement invariant function norm. The associate
space of a rearrangement invariant function space is rearrangement invariant.

The fundamental function of a rearrangement invariant Banach function
space E is defined by ϕE(t) := ‖χHt

‖E , where Ht ⊂ IR+ is any measurable
subset of measure t and χHt

denotes its characteristic function. By the re-
arrangement invariance, this function is well-defined. We have the following
relation between the fundamental functions of E and E′:

ϕE(t)ϕE′(t) = t, t ≥ 0. (A.4.1)

If E and F are two rearrangement invariant Banach function spaces over IR+,
then (E,F ) is an interpolation couple (both are continuously embedded in the
space of all measurable functions with the topology of convergence in measure),
and therefore the intersection E ∩ F and the sum E + F are well-defined. It
is a consequence of the definitions of these spaces that both are rearrangement
invariant again.

For every rearrangement Banach function space E over IR+, we have in-
clusions

L1(IR+) ∩ L∞(IR+) ⊂ E ⊂ L1(IR+) + L∞(IR+).

In particular, bounded functions of compact support belong to E.

Proposition A.4.1. Every rearrangement invariant Banach function space
over IR+ with order continuous norm is an interpolation space of the couple
(L1(IR+), L∞(IR+)).

Furthermore, the following assertions are equivalent:
(i) E has order continuous norm;
(ii) E is separable;
(iii) ϕE(0+) = 0 and the simple functions are dense in E.
A simple function is a finite linear combination of characteristic functions of
measurable sets of finite measure.
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A certain class of rearrangement invariant Banach function spaces, the
Orlicz spaces, is of special interest.

Let φ : IR+ → [0,∞] be a function which is non-decreasing, left-continuous,
and not identically 0 or ∞ on (0,∞). Define

Φ(t) :=
∫ t

0

φ(s) ds.

A function Φ of this form is called a Young function.
Let f : IR+ → C be a measurable function. Let Φ be a Young function.

We define
MΦ(f) :=

∫ ∞

0

Φ(|f(s)|) ds.

The set LΦ of all f for which there exists a k > 0 such that MΦ(kf) < ∞ is
easily checked to be a linear space. With the norm

ρΦ(f) := inf{k : MΦ(
1
k
f) ≤ 1} (A.4.2)

the space (LΦ, ρΦ) becomes a rearrangement invariant Banach function space
over IR+. Spaces of this type are called Orlicz spaces over IR+.

Trivial examples of Orlicz spaces are the spaces Lp(IR+), 1 ≤ p ≤ ∞.
They are obtained from φ(t) = ptp−1 (1 ≤ p <∞) and

φ(t) =
{

0, 0 ≤ t ≤ 1,
∞, t > 1, (p = ∞).

The following proposition follows easily from (A.4.2).

Proposition A.4.2. Let Φ be a Young function, Φ(t) =
∫ t

0
φ(s) ds, and let

LΦ be the associated Orlicz space over IR+. If 0 < φ(t) < ∞ for all t > 0,
then Φ is one-to-one, and the fundamental function ϕLΦ(t) can be expressed in
terms of the inverse function Φ−1 by

ϕLΦ(t) =
(

Φ−1

(
1
t

))
.

In particular, limt→∞ ϕLΦ(t) = ∞.
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séries de Taylor absolument convergentes à un fermé du cercle, J. Analyse
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[NR] R. Nagel and F. Räbiger, Superstable operators on Banach spaces,
Israel J. Math.81 (1993), 213-226.

[NF] B. Sz.-Nagy and C. Foias, Harmonic Analysis of Operators on Hilbert
Space, North-Holland, Amsterdam (1970).

[Ne1] J.M.A.M. van Neerven, The Adjoint of a Semigroup on Linear Opera-
tors, Springer Lect. Notes in Math. 1529, Springer-Verlag (1992).



228

[Ne2] J.M.A.M. van Neerven, Exponential stability of operators and operator
semigroups, J. Func. Anal. 130 (1995), 293-309.

[Ne3] J.M.A.M. van Neerven, On the orbits of an operator with spectral
radius one, Czech. Math. J. 45 (120) (1995), 495-502.

[Ne4] J.M.A.M. van Neerven, Characterization of exponential stability of a
semigroup of operators in terms of its action by convolution on vector-
valued function spaces over IR+, J. Diff. Eq. 124 (1996), 324-342.

[Ne5] J.M.A.M. van Neerven, Individual stability of C0-semigroups and uni-
form boundedness of the local resolvent, to appear in: Semigroup Forum.

[Ne6] J.M.A.M. van Neerven, Inequality of spectral bound and growth bound
for positive semigroups in rearrangement invariant Banach function spaces,
to appear in: Arch. Math. (Basel).

[Ne7] J.M.A.M. van Neerven, The norm of a complex Banach lattice, sub-
mitted.

[NS] J.M.A.M. van Neerven and B. Straub, On the existence and growth
of mild solutions of the abstract Cauchy problem for operators with poly-
nomially bounded resolvents, submitted.

[NSW] J.M.A.M. van Neerven, B. Straub, and L. Weis, On the asymptotic
behaviour of a semigroup of linear operators, Indag. Math., N.S. 6 (1995),
453-476.

[Nb1] F. Neubrander, Well-posedness of higher order abstract Cauchy prob-
lems, Trans. Am. Math. Soc. 295 (1986), 257-290.

[Nb2] F. Neubrander, Laplace transform and asymptotic behavior of strongly
continuous semigroups, Houston J. Math. 12 (1986), 549-561.

[Nm] D.J. Newman, Simple analytic proof of the prime number theorem, Am.
Math. Monthly 87 (1980) 693-696.

[Pa1] B. de Pagter, A characterization of sun-reflexivity, Math. Ann.283
(1989), 511-518.

[Pa2] B. de Pagter, A Wiener-Young type theorem for dual semigroups, Acta
Math. Appl. 27 (1992), 101-109.

[PW] R.E.A.C. Paley and N. Wiener, Fourier Transforms in the Complex
Domain, Am. Math. Soc. Colloq. Publ. 19, New York (1934).

[Pz] A. Pazy, Semigroups of Linear Operators and Applications to Partial Dif-
ferential Equations, Springer-Verlag, Berlin-Heidelberg-New York-Tokyo
(1983).

[Pe] J. Peetre, Sur la transformation de Fourier des fonctions à valeurs vec-
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